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SOME SPECIAL W-ALMOST PERIODIC SETS
ON THE INTEGERS

ERLING FOLNER

We begin by specializing, starting from an arbitrary topological group and
passing to the discrete abelian group Z of the integers, some definitions and
theorems concerning W-almost periodic (W-ap) functions on the group. For
this we refer mainly to [1] and [2, I].

DEeFINITION. A bounded complex-valued function f(n) on Z is called a W-
almost periodic function on Z if to every ¢>0 there exists a trigonometric
polynomial on Z

P
s(n) = ), c,em"
p=1

where the ¢, are complex numbers and the y, are real numbers, determined
modulo 2x, such that

If (W =sm)y = M|f(n)—sn)| < e.
Here for a bounded real function g(n) on Z
Q
1) Mg(n) = infsup ) og(n+n),
A n q=1
where
Q
A= {og,. ., 00 Ny,e o hgl, o >0, Y =1,neZ.
q=1

A set B on Z is called W-almost periodic on Z if its characteristic function B(n)
is W-ap.

Analogously to (1) we put

Q
(2 Mg(n) = sx;pinf Y agn+n,).

n g=1
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If Mg(n)=Mg(n) we denote this number by Mg(n). For a complex-valued
bounded function f(n)=g(n)+ih(n) we put

Mf(n) = Mg(n)+iMh(n)

if Mg(n) and Mh(n) exist.
We omit the proof of the simple fact that if Mf(n) exists, then

N
(3) %Z f(n)—> Mf(n) for N - oo.
n=1

The sum and the product of two W-ap functions are W-ap, and the numerical
value of a W-ap function is W-ap. For a W-ap function f(n) the mean value
Mf{ (n) exists. :

To a real W-ap function f(n) we ascribe a Fourier series,

4) fn) ~ tag+ Y {a,cosy,n+b,sinyn}

r=1

where
a, = 2M{f(m)cosy,n}, b, = 2M{f(w)siny,n}

and we consider at least the at most denumerably many y,, determined modulo
2m, for which a, or b, are different from zero.
The Fourier series W-converges to f(n), that is
R
M|f(n)—3ao— Y, {a,cosy,n+b,sinyn}l - 0 for R - co.

r=1

MaAIN THEOREM. A bounded function f(n) on Z is W-ap on Z if and only if to
every £>0 there exists an
Q

A= {ay..,a9; 1y, ngt, 2, >0, Y a, =1, n€eZ
q=1

and finitely many integers m, such that to every integer m there exists an m, with

Q
||f(n+m)—-f(n+ms)|lsA = sup z aqlf(n+nq+ni)—f(n+nq+ms)| <e.
n =1

q

If X;,X,,... are at most denumerably many characters on Z, then by
S(X,,X,,...) we understand the at most denumerably many characters which
are finite products of some, arbitrarily chosen, of the characters
X,,X,,X,,X,,.... Then we have
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THEOREM 2. Let f (n) be a real W-ap function on Z. For real f we consider on Z
the set

Ag = [f(W=4h].
With exception of the at most denumerably many B where
Y(B) = MA,
makes a jump, A, is a W-ap set and
M{[f(m=p1} = 0.

If X,,X,,. .. are the Fourier characters of f (n), the Fourier characters of Ag are
in S(X,X,...)

As the reader will see, this can easily be deduced by the method put forward
in [4, p. 78], confer [2, I, p. 34]. For the more general result, see [2, I, p. 60].

Now let a be an arbitrary fixed irrational number. Then for every integer
h+0

2nihan

[4

is a character on Z which is not the main character 1. Hence from (3)
1 X . .
_ﬁ z e2mhan__’ Methun — 0 for N - 0.
=1

From this Weyl showed, see [3] for general results concerning the asymptotic
distribution of real numbers and in particular equi-distribution, that if g(x) is
real and periodic on R with period 1 and in a period interval is continuous,
except for finitely many points of jump, if any, then

1

N .
5) % Y glon) — j g(x)dx for N — o0o.
n=1 0

Let 0<A<1 and let first

x) = 1 for 0=x=g4
g} = 0  elsewhere in 0=x<1

and periodic with period 1.

Our aim is to prove that the set C, on Z written
C, = [glan)=1]

i.e. the set of n € Z for which
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0<oan <A (modl)
is W-ap and to find its Fourier series. Note that

C.(n) = g(an).
We have

. - A _ A A i1
p=|—zsan-5 = i(mo )

= 2 l> 2A
= | cos2n{ an—> 2 cos2ny

= [cos 2ran—mnd) = cosnd] .
Let 0<A; <A and A<4,<1 and put

C,.1, = [cos 2ran—nd) = cosni,]
[ A, A A A ]
= —_—— e < < =4
> +2 San < > +2 (modl)— ,

C;.1, = [cos 2nan—nd) = cosni,]

A A 2 A ]
—_— - < < £ —
> +2 San £ > +2 (modl)-

In the last expression for C, above, cos(2ran—nd) is a trigonometric
polynomial on Z containing only the two characters '>™*" and e~ 2"*", Using
Theorem 2 to '

f(n) = —cos 2ran—mni)
we see that C, ;, and C, ;, are W-ap with Fourier characters amongst
eizrran  p=0, +1,4+2,. ..

