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CONTRACTIVE PROJECTIONS ON
JORDAN C*-ALGEBRAS AND GENERALIZATIONS
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Dedicated to Professor Max Koecher on his 60th birthday.

Choi and Effros [2] proved that for every completely positive unital
projection P on a C*-algebra A the image P(A) is isometric to a C*-algebra
and actually becomes a C*-algebra in the new product (a,b) — P(ab). This is
no longer true if “completely positive” is weakened to “positive”, but Effros and
Stermer [3] proved that the image P(A) still is a Jordan C*-algebra in the new
product (a, b) — P(aob) with aob = (ab+ ba)/2 the Jordan product on A. Again
this is no longer true if the condition “unital” is dropped and “positive” is
replaced by “contractive” (which is equivalent to “positive” in the unital case).
Quite recently Friedman and Russo [5; 6] proved that for every contractive
projection P on A the image P(A) is a Jordan triple system in the new triple
product (a,b,c) — P{ab*c}, where {ab*c}=(ab*c+cb*a)/2 is the Jordan
triple product on A. Actually their result says, that the class of J*-algebras in
the sense of Harris (these are the closed linear subspaces of C*-algebras
invariant under the Jordan triple product {ab*c}—compare [7]) is stable
under contractive projections. In this paper we extend this result to a certain
class of hermitian Jordan triple systems (called JB*-triples for short) which
contains in particular all J*-algebras and also all Jordan C*-algebras (=JB*-
algebras). Our proof is very short. It may be considered as an example, how
holomorphy can be used in functional analysis.

We recall from [10] the definition of a JB*-triple (called C*-triple system in
[9]): This is a complex Banach space U together with a sesquilinear map

UxU— 2(U)
(e, y) > x O y*

(£ (U)=Banach algebra of all bounded linear operators on U) such that for
every u,v,x,y,z € U the following conditions (i)-(iv) hold:

(i) the triple product
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{2} 1= xOy*()

on U x U x U is symmetric, bilinear in x,z (symmetry),
(i) [xOy* uOv*]={xy*u} Ov*—uO{vx*y}* (Jordan triple identity),
(iii) zOz* is a hermitian operator on U with spectrum =0 (positivity),
@v) zOz*| =|z||* (C*-condition).
In [10] it has been shown, that (iv) can be replaced by the condition
(iva) lzz*z}) = Jz)® .
Every C*-algebra A4 is a JB*-triple in the triple product
1) {xy*z} = (xy*z+zy*x)/2,

ie. x O y*=(L(xy*)+ R(y*x))/2 with L and R left- and right-multiplication.
Hence also every J*-algebra in particular is a JB*-triple with respect to (1).
Further examples of JB*-triples are obtained by JB*-algebras (=Jordan C*-
algebras, for the definition compare [13; 1]) with Jordan product aob, if the
triple product is defined by

@ {xp*z} = xo(y*o2)+zo(y*ox) — (xoD)op* .

The JB*-triple of lowest dimension, which does not come from a J*-algebra
nor from a JB*-algebra is the JB*-triple U of 1 x 2-matrices over the complex
Cayley numbers; it has dimension 16 and corresponds to the exceptional
bounded symmetric domain in C!® [12]. More generally, the JB*-triples
classify all bounded symmetric domains in complex Banach spaces [10].

The JB*-triples form a category —the JB*-morphisms are the bounded
linear maps A: U — U such that

3 Mxy*z} = {(Ax)(4y)*(A2)}

for all x,y,z € U. Every such A is contractive (i.e. ||A| <1), on the other hand
every surjective linear isometry between JB*-triples automatically is a JB*-
isomorphism. Hence the algebraic structure of a JB*-triple is already uniquely
determined by the underlying Banach space.

Our main result now is

THEOREM. Let U be a JB*-triple and P € ¥ (U) a contractive projection (i..
P?>=P and |P| =1) with image V and kernel W in U. Then {VW*V}c W holds
and V is a JB*-triple with respect to the new triple product

(x,5,2) = P{xy*z} .
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For the proof we use the following notation: By a holomorphic vector field
on an open subset Bc U we understand every holomorphic map f: B — U
which we prefer to write symbolically as differential operator X =f (u)d/0u with
u “the coordinate of U”. X is called complete (on B) if for every z € B the
ordinary differential equation y' =f(y) on B admits a solution y(t,z) € B to the
initial value y(0,z)=z defined for all real t—then z > y(t,z) defined a
biholomorphic automorphism exp (¢tX) of B for every t € R. The following is
easily varified in case B is bounded, convex and f extends holomorphically into
a neighborhood of the closure of B: X is complete on B if and only if for every
boundary point u, € dB and every continuous R-linear form A: U — R with
A(B)> A(u,) the inequality A(f (u0))=0 holds.

