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EXACT GREEN’S FORMULA FOR THE FRACTIONAL
LAPLACIAN AND PERTURBATIONS

GERD GRUBB

Abstract

Let © be an open, smooth, bounded subset of R". In connection with the fractional Laplacian

(—=A)* (a > 0), and more generally for a 2a-order classical pseudodifferential operator (ydo) P

with even symbol, one can define the Dirichlet value yé’fl u, resp. Neumann value y;' “lyof u(x),

as the trace, resp. normal derivative, of u/d“ ~1 on 92, where d (x) is the distance from x € Q to
0%2; they define well-posed boundary value problems for P.

A Green’s formula was shown in a preceding paper, containing a generally nonlocal term
(Byé‘_lu, yg_lv)ag, where B is a first-order ¥do on 9€2. Presently, we determine B from L in
the case P = L“, where L is a strongly elliptic second-order differential operator. A particular
result is that B = 0 when L = —A, and that B is multiplication by a function (is local) when L
equals —A plus a first-order term. In cases of more general L, B can be nonlocal.

1. Introduction

The fractional Laplacian (—A)“ on R”, a > 0, is currently receiving much at-
tention because of its great interest for applications in both probability, finance,
mathematical physics and differential geometry. (References to many import-
ant contributions through the years are given e.g. in our preceding papers [8],
[9], [10], [11].) (—A)“ can be defined as a pseudodifferential operator (yrdo),
or equivalently as a singular integral operator:

(=A)'u = Op(I&1*)u = F ' (IE“4(§)),
_ 1.1
(=A)u(x) = pa PV / ue) —u) 4 (b
R

. |)C _ y|n+2a

where # denotes Fourier transformation i(§) = Fu = [, e u(x)dx.
Since the operator is nonlocal for noninteger a, it is not obvious how to define
its action over a subset €2 of R”, and there are several ways to define operators
on Q representing homogeneous boundary value problems for it (see e.g. the
overview in §6 of [11]).
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A much studied case is the so-called restricted Dirichlet problem
(=A)'w)lo = f, suppu C &,

considered for functions u and f with a certain regularity.

One can also impose nonhomogeneous boundary conditions. We are partic-
ularly interested in local boundary operators (i.e, operators that can be defined
pointwise at 9€2). It was shown in [9, §5], for smooth open sets €2, that the
local operators

v u = cajyiu/dtt),  jeNgkeZwitha+k>-1, (12

cqkj = I'(@a+k + j + 1), have a meaning in connection with (—A)“; here d =
dist(x, 9€2), and y;v is the standard normal derivative (37 v)|9q. In particular,
defining the

Dirichlet trace yg'_lu =T(a)yo(u/d* "),
Neumann trace  y{' 'u = T'(a + Dy (u/d*™),

one obtains well-posed nonhomogeneous boundary value problems on €2 for
(—A)“ and more general operators; see [9] for the Dirichlet condition, and
[8], [13] for the Neumann condition. The solutions are found to lie in so-called
(-transmission spaces (recalled in §2 below) with u =a — 1 or a.

When 0 < a < 1, the solutions u with nonzero y¢~'u have an unbounded
singularity like 2%~! at the boundary (also studied in Abatangelo [1]). However

if yé‘flu = 0, u behaves like d“ at the boundary, and yf‘flu coincides with

You

Recently, Abatangelo, Jarohs and Saldafia in [3], with further coauthors
in [2], have studied nonhomogeneous boundary value problems for (—A)*
involving the trace operators (1.2), on the unit ball resp. halfspace in R", with
detailed calculations.

Formulas for integration by parts were first shown for functions with
y(;‘*]u = 0 by Ros-Oton and Serra [18], [19] (and jointly with Valdinoci
for more general singular integral operators [20]) and Abatangelo [1], leading
to Pohozaev identities important for uniqueness questions in nonlinear applic-
ations. In [10], we extended the formulas to general x-dependent 2a-order
pseudodifferential operators P satisfying the a-transmission condition at 9 2.

More recently in [13] we obtained a general Green’s formula for functions
u,v in (a — 1)-transmission spaces, allowing both y, ~!4 and yf“lu to be
nonzero:

(Pu,v)q — (u, P*v)q

= (sop w4+ By u, y¢ T )aq — (sopd !

a—1
u,y, V)iq-
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Here s¢(x) is a function defined from the principal symbol of P, and B is a
first-order 1rdo on 92 depending on the first two terms in the symbol of P. It
is nonlocal in general.

In the present paper we investigate how B looks in particular cases. We
show that for (—A)“ itself, the operator B is zero:

(=A)u, v)g — (u, (=A)"V)g = W u, ¢ 'Wag — ¢ u, v~ 0)ag,

and for operators (—A+c(x)-V+co(x))%, B isthe multiplication by a function
derived from ¢ (Theorem 5.1). In these cases, B is local.

More generally, we investigate powers L of a general second-order strongly
elliptic partial differential operator L, finding formulas for B in local coordin-
ates (Theorem 4.2). It is seen here that when the normal component of the
principal part of L varies along €2, B can be nonlocal (Remark 4.3).

Plan of the paper. In §2 we list some prerequisites and recall the definition and
properties of the p-transmission spaces that play an important role as domains.
In §3 we find the symbol of the fractional power L with two leading terms,
when L is a strongly elliptic differential operator — >, _, a;x9;9 +b-V +by.
In §4 we determine the contribution from L“ to the symbol of B, in the case
Q2 = R’,.. In §5 we apply this to the case of general smooth bounded sets €2
when L has principal part — A, showing that B is the multiplication by a certain
function, which vanishes when the first-order part is zero. The Appendix gives
an analysis of Green’s formula for — A, connecting the formula for the general
set 2 with the localized case and providing some ingredients for the treatment

of (—A)“. Some misprints in [13] are listed at the end.

