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ON C*-ALGEBRAS ASSOCIATED TO ACTIONS OF
DISCRETE SUBGROUPS OF SL(2, R) ON
THE PUNCTURED PLANE

JACOPO BASSI

Abstract

Dynamical conditions that guarantee stability for discrete transformation group C*-algebras are
determined. The results are applied to the case of some discrete subgroups of SL(2, R) acting
on the punctured plane by means of matrix multiplication of vectors. In the case of cocompact
subgroups, further properties of such crossed products are deduced from properties of the C*-
algebra associated to the horocycle flow on the corresponding compact homogeneous space of
SL(2, R).

1. Introduction

Transformation group C*-algebras represent a tool for the construction of ex-
amples of structure and classification theorems for C*-algebras and provide
a way to interpret dynamical properties on the C*-algebraic level. Typical
examples are the C*-algebras associated to minimal homeomorphisms on in-
finite compact metric spaces with finite covering dimension [34], [15], [45],
or more generally, free minimal actions of countable residually finite groups
with asymptotically finite-dimensional box space on compact metric spaces
with finite covering dimension [43]. In these cases the structure is that of an
AS H-algebra and classification is provided by the Elliott invariant. Moving to
the non-unital setting, such classification results are still available in the case
the C*-algebra is stable and contains projections, assuming a suitable Rokh-
lin type property for the action. In these situations the resulting transforma-
tion group C*-algebra is a stabilized A S H-algebra. Examples come from free
and minimal actions of the real numbers on compact metric spaces admitting
compact transversals [21], where stability is reminiscent of freeness and the
transversal produces a projection in the crossed product. On the other hand,
stable simple &Z-stable projectionless C*-algebras admit a description of the
isomorphism classes of hereditary C*-subalgebras and countable generated
Hilbert C*-modules in terms of Cuntz equivalence of positive elements [36].
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Dynamical conditions which ensure stability of a transformation group C*-
algebra were given in [18], where it is proved that C*-algebras arising from
actions that are free and wandering on compacts are trivial fields of compact
operators. For the case of more general C*-algebras, other characterizations
of stability are contained in [38], [7].

The present paper focuses on transformation group C*-algebras associated
to the action of discrete subgroups os SL(2, R) on the punctured plane, by
means of matrix multiplication of vectors. Ergodic properties of such dynam-
ical systems have been investigated in several places and the duality with the
horocycle flow on the corresponding homogeneous spaces for SL(2, R) has
been successfully employed in [14], [27], [28]. The study of such dynamical
systems and their generalizations has a number of interesting applications,
as observed in [17], as the quantitative Oppenheim conjecture, quantitative
estimates of the denseness of certain projections associated to irreducible lat-
tices and strengthenings of distribution results concerning actions of lattices
by automorphisms.

The first part of this work focuses on the study of the distribution of orbits of
compact sets on the punctured plane under the action of discrete subgroups of
SL(2, R) containing two hyperbolic elements with different axes. Rather than
studying the asymptotics of the distribution of such orbits under an increasing
family of finite subsets in the lattice, as in [29], [30] and [20], we consider the
possibility to find, at every step, an element in the group that squeezes enough
the image of the compact set under the action of any element in the finite subset.
This property of the action resembles the fact that such discrete subgroups of
SL(2, R) actually contain an abundance of hyperbolic elements and represents
a weaker version of the wandering on compacts assumption considered in [18].
This dynamical condition guarantees the existence of invertible approximants
for the elements in the crossed product C*-algebra. By appealing to [38], we
show that in the case of actions that are contractive in a suitable sense, this
property is enough in order to ensure stability of the crossed product C*-
algebra. The “dual” approach is used in the last part to find properties of the
crossed product arising from an action of a cocompact subgroup of SL(2, R) on
R?\ {0} by establishing a *-isomorphism between this C*-algebra and the C*-
algebra associated to the horocycle flow on the corresponding homogeneous
space for SL(2, R).

1.1. Notation

If G is a locally compact group and A is a C*-algebra, by an action of G on A
we mean a continuous group homomorphism from G to the group Aut(A) of
x-automorphisms of A, endowed with the topology of pointwise convergence.
If X is a locally compact Hausdorff space, by an action of G on X we mean a
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continuous map G x X — X thatis associative and such that the identity of the
group leaves every point of the space fixed. If a locally compact group G acts
on a locally compact Hausdorff space X by means of anactionw: G x X — X,
we denote by Cy(X) % G the associated (full) transformation group C*-algebra,
thatis the full crossed product C*-algebrarelative to the action &, (f) = fog™!
for g € G, f € Cyo(X). Similarly Cy(X) x, G is the reduced transformation
group C*-algebra, that is the reduced crossed product relative to the same
action. If X and Y are two Hilbert modules over a C*-algebra, we write X € Y
to mean that X is compactly contained in Y in the sense of [11, §1]. If F C §
is an inclusion of sets, we write F' € S to mean that F has finite cardinality.
If X is a topological space and S C X a subset, we denote by S° its interior.

