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WEIGHTED COMPOSITION OPERATORS ON
WEIGHTED BERGMAN SPACES INDUCED
BY DOUBLING WEIGHTS

JUNTAO DU, SONGXIAO LI and YECHENG SHI

Abstract

In this paper, we investigate the boundedness, compactness, essential norm and the Schatten class
of weighted composition operators uC, on Bergman type spaces AP induced by a doubling weight

w.Let X = {u € HD) : uCy: AP — AP is bounded}. For some regular weights w, we obtain
that X = H® if and only if ¢ is a finite Blaschke product.

1. Introduction

Let D be the open unit disk in the complex plane, and H (D) the class of all
functions analytic on D. Let ¢ be an analytic self-map of D and u € H(D).
The weighted composition operator, denoted by uC,, is defined by

WCy )(z) =u@) f(e(z)), [feHD).

For 0 < p < oo, H? denotes the Hardy space, which consists of all
functions f € H (D) such that

2

1 .
Il = Sup 5o |f (re'®)|? db < oco.
<r< 0

As usual, H™ is the space of all bounded analytic functions in D.
We say that p is a weight, when p is radial and positive on D. Suppose
that w is an integrable weight on (0, 1). Let o(r) = frl w(s)ds forr € (0, 1).

We say that w is regular, denoted by w € 2, if there are constants C > 0 and
6 € (0, 1) depending on w, such that

1 &(r)

<——"——<(C, when d<r<l.
C (1 =r)w()
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We say that w is rapidly increasing, denoted by w € %, if
w(r)
im-— =
=1 (1 =rw)

Let

e B
1—r) °

After a calculation, we have the following typical examples of regular and
rapidly increasing weights, see [9], for example.

Vo p(r) = (1 —1)* <log

(i) Whena > —land B € R, vy5 € %.

(ii)) Whena = —1and B < —1, v, 4 € £ and | sin(—log(1 —r))|ve,p(r) +
1ed.

In [8], Peldez introduced the set of doubling weights, denoted by 9, which
includes the set £ U %. We say that w € 9 if there is a constant C > 0 such
that o(r) < Co((1 +r)/2), when 0 < r < 1. We should remark that most
of the results in [9], presented in the context of regular and rapidly increasing
weights, continue to hold for the wider class 9. More details about . , R and
9 can be found in [81, [9], [llA].

For0 < p < oo and w € 9, the weighted Bergman space A is the space
of f € H(D) for which

171 = [ 1f@IPo@dae) < oo,

where dA is the normalized Lebesgue area measure on D. When w(t) =
(1 — )% > —1), the space A becomes the classical weighted Bergman
space AL. For classical Bergman space A%, we refer to [3], [7], [18] and
references therein. In many respects, the Hardy space H? is the limit of A% as
o — —1. But it is a rough estimate since some of the finer function-theoretic
properties of A} do not carry over to H”. As we know, A% induced by regular
weights have similar properties to Ay. But many results in [8], [9], [10], [11],
[12], [14] show that spaces A% induced by rapidly increasing weights, lie
“closer” to H” than any AZ.

In [4], Cutkovi¢ and Zhao characterized the boundedness and compactness
of weighted composition operators on A% by using the Berezin transform.
In [5], they investigated weighted composition operators between different
Bergman spaces and Hardy spaces. In [11], Peldez and Rattyid characterized
the Schatten class of Toeplitz operators induced by a positive Borel measure
on D and the reproducing kernel of the Bergman space A2 when w € 9. Let
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Q={ue HD) : uC,: Ay — A} is bounded}. In[16], Zhao and Hou proved
that 2 = H®™ if and only if ¢ is a finite Blaschke product. The similar result
for Hardy space H? can be seen in [2].

Motivated by [4], [5], [11], under the assumption that @ € 9 and I is
a positive Borel measure, we investigate the boundedness, compactness and
essential norm of uC,: A, — L}, and the Schatten class of uC,: A2 — A2.
Motivated by [16], we get that, for some w € #, X = H* if and only if ¢ is
a finite Blaschke product. Here

X ={u:ue HD)anduC,: A — Al is bounded}.

Throughout this paper, the letter C will denote constants which may differ
from one occurrence to another. The notation A < B means that there is a
positive constant C such that A < CB. The notation A ~ B means A < B
and B < A.

