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THE PROJECTIVITY OF THE MODULI SPACE
OF STABLE CURVES, III:
THE LINE BUNDLES ON M, ,, AND
A PROOF OF THE PROJECTIVITY OF M, ,
IN CHARACTERISTIC 0

FINN F. KNUDSEN

Introduction.

In section 4 we construct the basic line bundles on M, , and study their
behaviour under pullback by contraction and clutching. This is where this
paper originally was to end and then Mumford would use these results to
prove projectivity as suggested by Seshadri. However Gieseker and Mumford
discovered that a stable curve embedded in projective space of sufficiently high
dimension is stable in the sense of [9]. Hence the projectivity can be proved in
a much more natural way using the techniques of [9]. These results are
published in [14].

Instead we have added to this paper sections 5, and 6, where we present the
very first proof of the projectivity of the moduli space of stable curves. The
result of Gieseker and Mumford is much sharper than Theorem 6.1. In fact the
constant m occuring here can be chosen to equal 56/5 regardless of n, g and the
characteristic.

None the less the results of this paper give considerable insight into the
boundary of the moduli space and we believe this might have some general
interest. Finally I want to express my gratitude to Professor Mumford for
continuous support and encouragement throughout the writing of this paper.

4. Invertible sheaves on M, , and their functorial properties.

Recall that a sheaf on the stack M, , consists of the following data:
1) For every n-pointed stable curve n: X — S a sheaf # (%) on S.
2) For every morphism
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X, — X,
n,l nzl
S; 5 8,
an isomorphism ¢y y : f*(# (n,)) = # (n,) which for every composition

X, — X, — X,

ml oml om
Sy L S, %> 83

satisfies the cocycle condition

F*(@*(F (my) [2ox.x) f*(F (my))
~ ‘ PX,. X,
(8f)*F (ny) 2% F ()

Moreover, because M, , is an algebraic stack, to define a sheaf & it suffices to
define # (n) for every n: X — S for which § — M, , is étale, plus ¢’s whenever
these make sense.

Then there is one and only one way, up to canonical isomorphism, to extend
this to a sheaf # on the whole stack M, ,. This of course because descent data
are effective for étale surjective morphisms.

Letm: X — S;5;: S — X (1Zi<n) be an n-pointed stable curve of genus g.
By Corollary 3.3, Qy /s is a perfect complex on X. Since = is flat, Rn Qs is a
perfect complex on S. We denote by A, ,(n) the invertible sheaf on S defined
by

a) Ag,"(ﬂ)=det (Rﬂ*gx/s).

The operations Q, Rz, and det all commute with base change, so 4, , is an
invertible sheaf on M, ,. Similarly we define

b) 4, ,(m)=det (R wyx/s)

) Oy =, n® A1

d) %g,)n(ﬂ)=8i* (wX/S)

e) Agn=4,,0 ® *,
i=1

) 8 n=2  ®A, ).

Besides the above invertible sheaves we also have the divisors Sg » of Definition
3.8. When no confusion is possible we drop the subscripts g, n.

Suppose n: X — S is smooth over each point of S of depth 0. Then, since
Qy s is flat over S, the associated points of Qy g lie over the associated points of
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S. Over the associated points of S, the canonical morphism Qs — wy/s is an
isomorphism. Hence in this case Qx5 — wy/s is everywhere injective and the
points in Sup(n,(wy/s/2x/s) have depth 2 1. Therefore we have

6(“) = A@A—l I~ @s(Divn*(wX/s/QX/s)) .

n: X — § defines a morphism § — M, , and Divr, (wy/s/Qx/s) is simply the
pullback to S of the divisor S, ,= M, ,, that is

6g,n ~ (QM“"(S&") .

Roughly speaking, d, , is the sheaf of functions on M
simple poles at infinity.