2. Notation and preliminaries, the p-transmission spaces

Our notation has already been explained in several preceding papers [8]-[13],
so we shall only recall the most important concepts needed here.

Multi-index notation is used for differentiation (and also for polynomials):
d=(01,...,0,),and 3* = 97" ... 9% for @ € Nj}, with || = ot + - - - + ap,
a!=a!...a,!. D =(Dy,..., D,) with D; = —i9;. The function () stands
for (1 + |£]%)/2.

Operators are considered acting on functions or distributions on R”, and on
subsets R, = {x € R" | x, = 0} (where (xy, ..., x,_1) = x’), and bounded
C*°-subsets 2 with boundary 92, and their complements. Restriction from
R" to R’ (or from R" to €2 resp. CQ) is denoted r*, extension by zero from
R" to R" (or from Q resp. CQ to R") is denoted e*. Restriction from @i or Q
to AR’} resp. 9€2 is denoted yy.
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We denote by d(x) a function of the form d(x) = dist(x, 92) for x € 2, x
near 9€2, extended to a smooth positive function on ©; d(x) = x, in the case
of R’.. Then we define the spaces

&(Q) = e {ux) =d@)*v(x) | v e CP(Q)}, 2.1

for Re u > —1; for other u, cf. [9].

A pseudodifferential operator (yydo) P on R" is defined from a symbol
p(x,&)on R" x R" by

Pu = p(x, D)u = Op(p(x, &))u

= 2n)” / Ep(x, B dE = FLL (p(x, £AE)),

using the Fourier transform &, cf. (1.1)ff. We refer to textbooks such as Hor-
mander [16], Taylor [23], Grubb [7] for the rules of calculus. p belongs to the
symbol space S7'o(R" x R"), consisting of C*-functions p(x, §) such that

Bfagp(x, £) is O((£)™1%l) for all «, B, for some m € R (global estimates);
then P (and p) has order m. P (and p) is said to be classical when p moreover
has an asymptotic expansion p(x, &) ~ ZjeNO pj(x, &) with p; homogen-
eous in & of degree m — j for |§| > 1, all j, and p(x, &) — Zj<1 pj(x,§) €
SP'o 7 (R" x R") forall J.

Recall in particular the composition rule: When PQ = R, then R has a
symbol r(x, £) with the following asymptotic expansion, called the Leibniz
product:

r(x,E) ~ p(x, £) #q(x, &) = Y 3 p(x,&)Diq(x, £)/al. 2.2

aeNj
When P (and p) is classical, it is said to be even, when

pix, =§) = (—l)jpj(x, &), forall j. (2.3)

Then if P is of order 2a, it satisfies the a-transmission condition defined in [9],
with respect to any smooth subset 2 of R”. Even-order differential operators
L have this evenness property, and so do the powers L¢ (as constructed by
Seeley [21]) when L is strongly elliptic.

When P is a yydo on R", P, = r* Pe* denotes its truncation to R’} or to
2, depending on the context.
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The L,-Sobolev spaces are defined for s € R by
H'R") ={uec S R") | F(5)°D) € Lo(R")},
H*(Q) = {u € H*(R") | suppu C 2}, the supported space,
HQ={uecP' Q) |u=rtUforalU e H*(R")}, the restricted space;

here supp u denotes the support of u. The definition is also used with = R’} .

In most current texts, " (€2) is denoted H*(£2) without the overline (that was
introduced along with the notation H in [15], [16]), but we keep it here since
it is practical in indications of dualities, and makes the notation more clear
in formulas where both types occur. We recall that ﬁS(Q) and H™* (Q) are
dual spaces with respect to a sesquilinear duality extending the L, (£2)-scalar
product, written e.g.

(f. 9w @i or just (f, &)z -

There are many other interesting scales of spaces, the Bessel-potential
spaces H,, the Triebel-Lizorkin spaces F, , and the Besov spaces B, and
BY where the problems can be studied; see details in [8], [9]. This 1ncludes
the Holder—Zygmund spaces By, ., also denoted Cj; they are interesting be-
cause C:(R") equals the Holder space C*(R") when s € R \ N. The survey
in [12, §3] recalls the theory in Hl‘f -spaces. We continue here with p = 2.

A special role in the theory is played by the order-reducing operators. There
is a simple definition of operators E, on R” fort € R,

EL =0p(xh), xi=&)xi&),

they preserve support in @1, respectively. The functions ({(§') £ i&,)" do not
satisfy all the estimates required for the class §' i’o([R” x R™), but the operators
are useful for many purposes. There is a more refined choice A’y [5], [9],
with symbols A/, (§) that do satisfy all the estimates for S o(R™ x R™); here

)@ = MA". The symbols have holomorphic extensions in &, to the complex

halfspaces C+ = {z € C | Imz < 0}; it is for this reason that the operators

preserve support in @1, respectively. Operators with that property are called
“plus” resp. “minus” operators. There is also a pseudodifferential definition
([) adapted to the situation of a smooth domain €2, cf. [9].