2. Auxiliary results

In this section we formulate and prove several auxiliary results which will be
used in the proofs of main results in this paper.

LEMMA 2.1. Assume that o € 92, r e (0,1] and

1
a)*(r)z/ sw(s)log(s/r)ds.

Then the following statements hold.
() we € R and w,(r) ~ (1 —r)o(r) asr — 1.

(i1) Therearel <a <b < 400 and § € [0, 1), such that

@ (r) is decreasing on [5, 1) and lim s (r) =0,
(I—r)e r—1 (1 —r)a
a)*—(r) is increasing on [8, 1) and lim s (r) =00
(1 —r)P r—1 (1 —r)b

(i) wy(r) is decreasing on [8, 1) and lim, | w,(r) = 0.

Proor. By [11, LemmasA and 9] and (1.19)in [9], (i) and (ii) hold. (iii) fol-

lows from (ii) and w, (r) = (‘i’*_(r'))(, (1 —r)“.

REMARK 2.2. We observe that z = 0 is the logarithmic singular point of
wy. So, for any fixed ry € (0, 1), we have w,.(r) = (1 —r)o(r) forrg <r < 1.
For simplicity, suppose w, and & are radial, that is, w,(z) = w.(|z|]) and
@(z) = @(|z]) for all z € D.
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Suppose T is the boundary of D and / C T is an interval. The Carleson
square S(/) can be defined as

Sy ={re'" e’ eI, 1 —|I| <r <1},
where |I| denotes the normalized Lebesgue measure of /. For convenience,

for each a € D \ {0}, we define

. . 1—
I, = {e’e : |arg(ae™?)| < —2|a|}

and write S(a) = S(1,). By (26) in [8], when w € 92, we have

w(S(a)) ~ wy(a), foralla € D and |a| > 2.1)

1
3

The following lemma is a straightforward result of [8, Lemma 3.1] (or [9,
Lemma 2.4]).

LEMMA 2.3. Suppose w € D and 0 < p < oo. Then there exists yy > 0,
such that, for all y > yy,

[Fupy(2)] ~ when a € D, z € S(a),

W’ | Fapyllar =~ 1,

and limq 1 supy, <, [Fa,p.y (2)| = 0, when r € (0, 1). Here and henceforth,

1_|a|2>(1/+1)/ﬂ 1

Fuar = ( @S@)T

1 —az

For simplicity, in the rest of this paper, we always assume that y is large
enough so that Lemma 2.3 holds whenever we mention the function F, , ,, .

For a given Banach space X of analytic functions on D, a positive Borel
measure p on D is called a g-Carleson measure for X, if the identity operator
Id: X — LZ is bounded. By [8, Theorem 3.3], when w € P and0 < p<qg<
0o, a Borel measure w1 on D is a g-Carleson measure for AL if and only if

n(S(a))
SUp —————— <
aebd (@ (8(a)))4/?

Moreover, ||Id|| A SUP,cp % Then we have the following

q
Ab—LY
lemma.
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LEMMA 2.4. Let 0 < p < g < o0. Suppose w € 92, WL Is a positive Borel
measure on D. Then for some (equivalently for all) large enough y,

1(5@)
14,y ~sup 20 sup [, @1 di)
= I R

~ Sup/ |Fa,p.y (D17 d(2).
D

ach

Proor. By Lemma 2.3, we have

n(S(a))

o (S(a)e/r %fs(aﬂF“””V(Z)'qd“(Z) 5|Fa,p,y(1)lq duz),  (2.2)

when a € D. So,

u(S(a))
up ————— ~ SuP/ |Fa,p,y(z)|q du(z) < Sllp/ |Fa,p,y(Z)|q du(z).
S(a) D

aeh w(S(a))q/p aeh aeh

By Lemma 2.3 and [8, Theorem 3.3] (also see [9, Theorem 2.1]), we obtain

F, 9 du < |1d||4, ~ —‘E_
/[D) [Fapy @) @ =l ”A[“ L Zlel w(S(a))/r

The proof is complete.