¢.n Tegular except for

THEOREM 4.1. Let n=m,,: M, .., — M, ,, and let S'=S;"%} be the divisor

on M, .y, which is really the image of the i-th section s;: My, — Mg ..
We have

a) n*(lg,n)glg,n+h

b) 7t*(Ag,n)g/lg,rw1(51 +824 ... +5Y,
<) n*(x(gi,)n)=%g,)n+1(_si),

d) i zou,,, m, 8 +S7+ .+ 57,
and hence

o) 1* (A, )@y (S'+ ... +8) = Ay,

PROOF. Let n: X — S, 5;: S — X (1 <i<n) be an n-pointed stable curve of
genus g such that the corresponding morphism S — M, , is étale. By duality
we have

A(T[) = detRn*wx/s = detRﬂ*@X .
Consider the diagram

X 4 XxgX B X

"y""'n) Pl‘A') "‘
X = X =5

where X’ is the stabilization defined by 4.

We have Rq, 0y ~0y,y, so this proves a).

To prove b), notice that the divisor of singular curves on X is n~'(S, ,(n))
+8;+...+s, Since AxA®I™! we get b).

On X’ we have a short-exact sequence of sheaves
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0) = g*Ox xsx(—5) = Ox(=5) = Ox(=5)g-15,n0y = (0).
s; is transversal to g~ *(s; N 4), so taking s:* of this sequence leaves it exact, i.e.
©) = 7* () > oy > F > (0),

where & is a sheaf with support on the divisor s; on X and of rank 1. Hence
Div (#)=s; and this proves c).
To prove d) notice that the conormal bundle

w () = sk (oxx(si4 ... +5,) .
This is because the sections never cross. By Lemma 1.4 a) we have
w" () & A*pF(wxs(s,+ ... +5,)) -

But p,04 is the identity, so this is d).

THEOREM 4.2. Let

a: Mg—l,n+2 - Mg,n ’
B: Mgl»”x+1 X M82,”2+] - Mgv"
be the clutching morphisms. Then

a) a*A, KA1 pi2 B*A;.n

b) a*Ag’,,zAg_l’"”, ﬁ*A zAg nl+l@)Ag2 ny+1s
C) a*gg,nz g—1,n+2> B 5 ggl n,+l®532n2+1

gl nx+l®lg2 n,+1s

Proor. Consider a clutching diagram

X2 X'
.\,('.\1 ('n‘ ""5)
§ =S

On X' we have a short-exact sequence
(0) = Ox — p,Ox 15 05— (0) .
Taking det R, of this sequence yields a). b) follows by the clutching sequence

Theorem 3.5, and c) is a consequence of a) and b).

Let « be the numerical function

3 if g=0
afg) = {1 if g=1
0 ifg=z2.
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We want to see what happens to our line bundles under pullback by the full
contraction morphism

n = na+1,a+2,...,a+n : Mg.a+n - Mg,a .

DEerINITION. On M, , we define the divisors

ko _ H
Vg.n - Z Sg.n
*H=k+1

1 _ H
Dg,n - Z Sg,n
leH

RemARrk. Note that Y =g, if x(HN{n; 1Sn=<a(g))) = 2.
Consider the diagram

L4
Mg,at+n

! l
Mg.a+n——1 - M

i>a and m;is short for @,y .\ 0 i aen

NN

LeEMMA 4.3. With notation as above

O Mo (ST & Ry, ®OD).

g‘z+)/

PrOOF. We may well suppose that i=a+ n. Consider the commutative
diagram

Tasy Tytn—1
Mg,aH-n * Mg,1+n-1 — Mg,zz+1
"1+an5. 7‘z+n»1lT5.A| l l
Myey
Mg,a+n—1 * g,atn—2 Mg,az

(The diagram commutes since we renumber the sections.)
We define

j  ifjsa
/ j+1  if j>oa
then
-1 frodzse - dwa+n=—1y _ @d,,d,,...,d, a+n O, . ..,0, 0+ 1,a+n

na+l(sjg‘,&’zz+n‘lk ) - ng'ai-l'n w® +Sg:'a+n e ® * .

Hence
-1 H _ H H H

na+l< Z Sg,a+n—~l> - Z Sg,¢+" + Z Sg‘a+n'— z Sg,a+n .

wH=k *H=k xH=k+1 xH =k

a+n—1eH a+neH a+neH a+neH

a+leH a+leH
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Summing these relations over k gives

-1 a+n—1 — a+n at+1l,a+n
na+ng,z+n—1 - Dg,a+n—sg,a+n .