It is elementary to see by the definition of the spaces H*(R") in terms of
Fourier transformation, that the operators define homeomorphisms for all s:
Bl H*(R") S HSTH(RY), Al HP(RY) = HS'(R"). The special interest
is that the “plus”/“minus” operators also define homeomorphisms related to
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Wfr and Q, forall s € R: EL: I-'Is(ﬁi) = H“’(@i), r+E’_e+:ﬁS([R'jr) =
ﬁs_t([R'jr), with similar statements for Ai) relative to 2. Moreover, the op-
erators E', and r* B’ e* identify with each other’s adjoints over @1, because

(i) and

of the support preserving properties; there is a similar statement for A
r+ A" e relative to the set 2.
The special u-transmission spaces were introduced by Hérmander [15] and

redefined in [9] (we just recall them for real . > —1):
HYORY) = 7% H (R = A" H "RY), s>pn—1,
HYO@) = AT BT (@), s>up—1;

they are the appropriate solution spaces for homogeneous Dirichlet problems
for elliptic operators P having the p-transmission property (cf. [9]). We also
recall that r* P maps &, () (cf. (2.1)) into C>®(R), and that < (Q) is the
solution space for the homogeneous Dirichlet problem with data in C*® ().
&,(Q) is dense in H*®)(Q) for all 5, and (), H**(Q) = &,(Q). (For Q =
R, &,(R,) N & (R") is dense in H"®)(R",) for all s.)

One has that H*®)(Q) D H $(2), and the elements are locally in H® on
2, but at the boundary they in general have a singular behavior (cf. [9, The-
orem 5.4]):

= H'(Q), ifseln—3. u+3l,
CH Q@ +etd"H " (Q), ifs>p+is—p—1e¢N
(2.4)

The inclusion in the second line of (2.4) has recently been sharpened in [14]
to a precise description: When s € ]u +M -1 u+ M+ %[, M € N, then

HH®) (5)

M—1
H" (@) = B @ + 7 [] #7269,
j=0

where % "y 1s d"* times a system of Poisson operators in the Boutet de Monvel
calculus constructed in a simple way from a Poisson operator K, solving the
Dirichlet problem for —A. For M =1, T | is proportional to d* K ).
Analogous results hold in the other scales of function spaces (H ; , B;, F ij‘ P
B, ,) mentioned above. Let us in particular mention the Holder-Zygmund

spaces C; = B, ., (coinciding with ordinary Holder spaces for s € Ry \ N).
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Here the p-transmission spaces are defined by
CIO[RY) = e C, "(R") = AT"e™C, "RY), s>p—1,
CrO@Q) = ATt C Q). s>p—1.

Again, C(Q) D C$(Q), and the elements are locally in CS on 2. More
precisely, C/“(Q) = C5(Q)if s € Ju — 1, u[, and when s € Ju + M —
1,u+ M[foran M € N:

M—-1
CrO@) = C3Q) + Iy [] 777 (09 € Q) + e d" T, (),
j=0

cf. [8], [14]. The spaces C; are denoted A in Stein [22] and sequels.

In the present paper, we shall in particular work with the spaces where
@ = a — 1, which is negative in the important case where 0 < a < 1. The
results in cases where a > 1, for example for (—A)*? = |V|3, should also be
of interest.

Note that we always have &, (Q) as a dense subset.

3. Powers of a second-order elliptic differential operator
The following result was shown in [13]:

THEOREM 3.1. Let P be a classical Ydo on R" of order 2a > 0 (not
necessarity elliptic), with even symbol, cf. (2.3), and let Q2 equal R, or a
smooth bounded subset of R". The following Green’s formula holds for u, v €
H@ DO (Q) whens > a + % withs > 2a:

/(Pm—) —uP*v)dx = (soyl“_lu + Byo_lu, yg_lv)Lz(ag)
Q

-1

—1
— (S0 U, V) V) L,09)-

(When only s > a + %, the formula holds with the left-hand side interpreted
as dualities.) Here so(x) = po(x, v(x)) at boundary points x with interior
normal v(x), and B is a first-order yrdo on Q2. In the case Q@ = R}, the
symbol of B equals the jump at 7, = 0 of the distribution ?E:LGq(x’, 0, &),
where q is the symbol of Q = E_“ PEL“ (the case of curved Q2 is derived from
this).

Since C; C H®™° (any ¢ > 0), the formula is in particular valid when
u,v € CEOVQ) for some s > a + % with s > 2a; then Pu and P*v are
continuous functions on Q.
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We now want to describe B more precisely in interesting special cases.
A natural class of operators P satifying the hypotheses arises from taking
a’th powers of second-order differential operators; it will be studied in the
following.

Consider a general second-order strongly elliptic partial differential oper-
ator given on R” or on an open subset containing the set Q we are interested
in,

L=— Zajk8j8k+b(x)-v+bo(x)=L0+L1 + L, 3.1
J.k<n

with symbols £ = €y + £; + £3,

£o(§) = Z ajiéibe,  1(x,8) =b(x)-i&, La(x) = bo(x),

J.k<n

where the a;;(x), b(x) = (bi(x), ..., b,(x)) and by(x) are bounded complex
C>-functions. The strong ellipticity means that

Re Y aj(x)§& > clg’, forall £ € R",

J.k=<n

with ¢ > 0.

We can describe the fractional powers by use of Seeley’s analysis [21].
Assume that the functions aji(x), bj(x), bp(x) have been extended to all of
R", such that L equals 1 — A outside a large ball. The resolvent of L is the
inverse of L — A, defined when A is in the resolvent set; it includes a truncated
sectorV={AeC||argh—m| < %4—5, |A| > R} for some large R and small
d. If the matrix (a; ); x<n is real (or hermitian symmetric), V can be taken as
fr e C||argh —m| <7 —4,|A| = R} for some large R and small §. The
resolvent symbol £, is constructed by use of the Leibniz product formula (2.2)
from the symbol ¢ — A of L — A.

It is known from [21] that the resolvent symbol has an expansion in symbols
£, - homogeneous of degree —2 — [ in (£, [A|'/?),

ZA““ Z Zl,/\,

1=0,1,2,...

with

bos=W=1"  lo= Y aix &L for1=1,2,...,
1/2<k<2l

the ¢; x(x, &) being polynomials in & of degree 2k — /.
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Let us work out the construction in exact form up to the second homogen-
eous term (homogeneous of degree —3 with respect to (£, ), u = (—1)/?),
with the subsequent terms grouped together under the indication [.o0.t. (lower
order terms). We use [.o.t. to denote terms of order at least two integers lower
than the principal term, in each step in the deduction (this precision is all we
need for the discussion of Green’s formula).