LEMMA 2.5. Suppose 0 < p < g < 00, w € 9, W is a positive Borel
measure on D, and y is large enough. Let % <r <land

N = sup/ | Fa,p.y (D7 du(z).
D

la|>r
If i is a g-Carleson measure for AL, then i, = Wlp\p is also a g-Carleson

measure for AD, where rD = {z € D : |z| < r}. Moreover; there isa C > 0,

such that
wS@

ach (@(SG@yyar = (2.3)

PROOF. It is obvious that s, is a g-Carleson measure for AL. Let

N n(S(a))
= sup ——————.
aj=r (@(S(a)))/?
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ur(S(a))
When |a| > r, B S@NT
1—|a|

int(—) + 1, there exists aj, az,...,a; € such that S(a) "D\ rD C

1—r

Ule S(a;)and |a;| =rfori =1,2,...,k. By Lemma 2.1 and (2.1), we have

< N, is obvious. When |a| < r, letting k =

k k
wr(S@) <y u(S@)) < Ny Yy (@(S@))’”

i=1 i=l

1 —
< M( al 1)w*(r)‘m’

1—r

&

1—
N,( 1 lal | 1)(1 — PP
—r

1— (q/p)—1 1— q/p
N, ’ +(—= (1 — [a)?/Péa)'”
[~ lal [~ al

< N,o(S(@)?'?.

IA

So, there exists C > 0, such that

w(S@)
o (S@)ilr =

e

By (2.2), we have N, < N;. Therefore, (2.3) holds. The proof is complete.

The following lemma can be proved in a standard way (see, for example,
Theorem 3.11 in [3]).

LEMMA 2.6. Let 0 < p,g < 00, w € 9 and let W be a positive Borel
measure. If T: AL, — L}, is linear and bounded, then T is compact if and only
if whenever { f} is bounded in AL and f, — O uniformly on compact subsets
of D, limy_, ”Tfk”LZ =0.

The following lemma can be found in [16] without a proof. For the benefit
of the readers, we will prove it here.

LEMMA 2.7. Let ¢ be an analytic self-map of D. Then ¢ is a finite Blaschke
product if and only if lim,— 1 |@(w)| = 1.

Proor. The sufficiency of the statement is obvious. Next we prove the
necessity.

Suppose lim),1 [¢(w)| = 1. Let E C D be compact. Then there exists a
constant » € (0, 1) such that E C rD, where rD = {z € D : |z| < r}. Since
limyy,—1 [@(w)| = 1, there is a constant ¢ € (0, 1) such that for all |z| > ¢, we
have |¢(z)| > r. Therefore, ¢! (E) C tD. By the continuity of ¢, ¢! (E) is
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closed. So, ¢~ !(E) is compact. By subsection 7.1.3 of [15], ¢ is proper. By
subsection 7.3.1 of [15], ¢ is a finite Blaschke product. The proof is complete.

3. Main results and proofs

THEOREM 3.1. Assume w € 9,0 < p < g < 00, u: D — C is a measurable
function, ¢ is an analytic self-map of D, and  is a positive Borel measure
on D. Then

luColly_, , SUP/ | Fa,p.y (@) u(2)17 du(2).

acD

ProoOF. By Lemma 2.3, we have

Sup/ |Fa,p,y((p(z))|q|u(z)|q du(z) < ”uC‘PHZXZHL;’L'

acD JD

Let v(E) = fw*‘(E) |u(z)|? dju(z) for all Borel sets E. For all f € AL, letting
w = ¢(z), by Lemma 2.4 we have

€, 1y = [ 1£ @@ du@ = [ 17w dvw
= £, < 1Y, 11, G
SV sup [ 1Fupy ol dvi.
Making the change of variable w = @(z), we obtain
[ Vit avw) = [ 1o N duc)

The proof is complete.

Let X and Y be Banach spaces. Recall that the essential norm of a linear
operator T: X — Y is defined by

IT|le.x>y =1nf{||T — K||x—y : K is compact from X to Y}.
Obviously 7: X — Y is compact if and only if | T ||..x—y = 0.