2. Weak stable rank 1

The concept of stable rank for C*-algebras was introduced by Rieffel in [35] as a
noncommutative analogue of the covering dimension of a space and the case of
stable rank 1 is of particular interest (see for example [11] and [31]). Conditions
under which a transformation group C*-algebra has stable rank 1 have been
given in [33] for actions of the integers; for actions of other groups with
finite Rokhlin dimension on compact spaces such conditions can be obtained
by combining the results in [22], [42] or [43] and [39], under some other
assumptions, as for example, the existence of an invariant measure. If A isa C*-
algebra, itis said to have stable rank 1 if every element in its minimal unitization
A can be approximated by invertible elements in A. We will consider a more
restrictive (non-stable) approximation property, which was used in a crucial
way in [7]. The following definition was given by Hannes Thiel during a lecture
about the Cuntz semigroup in the Winter semester 2016/2017 at the University
of Miinster.

DErFINITION 2.1. Let A be a C*-algebra. Then A has weak stable rank 1,
wsr(A) = 1,if A € GL(A).

Another variation of the concept of stable rank 1 is the following

DEerINITION 2.2 ([36, Definition 3.1]). Let A be a C*-algebra. Then A
has almost stable rank 1, asr(A) = 1, if wsr(B) = 1 for every hereditary
C*-subalgebra B C A.

A C*-algebra A is said to be stable if A ® K >~ A, where K denotes the
C*-algebra of compact operators on a separable Hilbert space. Stable C*-
algebras always have weak stable rank 1 by Lemma 4.3.2 of [7] and their
multiplier algebra is properly infinite by [38, Lemma 3.4]. The connection
between stability and stable rank in the o -unital case was already investigated
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in [38, Propositions 3.5 and 3.6]. For our purpose, we need the following slight
variation of the results contained in [38]:

THEOREM 2.3. Let A be a o -unital C*-algebra. The following are equivalent
(1) wsr(A) = 1 and M (A) is properly infinite;
(i1) A is stable.
If A is simple, they are equivalent to
(iii) wsr(A) = 1 and M (A) is infinite.

ProOF. The proof of Lemma 3.2 of [38] applies under the hypothesis of
weak stable rank 1, hence if wsr(A) = 1 and M (A) is properly infinite, then A
is stable by the considerations in the proof of [38, Proposition 3.6]. As already
observed, for any stable C*-algebra A, wsr(A) = 1 and its multiplier algebra
is properly infinite. In the simple case the result follows by an application of
Lemma 3.3 of [38] and the proof is complete.

In order to obtain stability for a transformation group C*-algebra, we intro-
duce a certain dynamical condition and observe that it guarantees weak stable
rank 1; this is the content of the rest of this section. We will deduce infiniteness
properties for the multiplier algebra by adapting the results contained in [41]
to the locally compact case in the next section.

DEFINITION 2.4. Let G be a discrete group acting on a locally compact
Hausdorff space X. The action is said to be squeezing if for every F € G and
every C C X compact there exists y € G such that

ygyhCNygCNC =40

forall g, h € F.

Note that Definition 2.4 only makes sense for actions on locally compact
non-compact spaces, since the space itself is globally fixed by any homeo-
morphism.

PROPOSITION 2.5. Let G be a discrete group acting on a locally compact
Hausdorff space X by means of a squeezing action. Then wsr(Co(X) X G) = 1.

ProoF. Every element in Cy(X) x G can be approximated by elements in
C.(G, C.(X)), hence it is enough to prove that any element in C.(G, C.(X))
is the limit of invertible elements in (Co(X) x G)™. Let F € G and 7 =
deF Zgutg be such that z; € C.(X) for every g € F. Define C :=
U gcr SUPP(zg) and let K C X be a compact subset such that C & K°. There
exists a continuous function f: X — [0, 1] such that supp(f) C K, flc = 1;
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furthermore, since the action is squeezing, there is a group element y € G
such that

veyhK NygK NK =@, forall g,he FUF'U/{e}.