The principal term in the resolvent symbol is Zo, o= (Lo(x, &) — 1)L as
noted. Now

~ - - "1 ~
(€ =0 # Loy = (Lo — Moy + Lrlos + ) =05, L0 0y, bo, + Lot
j=1
= 1+ib(x) £ Los+ Y idelody Lo L5, + Lout.

j=1
=1+4r,

where "
r=ib(x) &Los+ Y 1L 0, Lo 5, + Lout.
j=1
Since (1 +r)# (1 —r) =1 —r#r with r # r of order —2, it follows that
- #bo#(1—r)=1+lout.,

so £ — A has a right parametrix

G =Los#(1=r)+ Lot = Los —ib(x)-£ 5, — Y ide Loy Lo Ly, +Lout.
j=1

One finds similarly a left parametrix, and concludes (by a standard argument
in elliptic theory) that £, is a two-sided parametrix.

Now the fractional powers are constructed by use of Cauchy integral for-
mulas:

We can describe L approximately as

L = L/A“(L —lan,
2w 4

with some interpretation: The curve ¥ is chosen to encircle the spectrum of L
in the positive direction, except possibly for a finite set of eigenvalues of finite
multiplicity (it can for example consist of the rays {1 = ré(37%) oo > r >
ro} and {A = rel(5+9) | ro <r < oo} connected by a small curve going
clockwise around zero {A = rpe'? | % -5 <0 < 37” + 8}). The integral
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converges when a < 0; for positive a one can involve recomposition with
integer powers of L.
The symbol p of P = L“ then satisfies

p(x,§) = Zifv((zo—m‘ —ib- &ty — 1) 7?
T Je

n

+ Y ide Lo By, Lo(Lo — x)3) dr+lLo.t;
j=1

here the formula holds as it stands when a < 0, and since the integration
curve can for each (x, &) be replaced by a closed curve €, around £y (x, &), the
formula generalizes to all a.

The first term gives, by Cauchy’s formula, that the principal symbol of P
is pg = £;j. The next terms give

i

)4 =—lb§—/ )La(go—)\.)_2d)\.
2w %,

— > i0 Lo B, o o / 298 — )3 d
j:1 5] J 27_[ (60

ib-& ‘ f/\”d(e 2 Lda
= —1 . —_— J— —
2w Jg o dr?

Xn:'aeae : /A“ldz (Lo —2) "' da
— 10¢, Lo — - —
= GO0 0r Jo U 2ant?

i d
—ib-& — )@ — 0" tdx
ib 52 [g()(d)» )(50 ) d

2

Xn:'aeae i / d A 1(2 M hda
= £ 70 Ox; 027.[ % di? 2 0

— l_ a—1 _ 1y

=ib-& ar’ (g — A dA
27 %

" i 1
- 10500 0.0y — | —a(a — DA2(ly — 1)~ Lda
Zl &40 Ox; 027_[/%02‘1(61 ) (0 )

j=1
—ib-Eati - (‘21) 3 g o 9, L0 €572,
j=1

evaluated for £ # 0O so that the negative powers of ¢y, make sense. Thus we
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find that the symbol of P satisfies (for & # 0):

p(x,8) = po(x, &) + pi(x,§) + Lot.,

4 3.2
po = L2, p1=Eg<iab-5501—<Z)Zi85j€08xj€0502>. (3:2)

j=1
4. The boundary term B in Green’s formula

We know from [13, Theorem 4.1] that the symbol of the ¥rdo B entering in
Green’s formula for P in the half-space situation equals (for || > 1):

b\ &) = lim G(',0.8"5,) — lim G(x'.0.¢".2,)
2, —>0+ —0—
4.1
= Jump JP&—)z,,Q(x ’ 07 g)s

where g(x, §) is the symbol of Q = EZ“PEL, and ¢(x, &', z,) = '/Pén—w q.
For P = L“ as above we shall first describe ¢ with two precise terms.

Recalling that 21 are the (generalized) y¥do’s with symbols x;* = ((§/)+
i&,)™%, we have that the symbol of Q satisfies, by (3.2) and the Leibniz product
formula (2.2),

qx, &) =x_"#p#Hx " =x""#px°

—za 1 —a —a
= (&) (po+ p) + D ~0x " Dy po X1 + Lot

j<n

4.2)

using that x~¢x;“ = (£)%“. Here

&) (po+ p1) = (é%) (1 +iab- 65" — (Z) D idg £ 0y, Lo 552)»

j=1
4.3)
and, since 0, (§') = &(&')~" for j <n,

L, _
D =0 x " O po X T
j=n !

_me ~ 9 (8 aly By Lo x5
j<n (4.4)
+iax=*""(—=i)atd ' dy, Lo x

¢
:ia2<<§0> “leg (Zsj ax_,,eo—iaxnzo).

j<n
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We observe that the resulting expressions have the form of a product of
(£ol (£)*)* with a rational function of &, that is 0(5;') for |&,| — oo. This
prepares the way for evaluating b(x’, £’) in (4.1), but we first have to deal also
with the factor (£y/(£)?)*. Write

£y Ann <€>2 + Z;k ajkg:jgk — Qpn (S/>2 ( c(x, f))
(&) (&) B €72 )

where Z; « denotes the sum omitting the term with j = k = n, and
c(x, &) =a,, (Z(a,-n + an)EiEn + ) a,-ksjsk) — (). @)
j<n Jj.k<n