THEOREM 3.2. Assume w € 92, 1 <p<qg<oou:D— Cisameasurable
function, ¢ is an analytic self-map of D, and  is a positive Borel measure on
D. IfuC,: Aly — L}, is bounded, then

JuCyll? 4,y ~ lim sup f | Fapoy (@)1 ()| dpa(2).
D

lal]—1
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ProoF. Since uC,: Ay, — Lj is bounded, u € Lj and |luly; <

~
luCy ||A{,”,»Lj{-

Upper estimate of ||uCyll, oz r4. Suppose f(z) = Z,fio szk € H(D).
Forn € N, let

3 fidh, p>1
Y(1—E) kRt p=1.
k=0

and R, = Id —K,,. By [17, Proposition 1 and Corollary 3], when 1 < p < oo,
K, is bounded uniformly on H?. By [6], || K, ||gt gyt < 1. So, when p > 1,
there is a C = C(p) such that

1 2
H&ﬂ&sC/aMwa |f(se)|Pdo < CIIfI”,,
and

IR Nz ar = 11d —Kyllarar < 1+ [Knllgrar <CYP +1. (3.2)

w —

By Lemma 2.6 and Cauchy’s estimate, we see that K,,: ALY — A is compact.
So, we get

IeCollepty = WO K+ Rty S WCo Rty

= ”ucgaRn ”AL’,—>L$‘

For any fixed r € (0, 1), by (3.1) we have

wgmmng

D\rD

|R f (w)|? dv(w) + /D |Ry f (w)|? dv(w),

where v is defined in the proof of Theorem 3.1.
Let w, = fol s"w(s)ds. Since BY(¢) = Zfiio % is the reproducing
kernel of A% (see [12], [14]), we have

|Ry f(w)| = [(Ra f. BOYaz| = |(fs RuBL) az | S N1 f a2 IRu B 1.

Here (-,-)42 is the inner product induced by ||-|[42 and |- ||z~ denotes the
norm of a function in H*°. When |w| < r, we obtain

1o krk! = ¢

IRuBy = < =~ + >

2w ’
k=1 k=nt1 <21

2wk 41
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k

By [14, Lemma 6], > /2, 5 is convergent and lim, 0o Y pe 1 o = 0
So, for any € > 0, there is a N N (g, w, r), such that

|IR,B;)| <e, forall|lw|<randn > N.

So, foralln > N,

/ |R f (w)|? dv(w) < & ||ull} g A1
rD

Let v, = v|p\,p- By (3.2), Lemmas 2.4 and 2.5, we have

/ Ry f ()] dv(w)
D\rD

v (S(a))

/ IR, f(w)]? du.(w) < [|R, f|| W

(3.4)
SRSy SUP/ |Fa,p.y (@@)|*u(2)|? dpu(z)

S IS, SHP/ |Fa,p.y (@) u(2)|? du(z).

la|>r
Letting n — oo, by (3.3)-(3.4), we get
luCyll? 4o, g = SUP/ | Fapy (@@ ()| dpe(z) + e llull ],
la|>r JD "
Since ¢ is arbitrary, by letting r — 1, we obtain

IuCyll? ,, ., < limsup f | ooy @) ()7 dip(2).
sAw " D

lal—1

Lower estimate of |uCyll, a7— 7. Assume that K: Al — L}, is compact.
By Lemmas 2.3 and 2.6,

lim [|K Fypyllzo = 0.
lal—1 ” "

Then
luCy — Kllgz—pgq 2 limsup [[(uCy — K)Fy pyll g

lal—1
> limsup [|[uCy Fy p. ”LZ —limsup |[KF, ”LZ
la]—1 lal—1

= limsup |uCy, F, p, y||L"-

lal—1
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Therefore, we get

luCyl? ,, 4 2 limsup / | Faopoy (@)1 ()17 dp(2),
" D

la]—1
as desired. The proof is complete.

THEOREM 3.3. Assumew € 9,0 < g < p < 0o, u: D — Cisameasurable
function, ¢ is an analytic self-map of D, and 1 is a positive Borel measure on
D. Then the following statements are equivalent:

(i) uCy: Al — L} is bounded;

(i) uC,: A — LY is compact;
(iii) W, ,(a) € LY for all y large enough;
(iv) Wi ,(a) € L(',’J/(p_wfor some y large enough.

Moreover, if y is fixed,

”uC(p”q ~ ”\I’ll/,(p”Lf,/(p_")‘ (35)

Ab—LY

Here,

V() = / Fa oy () Plu(@)1 da(2).
D

Proor. Let v(E) = f¢
have

yE) lu(z)|? du(z) for all Borel set E. By (3.1), we

q q
1uCy f1y = 11 £1%.