From our choice of f, it follows that we can write z = fz = (fu,)(u,-12).
Computing the third power of u,,-1z we obtain

w2 = Y (oo r ey ™™

-1 -1 —1y—1
88,87k 2y o (y T8y T8 YT Dy rgyrgry g

For every s € G and ¢ € C.(X) we have supp(¢ o s~!) = s supp(¢) and so
from our choice of K and y, we see that

supp(zg 0 ¥) Nsupp(zg o (¥ 'gy ™)) Nsuppzgr o (v gy g’y ™H™h
cy '(Kngy'Kngy gy 'K) =9,

since K N gy 'K Ngy gy 'K = @ if and only if y(g)"'yg 'K N

y(g) 'K N K = @. Hence
(w,'z)’ =0

and u,, z is nilpotent. In the same way we obtain
(fuy)* = f(foy™)(foy™u, =0,

since y2K Ny K N K = (. Hence 7 is a product of nilpotent elements, thus is
the limit of invertible elements in (Co(X) x G)~ (cf. [37, 4.1]) and the claim
follows.

REMARK 2.6. Natural variations of Definition 2.4 lead to the same result
of Proposition 2.5. The reason why we chose this form is that it fits in the
discussion of §4.

REMARK 2.7. Proposition 2.5 applies to the reduced crossed product as
well.

3. Contractive and paradoxical actions

In the last section we determined a condition on an action of a discrete group
that guarantees weak stable rank 1 for the transformation group C*-algebra. In
view of Theorem 2.3 this section is devoted to find conditions that guarantee
infiniteness properties for the multiplier algebra of the crossed product C*-
algebra.

If A is any C*-algebra and G a discrete group acting on it, then A X G
is isomorphic to an ideal in M(A) x G, where the action of G on M(A)
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is the extension of the action on A. Then there is a unital *x-homomorphism
¢: M(A) X G — M(A x G); if we identify M (A x G) with the C*-algebra
of double centralizers on A X G and A x G with its isomorphic image in
M(A) X G, ¢(x)y = xy for any x in M(A) ¥ G and y in A X G. The same
results apply to the reduced crossed product as well. This will be the framework
for the following considerations.

In virtue of the above discussion, all the results we state in the rest of this
section concerning full transformation group C*-algebras hold true for the
reduced transformation group C*-algebras as well. The same applies to the
results contained in the next section, where in order to prove the analogue of
Proposition 4.6 for the reduced crossed product, one can use the extension of
the surjective x-homomorphism from the full crossed product to the reduced
crossed product to the multiplier algebras.

The concept of contractive action (see below) was already considered in [41,
p- 22] and has to be compared with the more restrictive Definition 2.1 of [1].

DEerINITION 3.1. Let G be a discrete group acting on a locally compact
Hausdorff space X. The action is said to be contractive if there exist an open
set U C X and an element ¢ € G such that tUg U. Inthis case (U, 1) is called
a contractive pair and U a contractive set.

The notion of scaling element was introduced in [8] and was used to char-
acterize stable algebraically simple C*-algebras.

DEeFINITION 3.2 ([8, Definition 1.1]). Let A be a C*-algebra and x an
elementin A. x is called a scaling element if x*x(xx*) = xx* and x*x # xx*.

PrROPOSITION 3.3. Let G be a discrete group acting on a locally compact
Hausdorff space X. Consider the following properties:
(i) The action of G on X is contractive.
(1) There exists a scaling elementary tensor in C.(X, Cp(X)).
Then (i1) = (1). If X is normal, then (i) = (i1).
ProoOF. (ii) = (i): Let x = u, f be a scaling elementary tensor in C.(G,
Cy(X)) and U the interior of supp(f). Since x*x = | f|> and xx* = | fot™!|?,

the condition x*xxx* = xx* implies |f||,; = 1; in particular tU C U.
Suppose that tU = U. Then

fllye =0, 1fll, =1fll5 = Uz

and

-1
|fot™]

_ -1 _ -1 _
Ue — |f of ||(zU)‘ - |f of ||t(U)L‘ =0.
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Since G acts by homeomorphisms, U is a clopen set and t~'U = tU, which

entails )
|fot™ I|U =1y = 7.

This would imply | f| = | f ot~'| and x*x = xx*. Hence tU C U.

Suppose now that X is normal and let (U, t) be a contractive pair. Take & €
U\ (tU). By Urysohn’s Lemma (normality) there exists a continuous function
f:X — [0, 1] thatis 0 on U€ and 1 on {£} U (tU). The element x := u, f €
C.(G, Cp(X)) satisfies x*x = f2, xx* = (f ot™1)? and x*x(xx*) = xx*.
Since supp(f o t~') C supp(f), we have x*x # xx*, completing the proof.

COROLLARY 3.4. Let G be a group acting on a locally compact normal
Hausdorff space by means of a contractive action. Then M(Cy(X) x G) is
infinite.