Note that c(x, &) is a second-order polynomial in £ of order 1 in &,. Then, by
Taylor expansion of (1 + )¢,

t \* c(x, £)\"
0 e S
<<s>2> “"”( HTSE )

a C(x7$) a c(x7§)2 -3 >
gt (11— o858 NS Lo ,
“"”( “TEp +(2) €t TOGD

(4.6)

for |€,] — oo. (Only the expansion up to O (§,” %) is used in the following.)
This leads to:

THEOREM 4.1. Let P = L% on R", where L is a second-order strongly
elliptic differential operator (3.1), and let q be the symbol of Q = E_“PE",
defined relative to the halfspace R}. Let |&'| > 1. As a function of &,, q
satisfies:

aan_n1 j<n(ajn + anj)éj‘i:n

(§)?
+alaly ! e e —1 -2
o XY & ED T O + O ) + 0. (4]

j<n

ar;laQ(-xv g) = 1_

. -1_[a). -1
—I—lab,,&'nﬁo —<2>l§naxnann E()

PrOOF. In the various expressions we absorb terms that are O (¢, %) in the
remainder. For (4.6) we have, using (4.5):

(5_0) — a (1 Ay 50 Y @+ an)§)

= 0E ).
©2) = )7 oG, )>
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Now consider the terms in (4.3). For the first term, we note:
iab-&0," = iab,&,05" + 0.
For the second term we shall use that £; = a,ménz + O (§,) implies
5l = (@, o+ 0 = a, + 0™, (4.8)

in the calculation

a " a
—(2) D 0 Lo 0 b0 £y = —( )iannsnaxneo 62+ 0™

j=1

[\

= —(“)is,fann By, aun 052 + O(ED)

= _<a)i$nax,,ann Eal + 0(5;2)

[\

The expression in (4.4) satisfies

ia®x='ey! (Z Ei(&") 10, L0 — iaxnzo)

j<n
= id’g ="y (Z £i(&") " 9y nn — iax,,am) +0ED)
j<n
=d’a,, x=! (Zisj (€)1 amn + axna,m) + 06,7,
j<n

again using (4.8). This gives (4.7), when the terms are collected in (4.2).

To find b(x', &’), the jump of ¢ at z, = 0, we appeal to a little of the
knowledge used in the Boutet de Monvel calculus. Recall from [6], [7] that the
space T = F (eTrTF(R)) consists of functions of &, € R thatare O (&, !) at
infinity and extend holomorphically into the lower halfplane C_ (with further
estimates), and that there is a similar space #~; = % (e r~ % (R)) consisting
of functions that extend holomorphically into the upper halfplane C, ; it is the
conjugate space of #+. All we shall use here is that the fractional terms in ¢
can (for |£’| > 1) be decomposed into parts in #* and 7~ with respect to
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&,, in view of the formulas

2= =1( L, 1.),
N2 +E 2ENV\E)+ik (&) —i&

—2i&, 1 1

€2 (&) +iE,  (E)—i&]

» 1

C(E) —i&,

_ 1 _ 1

Y ap&iE am(oy 4 i&)(0- — i&,)

6! 4.9)

B 1 ( Lo )
_ann(a++o—) a++i§n G—_ign ’

o —i&, 1 1
_l%-neo = — + :
ann(0+ + U—) oy + lgn o_ — lgn

B 1 ( oL o_ )
_arzn(0++6—) a++i§n O'—_ign '

Here +io are the roots of ) ik a;ji§;&r in C+ with respect to &,, respectively
(thenRe oy > 0). WhenReo > 0, (0 —i&,)~' € ¥~ and (0 +i&,) "' € T,
and (with H equal to the Heaviside function 1g, )

1 1
F ——— =H(z)e %™, F . ——— = H(~z,)¢"™;
Sy = HE ey = HEw)

these functions have the limit 1 for z, — 0+, resp. z, — 0—.
Then from (4.9) follows for example:

) jumpF, L (5)72 =0,
(i) jump F. . & (&) =i,

(4.10)
(iii) jump .l x~' =1,

-1

(iv) jumpF#. L &5 =iay,.

This leads to:

THEOREM 4.2. Assumptions as in Theorem 4.1. The symbol b(x', ') defined
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by (4.1) satisfies:

b(x', &) = —aaf‘m_1 o (ajn + ay))i& — aafjn_lb,, + (;>aﬁ;18xna,ln
ian'® .

- azazl:l (Z lé] <§/>71 8xjalli’l + axnann)a
j<n
(4.11)
all coefficients evaluated at x,, = 0.

Proor. Consider ¢(x’,0,€&’,&,) described by (4.7) multiplied by
an,(x’, 0). To evaluate the inverse Fourier transform from &, to z,,, we be-
gin by noting that the first term contributes with a,, (x", 0)“5(z,), supported in
{z, = 0}, which disappears when the limits in (4.1) are calculated. Moreover
we will use that, as already noted, symbols that are O (£,2) atinfinity transform
to continuous functions of z,, hence have jump 0.

Now consider the second term in the right-hand side of (4.7). Here we find
by use of (4.10)(ii) that the jump, it contributes, equals

-1 .
—aay, ]_<n(aj,, + ayj)ié;.

The third term is found by use of (4.10)(iv) to contribute with
—aay,, b

The fourth term gives in view of (4.10)(iv) the contribution

a
a—1
(2) a,, O, qnn.

The fifth term gives by use of (4.10)(iii) the contribution
_azazn—l (Z ifj (?jl)_laxjann + 8xnann> .
j<n
The contributions are collected in (4.11).

REMARK 4.3. Observe that the only possibly nonlocal contributions to
B = Op(b(x', &) come from the terms with (S’)_laxjann (x’,0), j <n.Soif
the first tangential derivatives of a,, vanish on the boundary, B is local, and
otherwise it can be nonlocal.