when we assume that A, and 4, avoid certain at most denumerably many
values. Thus we may also let A,—4, — 0.
From (5), taking

N>

fi _ - < <_._1_
1 or 2+2_x_ 2+

gx) = l 0 elsewhere in 0<x<1

and periodic with period 1 we get, using also (3)

1 1
MC; ; = lim — Z glan) = j g(x)dx = 4, .
1]

N-voo
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Analogously, taking g(x)=1 for

e

Ay
—2—+

N>
N >

<x

IIA

and repeated with period 1, and g(x)=0 elsewhere, we get
MC).' A = Az .
We have

CA,A, cC < C;..;.z

so that

o
A

M(C;.(n)"cz,z,(")) =< M(CA,AZ(")—CA.M("))
= M(Cl‘h(n)—Cl,M(n)) =A—4,—-0.

189

Thus C,(n) can be W-approximated by the W-ap functions C; ; (n) and hence
is W-ap itself. The Fourier series of C, ; (n) will converge formally towards the
Fourier series of C,(n) so that the Fourier characters of C,(n) are amongst

eiZm’an, r=0, -_{:1, +2,....
Thus from (4)

oC
C,(n) ~ Ya,+ Y {a,cos2nran+b,sin2nran}

r=1
and using (5) with
_ fcos2nrx for 0£xs4
g(x) = 0 elsewhere in 05 x <1
and periodic with period 1 we get, using also (3), that

A

a, = 2M{C,(n)cos2nran} = ZJ‘ cos 2nrx dx .
o

Hence
lz'ao =41
and for r>0,
sin 2nrd
a, = .
nr

Analogously, for r>0,
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A

b, = 2M{C,(n)sin 2nran} = 2[ sin2arxdx =

1—cos2ard

It is evident that
00
$ao+ Y. {a,cos2mrx+b,sin 2nrx)
r=1

is the Fourier series of our first g(x). Hence it converges to 1 for 0<x<A
(mod 1), to { for '

x = {g (mod 1)

and to O elsewhere.
Therefore, the Fourier series of

Ci(n) = g(an)

converges to C,(n) for all n, except for

an = {g | (mod1),

i.e. n=0 and at most one further value of n, because « is irrational. For n=0
and the eventual other n it converges to i, and not 1.

The preceding result can be generalized from Z to Z x ... x Z. We state it
for ZxZ. If 1,a,,B, or 1,0, p, are linearly independent with respect to
rational coefficients and 0<A; <1, 0<4,<1 and a, and a, are real numbers,
then the set C on Z x Z, consisting of the (n,,n,) € Z x Z for which both

a, < ayny+oyn, £ A +a;, (modl) and
a; £ Piny+Pon; < Ay+a; (mod1)

is W-ap on the discrete abelian group Z x Z. On R x R we put
g(xy, x,)
equal to 1 when both
a, < x; £ A +a; (modl) and a, £ x, £ A,+a, (modl),

and equal to O elsewhere. Then the characteristic function of C,

C(ny,ny) = gloyny +ayny, Bing +Byny)

has, being W-ap on Z x Z, a Fourier series on Z x Z, and this series is obtained
from the Fourier series on R x R of
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g(xy, x,)

by replacing (x,, x,;) by (a;n, +oa,n,, Bin, + B,n,).

From the preceding we can obtain a sharpening of Kronecker’s
approximation theorem.

Let 0<4,<1,...,0<4,<1 and let a,,...,a, be real numbers. Let further
1,ay,...,a, be linearly independent with respect to rational coefficients. Then
Kronecker’s approximation theorem may be stated as follows. The set C of
integers n which satisfy all the inequalities

a; S on £ a;+4; (modl)

a an < a,+4, (modl)

A

p

is not empty. We shall prove moreover that C is W-almost periodic and has a
positive mean value

MC =2 ... 4,.

Let C,,...,C, be the sets of integers which satisfy the first, ..., the pth of the

above inequalities. From the preceding it follows that they are W-almost
periodic and that

MC, = A,...,MC, = A

4 P *

It also follows that the Fourier characters of C,,. . ., C, are among respectively

ei2mam o =0,+1,+2,...

eiln'papﬂ, rp = 0, '_*-1, iz,. ee
We have
c=¢Cc,n...ncC

p
so that the characteristic functions satisfy
Cn) = Cy(n)...Cp(n),

and hence C(n) is W-almost periodic, and its Fourier series taken on complex
form is obtained by formal multiplication of the Fourier series of
C,(n),...,C,(n). We seek the constant term of the Fourier series of C(n), and
hence seek the integers ry,...,r, for which

. i2 _
elan.d.n L. e| A 1 R

ie.
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roy+ ... +ra, = integer

and hencer;=. .. =r,=0,since 1,a,,. . .,, are linearly independent. Thus the
only contribution to the constant term of the Fourier series of C(n) is
MC =MC,.. MC,=4,...4

4 P’
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