ProOF. Let x be as in Proposition 3.3, we want to show that ¢ (x*x) #
¢ (xx*) (¢ is defined at the beginning of the section). Fortake § € U\ (tU) and
let f € C.(X)besuchthat f(§) = 1.Then (x*xf)(&) # Oand (xx*f)(£) =0
and so ¢ (x*x) # ¢ (xx*). As shown in [8, Theorem 3.1] the element ¢ (x) +
(1 — ¢(x*x))"/? is a nontrivial isometry and the claim follows.

A variation of the concept of contractive action is the following (see [41,
Lemma 2.3.2]) and is a particular case of Definition 2.3.6 of [41].

DErINITION 3.5. Let X be a locally compact Hausdorff space and G a
discrete group acting on it. We say that the action is paradoxical if there are
positive natural numbers n, m, group elements 7y, ..., f,1,, and non-empty
opensets Uy, ..., Uyt such that | J!_, U; = Uf;ﬁrl U =X, Ufilm t(U) <
X and ;U; Nt;U; = Y forevery i # j.

Adapting the ideas (and methods) of [41, Lemma 2.3.7] to the locally com-
pact case, we have the following

PrROPOSITION 3.6. Let G be a discrete group acting on a locally compact
normal Hausdorff space X. If the action is paradoxical, then M (Co(X) % G)
is properly infinite.

Proor. Letn, m, ti,...,t,4, and Uy, ..., U,.,, be as in Definition 3.5.
Taking unions and relabeling we can suppose #; # t; fori # j. Let I :=
{ty, ...t} F/i={tus1s ooy bygm -

Since X is normal we can take a partition of unity {¢,};cr subordinated to
{U;}'_, and a partition of unity {1/, }scr subordinated to {U,-};’:,:'jrl. Consider
the extension of the action of G to C,(X) and the associated crossed product
C*-algebra Cp(X) x G.
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Define x := ), u,qb,l/z andy =) . pm uSI/fsm. Then
x'x=y'y=1.

Note now that

= AP os g, =0

teF,seF’

and so xx* L yy*.

Let¢: Cp(X) X G — M(Cy(X) x G) be as at the beginning of this section.
Take a positive function f € C.(X) that takes the value 1 on a point £ €
(U1<i<n t;U). Then

xx*f = Z 1/2 B 1/ ot )ut(z)'f

t,t'eF

entails 0 = (xx* f)(&) £ f(§) = 1. Hence xx™ f # fand ¢ (xx™*) # ¢(1) =
1. The same applies to yy* and so 1 € M(Co(X) x G) is properly infinite, as
claimed.

If a discrete group G acts on a locally compact Hausdorff space X, the
action is said to be fopologically free if for every F € G the set (), P {r €
X | tx # x} is dense in X [4, Definition 1]. Combining Proposition 3.6 with
the results of §2 we obtain

THEOREM 3.7. Let G be a discrete group acting on a locally compact metric
space by means of an action that is paradoxical and squeezing. Then Co(X)x G
is stable. Ifthe action is topologically free, minimal, squeezing and contractive,
then Co(X) X, G is stable.

PrOOF. Since X is second countable, Co(X) x G is separable, hence o-
unital. The result follows from Theorem 2.3, Proposition 3.6 and Proposi-
tion 2.5. If the action is topologically free and minimal, then Cy(X) X, G is
simple by [4]; hence Theorem 2.3 applies also in this situation.

4. The case of discrete subgroups of SL(2, R)

A Fuchsian group I is a discrete subgroup of PSL(2, R) [23, Definition 2.2]
and as such it acts on the hyperbolic plane H and on its boundary dH =
R U {oo} ~ RP' by means of Mobius transformations. Let G be a discrete
subgroup of SL(2, R) acting on R? \ {0} by means of matrix multiplication
of vectors. The quotient map 7: R? \ {0} — RP! induces an action of G on
RP', which factors through the action of the corresponding Fuchsian group
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p(G), where p: SL(2, R) — PSL(2, R) is the quotient by the normal subgroup
{—1,+1} of SL(2, R).

If y is a hyperbolic element [23, 2.1] in PSL(2, R) or SL(2, R) acting on
RP!, we denote by y~" its repelling (attracting) fixed point. For a subset
of SL(2, R) or PSL(2, R) consisting of hyperbolic transformations, we say
that its elements have different axes if the fixed-point sets for the action of
the elements on RP! are pairwise disjoint. Note that in both SL(2, R) and
PSL(2, R), discreteness of a subgroup G implies that whenever two hyperbolic
elements in G have a common axis, then both their axes coincide.

LEMMA 4.1. Let T be a Fuchsian group containing two hyperbolic elements
with different axes. Then for every F € I there exists a hyperbolic element

y € I' such that . B
gy #vy VgeF.

The same is true if T is a group generated by a hyperbolic element.