Proor THEOREM. Denote by B the open unit ball of U. Then D:=P(B)

=BNVis the open unit ball of V. Fix an element b € U and consider the
holomorphic vector field

X = e

on U, where the polynomial map f: U — U is defined by f (u)=b— {ub*u}. By
[9] X is complete on B. Consider further the holomorphic vector field

d
Y= g5 = (Plo- (oh*o)

on DcV, where g:=Pof | D. Let v, € dD be a boundary pointand 4: V- Ra
continuous R-linear form with A(D)>A(v,). Then A can be extended to a
continuous R-linear form on U with A(W)=0 and A(B)> A(vy). This implies
A(g(ve))=A(f (ve)) 20 and consequently Y is a complete holomorphic vector
field on D. The same argument shows that for b:=P(b) also

Y= (5—P{v5*v})§5

is complete on D. Since Y, ¥ have the same value and derivative at the origin,
Cartan’s uniqueness theorem [11; 1.2] implies Y=Y and hence

¢ P{P(a)b*P(c)} = P{P(a)P(b)*P(c)}
for all a,b,c € U, whence {VW*V}c W. The mapping V— D defined by
0
b — exp ((b—P{vb*v})b—v) 0)
is differentiable and has invertible derivative at the origin. By the implicit
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function theorem therefore the orbit G(0)= D of the group G:=Aut (D) of all
biholomorphic automorphisms of D is open in D. By [8, Lemma 2] therefore G
is transitive on D, i.e. D is a bounded symmetric domain with corresponding
JB*-triple product P{xy*z} [9;10].

COROLLARY 1. Let A be a (unital) JB*-algebra and P € ¥ (A) a unital (i.e. P(1)
=1) contractive projection. Then the image V=P(A) is a JB*-algebra in the
product (a,b) — P(aob) and the involution a +— P(a*). The kernel W of P
satisfies

VoW* <« W.

Proor. For every a,b € U we have aob*={ab*1} and hence
5) P(P(a)ob*) = P(P(a)oP(b)*)

as a consequence of (4).

CoroLLARY 2 (Effros-Stermer). Let A be a unital C*-algebra and P € ¥ (A) a
unital positive projection. Then the image V of P is a Jordan algebra in the
product

(a,b) — P(ab+ba)/2 .

ProoOF. A4 is a JB*-algebra in the Jordan product acb:= (ab+ ba)/2 and P is
contractive by [13, Corollary 1].

We consider some simple examples

ExaMmpLE 1. Let U be a JB*-triple and e € U a tripotent, i.e. {ee*e} =e. Then
U = Ul @ U& @ UO

with U, the v-eigenspace of the hermitian operator 6:=e[Je* is called the
Peirce-decomposition with respect to e [12]. a:=exp (2#if) is an isometry of U
and is called the Peirce reflection with respect to e. P:=(1+0)/2 € Z(U) is the
projection with image V:=U,;®U, and kernel W:=U,. Obviously, P is
bicontractive (i.e. P and 1— P are contractive). ¥ and W are JB*-subtriples of
U.

ExampLE 2. Let 'cC* be a compact subgroup with normalized Haar
measure dy and let S be a locally compact topological space with a continuous
I-action. Fix an integer n and define a contractive projection P on the
commutative C*-algebra A =%,(S) by
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Pf(s) = Lv""f (@s)du() .
Then the image

P(A) = {fe A: fs)=y"f(s)}

is a JB*-subtriple but not a subalgebra in general. In the special case where
n=+1, I'={teC:|tf|=1} and S is a principal I'-bundle, the image P(A) is
isometric to a C*-algebra if and only if S is a trivial I'-bundle, i.e. S~ (S/I)x I’
—compare [10, 1.13 Corollary].

The next example is taken from [4, § 1].

ExampLE 3. Let A=%([0, 1]) and define a unital contractive projection P on
A by

Pf(t) = fO+ (f()—f(O) .

Then the image V= P(A) is the space of all affine functions. V is not a JB*-
subtriple of A but isometric to the C*-algebra C xC.
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