By Lemma 1.6 a) we have

* l,a+n—-1 +n—2,a+n-1
na"'le,,u"—l/M (S + ...+ 85T xrn )

gx+n-2

~ wa‘”n/MK‘”n'l(Sl,a+n+ . +S:x+n71‘a+n__sa+l‘1+n) ,

and the Lemma follows readily by induction.
The main formula of this section is

THEOREM 4.4,
-~ 7 at+n
Ag,u+n T (Ag,a)®i=(a)§+l nf*(wM,,,+l/Mg_,)®(O(Eg,a+n)
where

E o=V, 42V +. . +(n— Vi, .

g.n

Proor. In order to use induction we consider the composition

Tat
Mg,a+nv‘u" Mg,m+n—1 - Mg.a .

By theorem 4.1 e) and the previous lemma we have

i ~ i 1,a+ +n-1,a+
Ag,1+n ~ 7t;ki»n(‘/lg,a+n~1)®(‘oMg_,,,,2/M (S * n+ e +Sa " * ")

gaxtn—1

= n:+n(/1g,a+n—1)®n:+n(wM‘.,+l/MRJ)®(9(D::—x'}Pn) .
V=Y sty ¥y sH_ ¥ sH,
*H=k+1 *H=k+2 *H=k+1
a+neH a+neH

Multiplying each of these relations by k and summing over k gives the relation

-1 — a+n
na+n(Eg,a+n—l) - Eg,a+n—Dg,a+n

and the theorem follows by induction.

We end this section with an inequality which is crucial in the next
paragraph. Suppose g <2 so that >0 and consider the map

ﬂj: Mg.a+n - Mg,a+1 -

On M, ,,, we have E=E, ,,,=3%5_, 5?21} and

g,at

atn

Y m'Eg.s) = Y DPNE.
p=1

Jj=a+1
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Since DPN D= ¥ for p<qg=<a, we have

LEMMA 4.5.

atn

-1
g.atn 2 Z 7'(,? (Eg,az+1) .

j=a+1

E

5. Ampleness of A on the fibres of the full contraction morphism.

Let n: C —» S be a smooth stable curve with a(g) sections. Then =
corresponds to a morphism which we also call =

T §—> M, \S,,.
We define the scheme B,(C/S) via the cartesian diagram

Bn(c/s) - Mg,aH—n
1 !

§— M,,

B,.(C/S) is an n+a-stable curve over B,(C/S), and we have the cartesian
diagram

B,,+1(C/S)—> Mg,a+n+l
Tyener(CIS) |
Bn(C/S) - Mg,a+n
Rysn+1(C/S)

On B,(C/S) we have the line bundle
Z”(C/S) = /i(na+n+l(C/S)) = 7.(a+n+l(C‘/S)*(/‘Ig,ai»n) .

ProrosiTioN 5.1. B,(C/S) — S is a smooth and proper morphism of relative
dimension n.

Proor. We may suppose S = Spec (k), k an algebraically closed field. B, (C/k)
=C is smooth and proper of dimension 1 over k, so we may proceed by
induction.

Let x be a point in B,(C/k). Then x corresponds to a curve E/k with a+n
distinguished points P,,...,P,,,. One of the components of E is C.
If a4+ 1=<j=<a+n, the fibre of the contraction

B,(C/k) = B,_,(C/k)

nj.
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over the point 7;(x) is the curve E’ obtained from E by contracting the point P;
and the point x € E'=n; '(n;(x)) is the image of P;.

If E=C, clearly n; is smooth at x. Otherwise x € S¥1ns#:n ... NsH and
we may suppose that H; does not contain any of the other H/s. Then if j € H,
and j> o, the map

n; : B,(C/k) = B,_;(C/k)

is smooth at x and the proposition follows by induction. See Definition 3.8 for
a definition of S¥.

In the rest of this section we fix an algebraically closed field k and consider
all of our schemes to be defined over k.