So, uC,: Al, — L}, is bounded (compact) if and only if Id: A;, — L7 is
bounded (compact). By (26) in [8] and Theorem 3 in [13], we have (i) < (ii) <
(iii) and (3.5). Since 1 —|a| < |1—az|holdsforalla, z € D, we get (iii) < (iv).
The proof is complete.

REMARK 3.4. Suppose all of the p, g, u, o, u, ¢ meet the conditions of the
Theorem 3.3 and v is defined in the proof of Theorem 3.3. For alla € D \ {0}
andr € (0, 1), let

1
Fa)=1zeD:|argz —argal < = 1_E ’
2 |al

T ={zeD:ael(), A(a,r):{ze:‘la

<I"},

—az
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and let

du(E) u(S(a))
= ) Mw = )
() /m o(T(£)) W)= s S@)

v(Aa,r)) dA()
®,(z) = .
@) /m o(T() (1— )2

By [13, Theorem 3], for any fixed y and r, we have

[uCy | ~ 1|l Al oo 2 1Mo pe-o

q
AP LY

~ Nl oo +v{0}) 2 (1D, [l pro-o + v({0}).

q
Ab—L},

(3.6)

Using (26) in [8], we know that all the w(S(a)) and w (T (a)) in (3.5) and (3.6)
can be exchanged.

THEOREM 3.5. Assume o € 9 satisfying fol (log(e/(1 — 1))’w(t) dt < oo,
0 < p < oo, u € H(D), and ¢ is an analytic self-map of D. IfuC,: A2 — A2
is compact, then uC, € S, (Ag)) if and only if

/ (o(A(z, r)))f’/2 dA(2)
55 < 00
p\ @«(2) (I —=1z1%)
for some (equivalently for all) 0 < r < 1. Moreover, we have

[ (oAGE )\ dAR)
'”C“"g”( (@) ) A= 1P?

Here o (E) = fgo“(E) lu(z)|?w(z) dA(2) for all Borel sets E C D, and ||, is
the norm of Schatten p-class of A2.

Proor. Forall f, g € A2, we have
(WCy)'uCyf,g)az = (uCy f,uCyg) a2

= /D F@@E@E PO dAG) (57,

= / f(©g)do(Q).
D

Suppose B (¢) is the reproducing kernel of A2 that is,

f@ =(f, B a = /.f(é“)B;”({)w({)dA({)-
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Consider the Toeplitz operator as follows.
1,5@) = [ B dot.
D

Since w is radial, by [9, §4.1], polynomials are dense in A2 forall0 < p < oo.
So, if f, g € A2, then there are two polynomial sequences { f,}°%, and {g,}°,
such that

lim | f — fullaz =0, and lim [|g — glla2 = 0.
n—oo n—oo
Since uC,: A2 — A2 is compact, by Theorem 3.1 and Lemma 2.4, we have

G(S(a))
acb 0(S@)

uCyl%z . a2 ~SHP/ |Fa2y(2)? do(z) ~ su

Then, Id: A2 — A2 and Id: AL — A! are bounded by Lemma 2.4. So, we
have lim—, o [Ig — gklla2 = 0.

Forany h € H* C Ai), by [14, Theorem C] (see also [12, Theorem 1]),
there exists a constant C = C(h, u, ¢, w) such that

| T-h(2)| < ||h||H°°/ |BZ ()] do (1)
D

< Al e 1dll a1 — a1 1 BZ |41, < C log —

Therefore,

2
IT,h]2% < / log —— ) w(z) dA(z) < oo.
2~ LU T

That is to say T,h € A2.
Since g, € A2 = (A2)*, for any n € N, by Lemma 11 of [14],

(T fns g)Alzu = lim (7 f,, gk)Ai = lim (f,, gk)Af,
k—o00 k—o00

_ 3.8)
= /Dfn(n)g(n) do ().