ProOF. Let F € I'. If T" contains two hyperbolic elements with different
axes, then it contains infinitely many, hence we can take 5, é hyperbolic with
different axes and such that the fixed points of 1 are not fixed by any elements
in F. Suppose that F is such that for every n € N there is a g € F with
gn"st =g(m"sn™")" = (n"Sn~")" = n"S~. Then, passing to a subsequence

Jge F suchthat gn™8T =n™s".
Both 8" and "8~ converge to n* and so ™" is fixed by g, a contradiction.

PROPOSITION 4.2. Let G be a discrete subgroup of SL(2, R) such that p(G)
is a Fuchsian group containing two hyperbolic elements with different axes or
a Fuchsian group generated by a hyperbolic element. Then the action of G on
R? \ {0} is squeezing.

PROOF. Let F € G and let be given an orthonormal basis {e;, e;} for R
By Lemma 4.1 there is a y € p(G) such that p(g)y+ # y~ forevery g € G.
Let & € G be such that p(h) = y. Hence & is hyperbolic and is conjugated in
SL(2, R) to a diagonal matrix:

h=u"'Au=u"" (é A91>u’ A > 1.

Let g’ and g be elements in G and suppose that the upper-left diagonal entry of
the matrix ug'u~! vanishes: (ug’'u=");; = 0. This means that (e;, ug'u='e;) =
0, or equivalently, ug’u_1e1 € Rey; hence, since the image of u~'e; under the

quotient map 7: R?\ {0} — RP!is y* and the image of u ' e, under the same
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map is ¥, looking at the action of p(G) on RP! we obtain p(g')y™ =y,
contradicting the assumption. Hence (ug'u~'), | # 0. Define g, := ugu™',

g := ug'u~" and compute forn € N
n )\n(gu)l,l )\n(gu)],Z
A 8u = _n _n ,
AT(gu)21 AT (8w
and
2ng, 1 2ng, 1
AT (g )1,1(8u) 11 A (g )1,1(8u1,2
o +(g)1.2(8u)21 +(g)12(8u)22
A guA gu = , ,
(8,)2.1(8)1,1 (8,)2,1(8u:)1,2

+ 27(gl)2.2(8u)2,1 +A7(g)22(84)22

Let C C R?\ {0} be a compact subset; take real positive numbers r; and r,
such that the compact crown C,, ,, = {z € R? | r; < ||lz|l < r2} contains uC.
We want to show that there exists n > 0 such that

Ang;AnguCrl,rz N Ang;crl,rz N Crl,rz =0, Vg, g/ eF.

Let (x, y) € R? be such that A"g/ A"g,(x, y)" belongs to uC. In particular,

this entails . .
”A guA gu(x, )’) ” E ’"2

and taking the first coordinate:
122" (g[8 1% + (€ 1.29] + [(8)12(8w)2.2% + (€D 12(8u)22¥]] < 72

Hence

r2 4+ 1(8)1.2(8u)2,2% + (8,)1.2(8u)2,2]
A2 (gl

for every (x, y)' € (A"g, A"g,)~'C. Furthermore, if (x, y)" € R? is such that
A"g,(x, y)" belongs to C,, ,,, then

[(gu)1,1x + (gu)12y] < (1)

n n 2 —n —n 2
1t < [V (@)X + A (@)12y] + [T (€W21x + AT (8u)2,2Y ]

@
= 2 [(@)1ax + (@)12y] + 27 [(g)21% + (8)229]

Combining (1) and (2), we obtain

2
2 [r2 + 1(g)12(8u)2.2x + (8)1.2(8u)2.2]

_ 2
< A7 [(gu)2.1x + ()22
‘ A2 (g1 [ ]

3)
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for every (x,y)" € (A"g/ A"g,)"'C,,,, N (A"g,)"'C,, .. If (x, y)" belongs
to C,, r,, then there is a constant M > 0 such that

[| (&)1,2(8u)2.2X + (g)1.2(8u)2,2|
l(gi)11?

2
]+Wmﬂ+Qwa§M

and this constant does not depend on the choice of g, g’ in F. So, by (3), for
n large enough

(A"¢ A"g)'Crry, N (A"8) ' Crpy NCryy = 0,
which entails
CrlJ‘z n Ang;crhh ﬂ Ang;AnguCrl»fz = @

and so
u_lcrl,rz N hng/u—lcrl’r2 N hng/hngu—lcrl,r2 =¢.

The result follows since C C u~'C,, ,,.