A special case is where L stems from the Laplacian. In the reduction of
the Laplacian to local coordinates described in the Appendix, we arrive at an
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operator of the form (cf. (A.4))
L=—A=—A©"yndy)—g()dy, — 0, . (4.12)
In comparison with the general expression (3.1), we here have

anj(y) = ajn(y) =0forj<n, an(y)=1, by(y) = —8(y/)’

since A’ differentiates in the y’-variables only. The derivatives of the functions
Qnj, Qjn, ap, are zero. Hence (4.7) gives a much simplified expression for g.
We find, as special cases of Theorems 4.1 and 4.2:

COROLLARY 4.4. When P = L® with L = —A in (4.12), as obtained by
reduction of the Laplacian to local coordinates in the Appendix, then

q(y, &) =1 —iag(y)&.Ly" + 0,2,

where £y = £y(y, &') + &2, £} being the principal symbol of —A'. The symbol
b(y', &) of Bis )
b(y', &) = ag(y").

As a slightly more general case, let P = (—A +c¢(x) - V + ¢o(x))* on R".
On 92, —A + ¢(x) - V 4+ co(x) may be written in the form, cf. the Appendix:

0 92 0
—A+4cx) V4+cox)=-As—9——— +c,— +T +cop, (4.13)
on  on? on

where 9 = div v, ¢, (x) = ¢(x)-v(x) and T is a first-order differential operator
acting along d€2. In fact this decomposition extends to a tubular neighborhood
of each coordinate patch for 9€2, as described in the Appendix for —A. When
cy(x) on 9K carries over to ¢, (y’) at t = 0, we extend it as constant in ¢ on
the neighborhood. Then P has the form L{ in the local coordinates, where

Ly =—AQyn0y) =0, — (@) —c,(Ny, + T +¢p.  (4.14)
Here we find:

COROLLARY 4.5. When P = L{ with L as in (4.14), obtained by reduc-
tion to local coordinates of the perturbed Laplacian —A + ¢(x) - V + co(x)
(decomposed on 02 as in (4.13)), then the corresponding symbol g satisfies

q(v,§) =1 —ia(g(y) —c,("&ly" + 0™,
with £y as in Corollary 4.4. The symbol b(y', €") of B is a function of y’,

b(y, &) =a(g®y) —c,(y).
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5. Green’s formula for the fractional Laplacian and its perturbations

The above considerations in local coordinates will now be applied to find
Green’s formula in the curved situation for the powers of the perturbed Lapla-
cian, in particular for the fractional Laplacian (—A)“ itself.

THEOREM 5.1. Let Q be a smooth bounded _subset of R", and let P =
(—A+c¢c-V+4+cy)?a=>0.Letu,v € H(“_l)(s)(Q), s >a—+ % When s > 2a,

/(Pm_) —uP*v)dx

! —1 —1 -1 -1
=W u—acyy u, vy Ve — 0w, v Ve

=I@)l@+1)
. /89<y1<t:tf1) B CVVO(tthl))yO(t:ll) B yo<t:tf1)y1(ta 1)d501)
(.

where ¢, (x) = ¢(x) - v(x). The formula extends to general s with s > a + %,
when the left-hand side is replaced by

< +Pu v)——a-# +e& (M,r+P* > _a+%+g

H (@), H 175 (@) BT @) H '

In particular, the fractional Laplacian (—A)* satisfies

/ ((=A)*uv — u(—A)"v) dx
Q

-1 -1 —1 —1
= u, vy T Ve — 0 w09

—F(a)F(a-I—l)/ Yo l)yo(tj_1>_Vo(tau_1>7’1<taﬁl>da

PRrOOF. It is shown in [13, Theorem 4.4] for operators satisfying the a-
transmission condition how the formula for a general domain €2 is deduced
from the knowledge of Green’s formula in flat cases &2 = R”., by use of local
coordinates. We shall follow that construction for our special operators, and
rather than taking up space by repeating the whole proof, we shall just explain
the needed ingredients.

The general transformation rule is (A.7). We first note that when L cor-
responds to L, then in view of Seeley’s analysis of a’th powers of rdo’s by
passage via the resolvent and a Cauchy integral formula (recalled in §3), the
terms in the symbol of P = (L), carried over from P = L¢ by the coordin-
ate change, are consistent with the terms in the symbol of ( L )¢. This will be




EXACT GREEN’S FORMULA FOR THE FRACTIONAL LAPLACIAN 585

used with L = —A 4+ ¢(x) - V + ¢o(x), reduced to the form (4.14) in a local
coordinate system.

The set  is covered by a system of bounded open sets Uy, . .., U;,, with
diffeomorphisms «;: U; — V; C R” such that Ul.+ = U; N Q is mapped to
VH = ViNR",and U] = U;NdQismappedto V/ = V;NR"~ (R"~! = 3R}),
the restriction of ; to U denoted «;. The diffeomorphism is chosen such that
the interior normal v(x’) at x’ € 92 defines a normal coordinate near 9<2:

ki maps x' +rv(x)elU to (Y,)eVicR"!'xR

near €2 (with y’ = «/(x")). We shall denote the inverses Kl-_l =K, (/ci’)_1 = k.

There is a partition of unity gx, k = 0,..., Jo, with ), 0 = l on a
neighborhood of €2, subordinate to the covering, in the sense that for any
two functions g, ¢; there is ani = i(k, /) in {0, ..., I;} such that supp gz U
supp o1 C Ujw,;). Moreover, nonnegative functions vy and ¢, € C3°(U;) are
chosen such that ¢ 0r = o and Y &k = &k

Now a given u € H“~D®(Q) can be decomposed in this space as a sum
u = Zkfjo ug + r, where suppuy C supp¢x C Us, and r € C*(SQ2) does
not contribute to the boundary integrals. There is a similar decomposition
v=7),_,u+r ofve He VS (Q). The operators P and P* can in their
action on u; and v; in the scalar products be replaced by

Py =Yy1Pyr, Py =P Y.