Since g is arbitrary, by (3.7) and (3.8), we have

Ts fu = (Mcw)*(ucw)fn- (3.9
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For any fixed zo € D, when |z — zo| < (1 — |z¢])/2, by Holder’s inequality
and [14, Lemma 6], we have

75 f(2) = T5 fu(2)] < / Lf () — fn(n)llBé“(n)ldU(n)
D
VOD)If = fallaz-

<

~

sup
lzl<(lz0l+1)/2 w(S( )
So, we obtain lim,, .« T, f,(z) = T, f(z) for all z € D. Using (3.9), we have
T, = uC,)*uC,.

By [18, Theorem 1.26], when p > 0, uC, € SP(AZ)) if and only if
wCy)*uC, € Sg (Az)). By [14, Theorem 3] (or [11, Theorem 1]), T, €
Sy (A7) if and only if

/ (O’(A(Z, r)))"/2 dA(z)

55 < 09,
p\ @(2) (1 —1z]%)
for some (equivalently for all) r € (0, 1). Moreover,

p/2
|uC ‘P |T | /<U(A(Z,7’))) dA(z)

w4 (2) (1—1z»?%

The proof is complete.

THEOREM 3.6. Suppose 1 < p < o0, w € R, ¢ is a finite Blaschke product.
IfuC, is bounded on A}, then u € H®(D).
ProOE. By [12, Corollary 7], we have (A2)* ~ A" where 1 —I— L =1.Let

B? be the reproducing kernel of AZ. By [14, Lemma 6], B;" € H00 c AL,
Since uC,, is bounded on A%, so is (uC,)* on A’ For all f € AL, we have,

(WCy)*BY, [laz = (B, uCy f)az = u(2) f(@(2) = u(x)(By.), f)az-

Therefore,
uCy)*BY = u(2) By,

So,
lu@ Byl = IIM(Z)Bq,(Z)II 4 = 1wCy)* Bl

< [[(uCyp)" ”Af)/—>Af,’ ”B?”AZ,'



532 J. DU, S. LI AND Y. SHI

Let M = ||(uC,)*|| '. By [14, Theorem C], we have

/
AP AP

|u(z)|”/ < MP’(%)F/ ~ Mﬂ’(My)/_l. (3.10)
N ”Bt/)(z)”Af)’ ®(S(2))

Suppose ¢(z) = 7" HZ_ lax| ar—z Let

a, l—agz*

c=max{|ax| :k=1,2,...,n}, d=min{la;| :k=1,2,...,n}.
As in the proof of [2, Lemma 2.1], for ¢ < |z| < 1, we have

1 — 2 1+d
lo(2)] <mim + .
1—|z]? 1-d

(L)*(I")

By Lemma 2.1, thereare | <a < b < ocoand § € (0, 1), such that Torr

is increasing on [§, 1). Let
ro = inf{r : r > max{c, 8} and |¢(z)| > § forall |z| = r}.

Then 0 < ry < 1. Obviously, we have

w(S(p(2)))
sup ———2 < 00
lzl<ro o (S(2))

When |z| > rg, by (2.1), we have

0(S(¢)  @(¢k)
w(8(2)) w(2)

So, if |¢(2)| < |z|, we obtain

0:((2)) b b
w:(9(@) _ e (1= 19D < (m+2n1+d> '

o) g (- 1—d

If |z] < |e(z)] < 1, by Lemma 2.1, we get

1
0up@) L =19@D [l @O dt +opitd

~ 1 ~m
@+(2) (1 —lzl) [, w(®) drt 1—d

@3.11)

Therefore, by (3.10)—(3.11), we obtain that u € H*. The proof is complete.

To state and prove the next result, we introduce a set. Let 1 < p < oo,
w € R and let ¢ be an analytic self-map of D. We define

X :={u e HD) : uC,(A?) C A”}.
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THEOREM 3.7. Let w € R, 1 < p < 00 and ¢ be an analytic self-map of
D. Suppose

(1) &g (r)d(r) < @), forall0 <r <t < 1, here ¢,(r) = {—;
(i1)) 2A+ AB — B > 0, where
[l w(s)ds [lws)ds

A=liminf Z———— and B =i ROk
I e " P U = e

If X = H®, then ¢ is a finite Blaschke product.

ProOF. By [11, Proposition 18], we see that C,: A}, — A{ is bounded. So,
for any u € X, we can define ||ullx = [|[uCy|| 47, 4». Next, we will prove that
X is complete under the norm |- | x.