Let C be a smooth stable curve of genus g and with distinguished points P;
(1<£j<a(g). We consider a morphism n: S — B,(C), where S is another
nonsingular irreducible complete curve. n corresponds to an a4 n-pointed
stable curve n: C — S. Each one of the sections of & gives rise to a morphism
t;: S — C. This is the composition

S = B,(C) M B,(C) = C,

For 1<j<a we have t;(S)=P; e C.
We wish to study the pullback to S of the line bundle A,(C) on B,(C). By
Theorem 4.4 this is

atn

n*(4,(0) = A(m ~ ®1 t¥ ()@ 0s(n™ ' (E)) .

i=a+

By Lemma 4.5 we have
atn a at+n
R (ST (% e,
j=at1 i=1 \j=a+1

Hence we have

ProrosiTioN 5.2. Let n: S — B,(C) be as above, then

atn

degn*(A,(C)) = degA(n) = (2g—2+a) Y deg(t).

i=a+1
In particular,

a+tn

degn*(4,(C) 2 ¥, deg(ty).

DEFINITION 5.3. Let X be a complete scheme and S an integral curve in X. We
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denote by mp(S) the multiplicity of a point P on the curve, and by m(S) the

number

m(S) = sup {mp(S)} .
PeS

LEMMA 5.4. For all stable nonsingular C and for all integral curves S< B, (C)

deg A,(C)ls = m(S) .

Proor. We prove the lemma by induction with respect to n. Forn=18=C
=B, (C), and by Theorem 4.4

A(C) ® 0c®OC(E) .
In this case E=373., P;, so deg Oc(E)=a. Hence
deg A,(C) = 2g—24+a = 1 = m(S).
Assume that the lemma is true for all k<n and fix notation

S<B,(C) an integral curve ,
S the normalization of S,

n: S — B,(C)
S>> C (I=sisa+n),

t:8 > C (Igiga+n).

~

If all the ts are constant maps, at least three of them are equal. If r is the
maximum number of equal maps we get a factorization via the clutching
morphism

S = B,_,+1(C)x B,_,(Py) = B,(C)

and the lemma follows from Theorem 4.2 b).
Suppose then that t; is not a constant map. Then on the one hand we have
at+n

deg A4,(O)ls 2 Y, degt; = degt;.

j=a+1

On the other hand, if P is a point of S, P’ its image in C", and S’ the image of §
in C", we have

degt; = mp(S) = mp(S) .

The second inequality is obvious. To prove the first inequality, let H be the
divisor p; !(t;(P)). Then by the very definition of multiplicity we have
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mp(S) < (H,8)p = (H,§) = degt;,

and the lemma follows by induction.
THEOREM 5.5. For all n and all nonsingular stable curves C, A,(C) is ample.

Proor. For this it is enough to state Seshadri’s ampleness criterion:

Let L be an invertible sheaf on a complete scheme X, then L is ample if and
only if there is an ¢>0 such that deg L|s=¢&-m(S) for every integral curve S in
X.

6. Proof of projectivity in characteristic 0.

In this section let k be the field of complex numbers. All schemes and
morphisms will be defined over k. In particular by M, , in this section we will
mean

M, , X spec (2) Spec (k) .

THEOREM 6.1. For all pairs g,n with 2g—2+n>0, the stack M, , is coarsely
represented by a normal projective variety M, ,. More precisely, there is a
morphism

o: M, , - M

g.n

such that
1) @ induces an isomorphism
isomorphism of classes| _ _
D (k): - M, (k).
(k) {of objects in M, (k) } (k)

2) M, , is normal and proper over Spec (k).

3) There exists an integer N such that A2~ and 3%V are pullbacks of invertible
sheaves on M, ,, which we also write A®N apd §®N. Finally there exists a
number m>0 such that if N|a, N|b and a=mb>0, then,

A2® (5 1® is ample on M, .
REMARK. It is not hard to see that 1) and 2) imply that @ is universal for all
morphisms from M, , to schemes. To prove the theorem we introduce some

auxiliary schemes. Fix an integer =3 and let {C, x,, x,,. . ., x,) be an n-pointed
stable curve of genus g. We define

Math. Scand. 52 - 14



210 FINN F. KNUDSEN

d = e(2Qg—2+n) = deg(wclx;+...+x,)%9,
P(t) = dt—(g—1) = Hilbert polynomial of wc(x,+ ... +x,)%*,
v =P(l) = h(wc(x,+ ... +x,)%9).