As earlier noted, the action of the operators in local coordinates follows the
rule recalled in (A.7); we indicate localized operators and functions by under-
lines. It is shown in Theorem 4.4 of [13] how the contribution from uy, v; is
reformulated and worked out as

(Pauk, v)gr — (uk, Pgu)or

= (’”Jrﬁklﬂka JE])IRZ_ - (Zka V+(£k1)(*)JQI)R1 (5.2)
= (ot e V8 TR — (80078 s V1T T 0o

+ By

a—1
Zkv yO JQ[)R”717

where J = |dx/d(y, t)|, the absolute value of the functional determinant of
k going from the local coordinates (y’, t) to the given coordinates x. (We omit
marking the operators with (i) as in [13] indicating the dependence on the
coordinate patch.)
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The effect of J in the boundary values with respect to v; is as follows:

Jv _
taj) = s~ @),

vy = r(a)yo(

_ d Jv
v (Jy) =T+ 1))/0(5ta:11)

Y
=T(a+ l)yo(J)%( :

te-

Y
) + aF(a)J/l(J))/o<ta_l)

= (DY @) +an(N)yd ).

Here we recall from the Appendix that yg(J) = Jy, the factor entering in
integration formulas over 9€2, and

vi(J)=Ji =Jog, g=divv.
Hence

o (Ju) = Joys T @), v (v = JoyiT () + adogys T ().
(5.3)
Now we apply Theorem 4.1 of [13], using the formula for the localized
version of P = (—A 4+ ¢ -V 4 ¢p)“ described in §4. Since the cutoff functions
¥, ¥, are 1 on supp u, resp. supp v;, they can be disregarded in the formulas.
As shownin Corollary 4.5, B for P is the multiplication by a(g(y")—c, (")).
Then (5.2) takes the form, in view of (5.3),

r* Py, Jupwe — (g, ¥ (P (Ju))e
= (ikz,oyf_lzk, JOVoa_lﬂz)[RH
— (07w Jovi v, + adogyy T v)re 5
+ (alg = ¢)v5 wgs Joyg v '
= (S0 e Jovs ™ v re — (S 0% s Jovi T 0 me
— (ac, vy we. Jovg v e,

where the terms with ag cancelled out! Here p(y’,0,0,1) = (£o(y’,0,0,
1))* = 1 (since the coefficient of Bf,n in £y is 1), so the factor sy, o is simply
v kﬂ ; which is 1 on supp u;, N supp v;, and the last display in (5.4) simplifies
to

—1 —1 —1 —1
gy Jovg T Rt — (Vg g, Joyy T v e

a—1 a—1
—(agvyo EkaJO)/o QI)R”—I‘
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Expressed in x-coordinates, this gives

a—1

-1 -1 —1 -1
WU Yy v — Vg vl vn,eo — @y

a—1
U, Yo V) L,(09)

=l (@l'a+1)

Uy 1_)1 Uy 1_)1 Uy 1_)[ d
: 99 yl(ta_l))/O(ta_l)_VO(ta_l>yl<ta__1)_CVVO(ta_1>VO<ta_1) G’

and a summation over k, [ leads to (5.1).
The validity on lower-order function spaces is accounted for in [13], and
the formula for (—A)“ is a special case where ¢, = 0.

Appendix A. Localization of the Laplacian

The basic arguments in [13] depend on a study of pseudodifferential boundary
value problems, reduced from the general situation where 02 is a hypersurface
in R" to the situation where 92 equals the boundary R"~! of the half-space
RY = {x € R" | x, > 0} (where (xi,...,x,_1) = x’). As a preparation for
seeing how such coordinate changes affect (—A)“, we here investigate their
effect on —A itself (the case a = 1).

In the following, S is a smooth hypersurface in R" (e.g. a piece of 9€2)
defined as

S=x(V’'), V’'opencC R*"!

where x = (x1()'), ..., x»()")) is a smooth injective mapping. With v(x (y))
denoting a unit normal to S at each point x (y") € S (orthogonal to the tangent
vectors dx /dy;, j = 1,...,n — 1, its orientation depending continuously
on y’), we parametrize a tubular neighborhood U of S by a diffeomorphism

Kiy=0" 1) x=xQ)+vx()). (A.1)

from V =V’ x ]-8, 8[ to U (possibly after replacing U, V and S by smaller
sets). The functional matrix is

9 Y 9 9
o W (220 ),
dy  a(y,1) ay’ ay’

written as an n X (n — 1)-block next to an n x 1-block. We can view this as

M + tN, where
9 9 9
M=(—X, v(x))z—x , N=< el 0)
dy 9y |,—o dy
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The Jacobian is the absolute value of the functional determinant

J =

ox
det —‘ = |det(M +1N)|.
dy

To fix the ideas, assume that det M > 0, so that J = det(M + ¢t N) for small 7.
In comparison with the notation in [13], we are leaving out the indexation
by i in Remark 4.3 there, i is the inverse of the diffeomorphism denoted «;
there, and x is the inverse of the mapping ;.
Denote J|,—9 = Jy, note that it equals det M. It is well-known that integra-
tion over S can be described via the local coordinates as follows: When ¢ (x)
is a function on S, denote by ¢(y’) the corresponding function on V', that is,

e(x () = o,
The rule for integration is then

fg o(x)do = / o) o dy (A2)
y

(the appropriate “area-element” is Jy dy’). This is found in introductory text-
books on differential geometry; note that Jy can also be described by

8x
= /det(M'M) = |det a

yJ ayk)j k<n—1

For Green’s formula we shall moreover need the value of the ¢-derivative
of J att = 0, that we calculate here for completeness:

LEMMA A.l1. Assume that det M > 0. The value of J| = 0;J|—o at the
points of S is
J1 = Jo divv.