Hence we have determined a class of discrete subgroups of SL(2, R) whose
action on R?\ {0} is squeezing. Conditions under which this action is contract-
ive or paradoxical are the content of the following

ProPOSITION 4.3. Let G be a discrete subgroup of SL(2, R) acting on
R2\ {0} by means of matrix multiplication of vectors. If G contains a hyperbolic
element, then the action is contractive. If G contains at least two hyperbolic
elements with different axes, then the action is paradoxical.

ProoOF. Suppose that G contains a hyperbolic element, then the same is
true for its image under the quotient map p: SL(2, R) — PSL(2, R). Since
the action of I' = p(G) on RP' is by homeomorphisms and every hyperbolic
element in I' is conjugated in PSL(2, R) to a Mdbius transformation of the
form z + A%z for some A > 1, it follows that the action of T" on RP! is
contractive. Hence there are U C RP! and y € T such that

yU CU.

In the case G contains at least two hyperbolic elements with different axes, then
the same is true for I" and as is well known, in this case I" contains a countable
subset of hyperbolic elements with different axes. In order to see this, let y, 1 be
hyperbolic elements in I with different axes; then the elements in the sequence
{n"yn~"},en are hyperbolic transformations with different axes. In particular,
for every n, m > 2 natural numbers there are group elements yi, ..., Yy+m
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and contractive open sets Uy, ..., U4, where foreachi =1, ..., n+m U;
contains the attracting fixed point ;" of y;, such that

n n+m
Uui= U] v =rp, 4)
i=1 j=n+1
viUi Ny Uy =0 Vi j. 5)

Hence, we just need to observe that the same holds after replacing the sets U;
with 77 =1 (U;) and the elements y; with some representatives in G. Equation (4)
automatically holds for the sets 7~ (U;) C R? \ {0}. Choose a representative
gi € G for every y; € T'; since the action of G on RP! factors through the
action of I', equation (5) can be replaced by

gl‘U,‘ ﬂngj = @ Vi ;é ]
By equivariance of the quotient map 7: R? \ {0} — RP! it follows that
@ UNNgEU)) =0 Vi#]j

We are left to check that the inverse image of a contractive open set is again a
contractive open set. Since the map R? \ {0} — RP! is a quotient by a group
action (the group is R*), it is open and so the inverse image of the closure of
a set is the closure of the inverse image of the same set; hence, if (U, g) is a
contractive pair with U C RP' and g € G, then

gr=1(U) = gn~'(U) =7~ (gU) S~ (V).
The proof is complete.

COROLLARY 4.4. Let G be a discrete subgroup of SL(2, R) such that
p(G) C PSL(2, R) is a Fuchsian group containing two hyperbolic elements
with different axes. The transformation group C*-algebra Cy(R?\ {0}) x G is
stable.

If p(G) is generated by a hyperbolic transformation, then wsr(Co(R? \
{0D) x G) = 1 and M(Co(R?\ {0}) x G) is infinite.

Proor. Follows from Proposition 4.3, Proposition 4.2, Theorem 3.7 and
Corollary 3.4.

Corollary 4.4 applies to the case of discrete subgroups of SL(2, R) asso-
ciated to Fuchsian groups of the first kind [23, 4.5], hence in particular the
cocompact ones. Non-lattice subgroups to which Corollary 4.4 applies are
considered in [40].
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In Proposition 4.3 we deduced paradoxicality for the action of a discrete
subgroup G of SL(2, R) on R? \ {0} from paradoxicality of the action of
the corresponding Fuchsian group on RP' and concluded from this fact that
the multiplier algebra of Co(R? \ {0}) x G is properly infinite. It follows
from [16, Example VII.3.6] that if " is a Fuchsian group of the first kind, then
its action on RP! is extremely proximal (see [16] page 96 for the definition)
and this property represents a stronger form of paradoxicality, hence stronger
infiniteness properties for the multiplier algebra of the transformation group
C*-algebra are expected in this case. Note that in [26] an extremely proximal
action is called a strong boundary action.

The next Proposition is a consequence of the results contained in [26]
and [25].

LEMMA 4.5. Let G and H be locally compact groups and A, B be C*-
algebras. Suppose G acts on A and H acts on B and that there is an equivariant
involutive homomorphism ¢: C.(G, A) — C.(H, B) which is continuous for
the L'-norms. Then there is a x-homomorphism qu AxG— BxH.

ProoF. If p: L' (H, B) — $ is a nondegenerate L'-continuous involutive
representation of L!(H, B), then the composition p o ¢: C.(G, A) — 9 is
L'-continuous as well. Hence ||¢(f)|| < || f|| forevery f € C.(G, A) by [46,
Corollary 2.46], as claimed.

ProrosITION 4.6. Let G be a discrete subgroup of SL(2, R) such that
p(G) C PSL(2, R) is a finitely generated Fuchsian group of the first kind
not containing elements of order 2. Then M(Co(R? \ {0}) x G) contains a
Kirchberg algebra in the UCT class as a unital C*-subalgebra.