Consider the Hilbert scheme Hilbh.-: of subschemes of P*~! with Hilbert
polynomial P(t) and let

H,, = Hilbp-i x (P*" 1y

be the locally closed subscheme representing n+ 1 tuples (C, x,,. . ., x,), where
the x;’s are distinct smooth points on C, C with these x;’s is an n-pointed stable
curve and C is embedded in P*~' in such a way that O(1)lcrwc(x; +. ..
+x,)®¢ Thus H,, represents the functor

airs ({n: X — §, 5;: S — X},
p . (? . b modulo
consisting of an n-pointed stable . .

. . isomorphisms .
curve over S and an S-isomorphism

H, ,(S) = l
a: P(n ox/s(sy+ ... +5)% = P!

PGL(v—1) acts on H,, and M, , is the stack theoretic quotient of H, , by
PGL (v—1). According to ([15, Theorem 6.1]), H, , has a finite normal Galois
covering H}, (not at all unique) on which PGL (v — 1) acts freely, commuting
with the Galois group I" and with local cross sections in the Zariski topology,
and H}, — H,, is a PGL (v—1) morphism. H}  is a principal fibre bundle
over a normal variety X, , with group PGL(v—1), and the action of I
descends to X, ,. On H, , we have the universal family of n-pointed stable
curves in P*~'. Pulling this back to H}, and dividing by PGL (v—1) we see
that X, , has a family of n-pointed stable curves on it. Then we have a
commutative diagram

H:-" - Hx.n
| l
Xen 7> M,

where q: X, , —'M ¢.n 18 finite and surjective; hence X, , is proper over k, since
M, , is. Therefore by [15, Remark 6.1], it suffices to prove that APr@5-1 is
ample on X, , for some m, and then M, ,= X, ,/I" will have all the required
properties.

By contraction, X, , has a family of stable curves over it, so by ([1, Theorem
1.1, and Lemma 1.4]) there is a morphism
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Satake compactification of
s = the moduli space of
¢ l polarized abelian
varieties of dimension g

such that:

1) If x is a point in X, , corresponding to an n-pointed stable curve C, then t(x)
corresponds to the abelian part of the generalized jacobian of C.
2) If S, is embedded in projective space by modular forms of weight m, then

t(0(1) ~ A®™ .

Let x be a point of X, , corresponding to a stable curve C and let C,,. . ., C, be
the non-rational components of the normalization of C. Let

k
m=n+2g—2-2 ) (g—1)—(x of elliptic C)
i=1

where g;=genusC,.
Let X be the variety:

X = [ (LI B,,(C)) % ... x B, (C)x B, (P)x ... x B, (P")
a4t A+ A+ l=m
n, >l (1] 1fC elhplc)
n,.>_0

in which the inner sum contains one copy for each choice of pairing all but n of
the base points, leading to a stable curve by clutching.

Note that each point of X defines k different n;-pointed stable curves of
genus g; (n;+ 1-pointed when g;=1) and ! different n;+ 3 pointed stable curves
of genus 0. Identifying all but n of these in pairs in such a way that the result is
connected and taking into account the definition of m, one sees that this gives
an n-pointed stable curve of genus g.

Note that we get in this way all stable curves C’ such that the normalizations
of C and C' minus their rational components are isomorphic. By Torelli’s
theorem, we get all C’ such that the abelian part of the jacobians of C and C’
are isomorphic.

Clutching the points in the various configurations corresponding to each
component of X, we get a morphism f: X — M, . Let q,: t7'(t(x)) - M,
be the restriction of ¢ and let X'=1Isom (8, q,).

Then we get a diagram

X' 2os 171 (1(x)

le ‘le
X £ M, .,

where p, is finite and p, is finite and surjective.
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Let 6 be the invertible sheaf on X defined on each component as

17;"5&,"l ®... ®p:5g,u,n.®p:+ ISO,n’,® e ®plt+ 150,11; .
Then by Theorem 4.2 we have

Pt G nl ) = PFO)

Since p, is finite and p, is finite surjective, it follows from Theorem 5.5 that 5;, b
is ample on ¢~ !(t(x) hence there is an m>0 such that A®™®J§~! is ample on
X

g.n

This proves Theorem 6.1.
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