Proor. Fix x € S. Since J(t) = det(M + ¢t N) is a polynomial of degree n
in ¢, Jj is the coefficient of the first power . Now with s = 1/¢,

det(M +tN) = t" det M det(s + NM ")
= t"det M(s" + trace(NM ~1)s" ' + ... 4 det(NM™)),
so the coefficient of ¢ is det M trace(N M ~'). Here

ay’ ax  dy dx  ox
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The trace of this matrix equals
trace(NM ™) = 8, vy + - + 8y, v, = divv.

Since det M = Jp, it follows that det Mtrace(NM ') = J, div v.

The function div v on S represents the mean curvature, modulo a dimen-
sional factor.
It is known that Au on § has the form

2

ou
Au = Asu + f?a— + on S, (A.3)
n

on?
cf. e.g. Hsiao and Wendtland [17] (with reference to Leis 1967) and Duduch-
ava, Mitrea and Mitrea [4] (with reference to Giinther 1934). Here Ag is the
Laplace-Beltrami operator on S, du/dn is the normal derivative du/on =
Z}’Zl v;dy,u, and ¢ = divv. In our local coordinates, d/dn corresponds to
d/dt, and Ag corresponds to an operator A'(y’, dy, 0) acting with respect to
y" (we do not need its exact form at present).

For |e| < 8, the parallel surfaces S, represented by

x=() =xO)+evix(y)), Yy eV,

again have normals v(x (y")). Indeed, if we denote v(x (y")) = V(y’), we have
since ||[V(y")|| = 1fory" € V', thatthe vectors 0v/dy; are orthogonal to v at the
point, hence v is orthogonal to d(x +&v)/dy; at the point, for j = 1,...n—1.
So (A.1) is also a parametrization of a neighborhood of S, (for # near ¢), with
v(x(y")) as normal at the point x (y') + ev(x (y’)). On S, there is a formula
like (A.3),

ou 9%u
Au=A55u+%a—+ on S,

n ' on?
where ¢, at x (') 4+ ev(y’) is the same as ¢ at x (y"), and 9/dn corresponds
to /9t

We conclude that in the local coordinates (y’, t), when u(x) corresponds to
u(y) (.e., u(x(y', 1)) = u(y’, t), Au takes the form

Au=Au= AN 1,0)u+g(y)ou+ou, for (y,neV, (A4
where A’ is a second-order operator differentiating only in the y’-variables,
and ) )

80N =94 ().

We can now compare Green’s formulas worked out in the different coordin-
ates.
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When S is a piece of the boundary 92 of a smooth open set 2 C R" with
v as the interior normal, and u and v are supported in U, then, as is very well
known,

(=Au, v)y+ — (u, —Av)y+ = (y1u, yov)s — (Yout, Y10)s, (A.5)

here UT = U N Q, you = u|3q, and yiu = yo(du/on).
For the operator in (A.4) we have for u and w supported in V, denoting
VAR =V7H,
(—Au, wyy+ — w, A w)y+
= (—Aw — g — 9w, wy+ — , (=AY w + 8 (gw) — B w)y+

= (y1u, yow)v: — (You, yiw)y' + (gyolt, yow)v-;
(A.6)

here the star in parentheses indicates the adjoint with respect to y-coordinates,
to distinguish it from the adjoint in x-coordinates, and yyw = yp(dw/dt)
(consistently with the normal derivative).

It may seem surprising at first, that the two formulas (A.5) and (A.6) are
so different, in that the latter has the extra term with g. However, they are
consistent, as we shall now show by deducing (A.5) from (A.6).

Recall, as also accounted for in [13], that when the operator P in x-
coordinates corresponds to P in y-coordinates:

Pu=Puok ok = (Pu)or, (A.7)

with 4 = u o i, then
(Pu,v)y = (Pu, Ju)v,

and the formal adjoint of P in y-coordinates satisfies
P = 7P
Thus (for sufficiently smooth u, v supported in U)

(—Au,v)y+ — (u, —Av)y+
= (—Au, Jv)y+ — (u, — AP Jv)y+
= (yiu, Yo(Jv)v — (you, yi(Jv)v' + (gvou, yo(Jv))v,

by (A.6). Here

vo(Jv) = Joyou, yi(Jv) = Joy1v + Jiyou,
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where Jy = pJ. J1 = p(9,;J) as defined above. In view of Lemma A.1,
J1 = Jog. As aresult,

(—Au, v)y+ — (u, —Av)y+
= (Yiu, Joyov)v: — (vou, Joyr1v + Jogyov) v + (gyou, Joyov)v-
= (niu, Joyov)v: — (you, Joy1v)y/
= (1u, Yov)s — (You, y1v)s,

where the terms with g cancelled out. Thus (A.5) follows from (A.6). In the
last step we used (A.2).

REMARK A.2 (Corrections to a preceding paper). A few misprints in the
paper [13], that were not eliminated during the typesetting, are listed here.
Page 750, line 4 from below, “p;” should be lifted. Page 752, line 24, “derived
from P*” should be “derived from P*”. Page 756, line 9, “for p > —1/u”
should be “for p < —1/u”. Page 757, line 8 from below, “x; 9, (& ’,0)” should
be “x?9,w. (&', 0)”. Page 762, line 8, “a B” should be “a~1B”. Page 768, line 3,
“Let P is” should be “Let P be”; line 13, “aB” should be “a~! B”. Page 769,
line 8 from below, replace “uk” by “u,”.
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