Let {u,} be a Cauchy sequence in X. Then {u,C,} is a Cauchy sequence in
B(AL), which denotes the set of bounded operators on A%. So, there exists a
T € B(AL), such that lim,,_, o u,C, = T. Since h(z) = 1 € AL,

u:=T(1)eAl, and lim |u, — ull4» = 0.
n— 00
Therefore, for all f € AL,
Iim u, (2) f(9(2)) = u(2) f(p(2)).

Since lim,, . oo |4, Cy f — T fl oz = 0, we get

nlirgo u, (2) f(9(2) = (Tf)(2).

So, wehave Tf = uC, f forall f € A} Therefore, we getu € X, as desired.
Since X = H> and C, € B(A}), forallu € X, we get

lullx < llulla=1Cyll az— ap-

By the Inverse Mapping Theorem, ||u||x = ||u|| ge.
By w € %, we have AB > (. Therefore % +1 > %. So, there exists a
constant ¢ € (0, A) such that BL% +1—--L >0

A—c¢
Leta = 3= — 1 and b = 41~ — 1. Then 2a +2 — b > 0. By the proof
of [9, Lemma 1.1], thereisa § € (0, 1) such that
ﬂ is essential decreasing on [§, 1) and lim ﬂ =0;
(I—=r) r—>1 (1 —r)¢
and
w(r) (r)

m is essential increasing on [§, 1) and }13} m =
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Let
(z), d=<lzl < 1;

w(@ =1 0@ (1 — |z|)*
— " 7] <.
(1 —8)

Then it is easy to check that the following statements hold:

(1) % is essential decreasing on [0, 1) and lim,_,; (f‘_(; )) =0;
(ii) ({‘frr ))h is essential increasing on [0, 1) and lim, _, % = 00;

ftl wu(s)ds

.. fll wu(s)ds .
(iii) u € #, A = liminf,_,, =0 and B = limsup,_, , TEOE

V) 1 fllaz ~ I fllaz and fi(e (r)a(r) < fa(e), forall0 <r <t < 1.

Therefore, without loss of generality, let § = 0. So, we have

(9w (2) a
(9 (2)) _ 1*|(<Zwé)|“(1 = lpw(@)])

- (z) a
() EEITITD

_ 2\ @
< (1 lpw (2)] ) ’
I—z]?

when |¢(z)| > |z, and

0@u@) s = les @D’

w@ -2
— 2\°
- (1 9w (2)] ) |
-1z

when |¢(z)| < |z|. Therefore,

w(pw(2)) _ (1 - prw(Z)I2>” . (1 - Iww(Z)Iz)b

0 (2) 1—|z]? 1—z2
(1= |w]? ‘. 1—wl>\"
Ul —wz)? 1 —wz|?/)

Leta = 2(a +2)/p and u,(z) = (1/(1 — wz))®. Then |juyl5 = 1/((1 —

(3.12)
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|lw[)?¢+4). For all f € AL, by (3.12), we obtain
”uwC(pf”ihﬂ)

1
Zf WVWP(Z)V(D(Z)CM(Z)
_

1
=/ ———————|f o9 0 @)’ gy, (2)*0(pu(2)) dA(2)

p |1 —wey,(2)[P*

1 1— |w|2 b—a
= W |fO(PO(Pw(Z)|P<1 + <m> )a)(Z)dA(Z)

1
S s [ 000 m @@ dAw
o D

L£15,
< L .
(1 — [wPP2(1 — [pw)Dé(ew))

The last inequality can be deduced as in [11, Proposition 18]. By |luy|lc &
luwCoyll az— Az, We get

1 1
<
(1 = [w[H2at2=0 ™ (1 = |pw)d(p(w))”

By2a+2—b > 0, we have |p(w)| — 1 as |w| — 1. By Lemma 2.7, we see
that ¢ is a finite Blaschke product. The proof is complete.

By Theorems 3.6 and 3.7, for some regular weight w, X = H if and only
if ¢ is a finite Blaschke product. Here, we give two examples.

COROLLARY 3.8. Let | < p < oo and ¢ be an analytic self-map of D.
Suppose w is either (a) or (b):
(@) o) = (1 —r)*(ogle/(1 —r))?, a > —land B <0;
d) w(r) =exp(—BUogle/(1 —r)))¥),0<a <1andp > 0.
Then, X = H if and only if ¢ is a finite Blaschke product.