PrOOF. The quotient map p: R?\ {0} — RP! is surjective and equivariant
with respect to the action of G, hence it induces a unital *-homomorphism
C(RPY) x G — C,(R?\ {0}) » G which can be composed with the unital
s-homomorphism C,(R? \ {0}) x G — M (Cy(R?\ {0}) x G) introduced at
the beginning of §3 in order to obtain a unital *-homomorphism ¢: C(RP') x
G — M(Co(R*\ {0}) x G). By [25], finitely generated Fuchsian groups of
the first kind not admitting elements of order 2 lift to SL(2, R). Denote by
k:T — k(I') C G a lift. Since the action of G on RP' factors through the
action of I, the map

Ve: Co(T, C(RPY)) — C(k(T"), C(RPY))
fr> fox!

is an involutive homomorphism and it preserves the L'-norm, as well as
the inclusion C.(k(I'), C(RP')) — C.(G,C(RP')). By Lemma 4.5 there
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is a (unital) *-homomorphism ¥: C(RP') x I' — C(RP'!) x G. Hence
¢ oY:C(RPY) x T' — M(Cy(R?\ {0}) x G) is a unital x-homomorphism.
By [26, Theorem 5] the C*-algebra C(RP') x I' is a unital Kirchberg algebra
in the UCT class, hence ¥ o ¢ is injective and the result follows.

5. Cocompact subgroups of SL(2, R)

Consider the one-parameter subgroup of SL(2, R)

n(z)=<(1) i),teﬂ%}.

Given a discrete subgroup G of SL(2, R), one can define a flow on the corres-
ponding homogeneous space G \ SL(2, R) by Gg — Ggn(—t); this is called
the horocycle flow [13, 11.3.1]. The stabilizer of the point (1, 0)" in R?\ {0} for
the action of SL(2, R) is N and so the quotient SL(2, R) /N, endowed with the
action of SL(2, R) given by left multiplication, is isomorphic, as a dynamical
system, to R? \ {0}. The interplay between the action of G on R? \ {0} and the
horocycle flow on G \ SL(2, R) is employed in the following

N = {n(t) e SL(2, R)

PROPOSITION 5.1. Let G be a discrete cocompact subgroup of SL(2, R). The
transformation group C*-algebra Co(R*\{0}) x G is simple, separable, stable,
& -stable, with a unique lower semicontinuous 2-quasitrace and it has almost
stable rank 1. In particular it satisfies the hypothesis of [5, Theorem 3.5].

PROOF. Since G is countable and R? \ {0} is a locally compact second
countable Hausdorff space, Co(R? \ {0}) x G is separable.

As already observed in the discussion after Corollary 4.4, Co(R?\ {0}) x G
is stable in the case G is cocompact. Since the action of G on R?\ {0} is free and
minimal [6, Theorem IV.1.9], Co(R?\ {0}) x G is simple [4]. By simplicity, the
non-trivial lower semicontinuous traces on Co(R?\ {0}) x G are semifinite [12,
6.1.3] and so, in virtue of [19] Proposition 25 and Proposition 26, the restriction
map sets up a bijection with the lower semicontinuous semifinite G-invariant
traces on Co(R? \ {0}). Every such trace is uniquely given by integration
against a G-invariant Radon measure. By Furstenberg’s Theorem [14] there is
exactly one such non-trivial measure. Hence Co(R?\ {0}) x G admits a unique
non-trivial lower semicontinuous trace. Since the action of G on R? \ {0} is
amenable, Co(R?\ {0}) x G is nuclear [2, Theorem 3.4]. By exactness it admits
a unique non-trivial lower semicontinuous 2-quasitrace [24].

In virtue of Corollaries 9.1 and 6.7 of [21] the C*-algebra C (G \SL(2, R)) x
N is stable; hence it follows from Green’s imprimitivity Theorem [46, Corol-
lary 4.11] that Co(R?\ {0}) x G ~ C(G\SL(2, R)) x N. By [21, Corollary 9.1
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and Theorem 3.5], C(G \ SL(2, R)) x N has finite nuclear dimension; hence,
[44, Corollary 8.7] entails & -stability.

As observed in [10, p. 129], C(G \ SL(2, R)) x N is projectionless; hence,
[36, Corollary 3.2] applies and asr(C (G \ SL(2, R)) x N) = 1.

The result follows since the Cuntz semigroup of a stable & -stable C*-
algebra is almost unperforated [39, Theorem 4.5].

REMARK 5.2. The stability of Co(R? \ {0})G in Proposition 5.1 can also
be established directly from that of C(G \ SL(2, R)) x N. In fact, the rest
of the proof shows that C(G \ SL(2, R)) x N satisfies the hypothesis of [5,
Theorem 3.5]. Since Co(R?\ {0}) x G is a hereditary C*-subalgebra of C(G \
SL(2, R)) x N, itis then enough to prove that the non-trivial lower semicon-
tinuous trace on Co(R? \ {0}) x G is unbounded. But this follows since it is
induced by the Lebesgue measure.

As a consequence we obtain the following properties for the C*-algebra
associated to the action of a cocompact discrete subgroup of SL(2, R) on
R*\ {0}

COROLLARY 5.3. Let G be a cocompact discrete subgroup of SL(2, R),
T the lower semicontinuous trace associated to the Lebesgue measure |y
on R*\ {0} and d, the corresponding functional on the Cuntz semigroup
Cu(Co(R*\ {0}) x G). Then

Ped(Co(R*\ {0}) x G) = {x € C(R*\ {0}) x G : d([|x]]) < oo}.

Every hereditary C*-subalgebra of C(R? \ {0}) x G is either algebraically
simple or isomorphic to C(R? \ {0}) x G.

COROLLARY 5.4. Let G be a cocompact discrete subgroup of SL(2, R).
Every countably generated right Hilbert module for Co(R* \ {0}) x G is iso-
morphic to one of the form

[ (Co®2\{0D) % G), f € Co(R*\ {OD).

For two such Hilbert modules we have

f - (Co(R2\ {0}) X G) ~ g - (Co(R?\ {0}) x G)
<= ur(supp(f)) = pur(supp(g))

and there exists a Hilbert module E such that

[ (CoR*\{0}) ¥ G) > E € g (Co(R*\ {0}) x G)

if and only if pu (supp(f)) < pr(supp(g)).



C*-ALGEBRAS FROM ACTIONS ON THE PUNCTURED PLANE 555

PrOOF. The Cuntz semigroup of the C*-algebra C(R? \ {0}) x G is stably
finite by [3, Proposition 5.2.10], hence by [3, Proposition 5.3.16] it does not
contain compact elements, since this C*-algebra is projectionless. Hence the
countably generated Hilbert modules correspond to soft elements and Cuntz
equivalence of soft elements is implemented by the unique (up to scalar mul-
tiples) nontrivial functional associated to the unique (up to scalar multiples)
lower semicontinuous trace 7. It follows that all the possible values in the
range of the dimension function are obtained by Cuntz equivalence classes
of elements in Co(R? \ {0}) since, for every f € Co(R? \ {0}), we have
d:(f) = pr(supp(f)). The result follows from Theorem 3.5 of [5].

6. Final remarks

It follows from the results in the last section that if G is a cocompact discrete
subgroup of SL(2, R), the Cuntz classes of elements in the transformation
group C*-algebra Co(R? \ {0}) x G are generated by continuous functions
on the plane. It might be possible that this property can be derived from the
dynamics.

It can be shown that if we restrict to discrete subgroups of SL(2, R) which
are the inverse images under the quotient map p:SL(2, R) — PSL(2, R)
of fundamental groups of hyperbolic Riemann surfaces, the construction of
the C*-algebra associated to the horocycle flow on the corresponding homo-
geneous space of SL(2, R) induces a functor from a category whose objects
are hyperbolic Riemann surfaces and the morphisms are finite sheeted holo-
morphic coverings to the usual category of C*-algebras; this suggests that
it might be possible do detect the holomorphic structure at the C*-algebraic
level. Observe that, if ./, is a compact Riemann surface of genus g, after
identifying p‘l(m(/%g)) \ SL(2, R) with the unit tangent bundle 7' (./,),
the Thom-Connes isomorphism [9] gives a way to compute the K-theory of
Co(R2\ {0}) xt p~L(mwi(My)) ~ C(T\(My,)) x R and it reads

Ko(Co(R*\ {0}) x p~'(m1(My))) = 2%,
Ki(Co(R*\{0}) x p~' (1 (My))) = 7T @ Z/(2g — 2).

Both the order and the scale in K are trivial since Co(R?\ {0}) x p~! (m; (My))
is projectionless and stable.

Furthermore, by [9, Corollary 2] the range of the pairing between K, and
the unique trace is determined by the Ruelle-Sullivan current associated to this
flow (see [10, 5-«]), which is trivial by [32]. Thus the Elliott invariant contains
information only about the genus, or equivalently, the homeomorphic class of
the Riemann surface. In particular, if the Elliott conjecture holds true for this
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class of C*-algebras and if it is possible to detect the holomorphic structure
at the level of the C*-algebras, this should correspond to something finer than
the C*-algebraic structure.
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