ProOF. By [1, (4.4) and (4.5)], the weights in (a) and (b) are regular.

Suppose ¢ is a finite Blaschke product. By [11, Proposition 18], C,: A, —
A? is bounded. So, H® C X. By Theorem 3.6, X C H®. Therefore, X =
H>.

Suppose X = H*. By Bernoulli-I’Hopital theorem, both (a) and (b) meet
the condition (ii) of Theorem 3.7. So, if we can prove that (a) and (b) meet the
condition (i) of Theorem 3.7, then ¢ is a finite Blaschke product.
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Condition (a). When0 <r <t < 1,letd =r/t and

e(1 —01% 1 e

0.1) =1  0<0<1.0<t<1).

FO.0 =log T A oe T4 ¢ <t<D

Then

£10.1) 12 N t e r e(1 —01?)
y = — (0] 0 .

6 1—o2 " 1+0:) 1= "1—0r BU—na+en

Suppose t > 0, and let

1-6r
80,1 = Tfe(&t)

e(1 —01%) t(1—6t) 1—6t e
= log - + Io
(1—-01+01) 1—6¢2 146t 1

— 0t
Then
6. 212 2t 3 —1? 2t | e
DES - - - o
86 1—62 1+0: \(d—022 a+e02) B1—w
1 (1 +61)?
= h@,t 2tk(0,1) ),
(1+0z)2((1—9z2)2 ©, 1) +2tk( ))
where s 3 e 5 5
ho,1) = (1> — 1) log — 2621 — 01%)
1— 6t
and k(@ log —* 1+0
1) = — 1).
0,t) =log o (1+61)
Since
h (9, 1) £ 40— 260 0, k@O, t)=t—-1+ ! 0
) = >V, ) - - > U,
0 1— 6t 0 1— 6t
we have

G@,1) := (1 +61)%g,(0,1)

is increasing on [0, 1] about 6. Since lim,;_,; G(1,7) = o0, there exists
at € (0,1) such that G(1,¢) > O, forall r € (r,1). If ¢ € (z,1), by
G(0,t) <0, thereisav(t) € (0, 1), such that

G(@,t) <0, when 0 € [0, v(r)),

and
G@,t) >0, when 6 € (v(r), 1].
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Since g,(0,1) = %, when ¢ € (t, 1), g(0,t) is decreasing on [0, v(¢))
and increasing on (v(t), 1]. Since
e

1—t¢

—@t+1) >0,

e
<0,
)

So thereis a u(t) € (0, 1) for every ¢ € (z, 1), such that, (6, ) is increasing
on [0, w(z)) anddecreasing on (. (), 1]. Since £ (0,¢) = f(1,1) = log(e/(1—

g(0,1) =log

and

1
1,t)=——+(t+1-1
g(1,1) z+1(+ og

) £, 1)

——————>1, whente(r,1)andb €0, 1].

log(e/(1 —1))
It is obvious that £6,1)

rel0.210¢00.11 log(e/ (1 — 1))
Therefore, log €0=rD_ | )
08 q-—pi1 108 G5
C;:= inf (1-0d+r) a=n - .
O<r<t<l log ﬁ

So,whena > —1,8 <0and w(r) = (1 — r)*(log(e/(1 — r)))?, we have

e(l—rt) e
o(p(r)or) <10g (-na+n 198 G- )’3 <P
~ = 1

w(t) log 15

Since w € R, we get

(@ (r)o@r) @ (r)or)

3.13
(1) (1) -13)
Therefore,
o(p,(r))o(r) <o), when 0<r <rt<l.
Condition (b). Suppose 0 < r <t < 1. Since 4= > €1=0 - |, when

0 <o <1, we have

e(l—rt) \* e “ el —rt) \
(log (1—z)<1+r>> +(1°g (1—r>> = (l"g (1—r>(1—r2>>

> (1 ¢ ‘
0 .
= gl—t
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So,when0 <o < 1,8 > 0and w(r) = exp(—B(og(e/(1 —r)))*), we have
(g (r)w(r) < o).
By (3.13), we get
O (M) < @), when 0 <r <t <1.

The proof is complete.
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