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LITTLE DIMENSION AND THE IMPROVED NEW
INTERSECTION THEOREM

TSUTOMU NAKAMURA, RYO TAKAHASHI and SIAMAK YASSEMI

Abstract

Let R be a commutative noetherian local ring. We define a new invariant for R-modules which
we call the little dimension. Using it, we extend the improved new intersection theorem.

1. Introduction

Throughout this paper, we assume that R is acommutative noetherian local ring
with maximal ideal n and residue field k. An R-module B is called a balanced
big Cohen-Macaulay module if B # mB and any system of parameters of
R is a regular sequence on B; see [2, §8.5]. By a recent work of André [1]
(see also [9]), any commutative noetherian local ring admits a balanced big
Cohen-Macaulay module, and thus the following improved new intersection
theorem holds (see [10, p. 509] and [11, p. 153]).

THEOREM 1.1 (André [1], Evans-Griffith [4]). Let F = (0 — F, —
Foy — -+« = Fy — 0) be a complex of free R-modules of finite rank.
Assume that

(1) H;(F) has finite length for all i > 0, and
(2) there is an element x € Hy(F) \ mHy(F) such that Rx has finite length.
Then dim R < n.

In this paper, we extend this theorem by using a new invariant for modules;
we define the little dimension of an R-module M as

ldimg M = inf{dimg Rx | x € M \ mM}.

Note that we have Idimg M < dimg M if M # mM, and Ildimg M = o0
otherwise.
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To state our main theorem, we introduce some notation. Let X = (- —
Xiv1 > X; —> X;_1 — ---) be a complex of R-modules. The supremum,
infimum and amplitude of X are defined by

sup X = sup{n | H,(X) # 0},
inf X = inf{n | H,(X) # 0},
amp X = sup X — inf X.

The support of an R-module M, denoted by Supp, M, is defined as the set of
prime ideals p of R with M}, # 0. The following theorem is the main result of
this paper.

THEOREM 1.2. Let F = (0 - F, —> F,_y — --- —> Fy — 0) be a
complex of flat R-modules such that k @ g F has nontrivial homology. Suppose
that either

(a) amp(B ®p F) = 0 for some balanced big Cohen-Macaulay module B,
or

(b) SuppH;(F) € {m} foralli > 0.

Then there is an inequality

dim R < Idimg Ho(F) + sup(k @z F).

Under the assumption of Theorem 1.1, one has ldimg Ho(F) = 0 and
sup(k ®g F) < n, and the condition (b) in Theorem 1.2 is satisfied. Thus
Theorem 1.2 extends Theorem 1.1 based on the existence of balanced Cohen-
Macaulay modules. We also emphasize that the main theorem can treat com-
plexes of infinitely generated flat R-modules.

In §2, we prove our main Theorem 1.2. In §3, we discuss the relationship
between little dimensions and Cohen-Macaulay modules. Section 4 contains
some examples concerning little dimensions. We also observe that the inequal-
ity of Theorem 1.2 can be an equality or a strict inequality.

2. Proof of the main theorem

Recall that the (Krull) dimension of an R-module M, denoted by dimg M, is
defined as the supremum of the lengths of chains of prime ideals in Supp, M.
Also, the depth of an R-complex X is defined by

depthp X = n — sup(K(x) ®g X) = —sup RHompg(k, X) = —supRI', (X)),

where X = x, ..., x, is a system of generators of n1, and K(x) stands for the
Koszul complex on x; we refer the reader to [6, Theorem I] for details. We
give a couple of properties of the little dimension.
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ProrosITION 2.1. For each R-module M satisfying M # mM one has
depthp M < Idimg M < dimg M.

ProoF. The second inequality is clear, which already appeared in the pre-
vious section. To show the first one, choose an element x € M \ mM with
Idimg M = dimg Rx. Then there is an ideal / of R such that Rx = R/I and
Ix = 0. Thus the first inequality follows from [12, Lemma 3.3].

LEMMA 2.2. Let M and N be R-modules suchthat M = mM and N # mN.

(1) Letx e M\mMandy € N\mN.Thenx®y € (MQrN)\m(MQQgN).
In particular, M @r N # 0.

(2) There is an inequality Idimg (M @ N) < min{ldimgz M, ldimy N}.

PrOOF. (1) The elements x € M/mM andy € N/mN are nonzero, and so
SX®y e (M/mM) ®; (N/mN).

(2) Choose elements x € M\ mM and y € N \ mN such thatldimg M =
dimy Rx and ldimg N = dimg Ry. Using (1), wehave x ® y € (M @ N) \
m(M ®g N), and get the inequality ldimz(M ®p N) < dimg R(x ® y). It
remains to note that dimg R(x ® y) < min{dimg Rx, dimg Ry} holds.

Denote by D(R) the unbounded derived category of all R-modules. For
an R-complex X we denote by Tdr X the restricted Tor-dimension, which is
by definition the supremum of sup(7 ® X) where T runs through the flat
R-modules. Now we can prove our main theorem.

PrOOF OF THEOREM 1.2. Let B be a balanced big Cohen-Macaulay R-
module. If Hy(F) = mHy(F), then Idimg Hy(F) = oo, and there is nothing to
prove. Hence, we assume Hyo(F) # niHo(F). It follows from Lemma 2.2(1)
thatHy(B®g F) = BQgrHo(F) # 0. In particular, we have inf(B®z F) = 0.
By the fact that B is big Cohen-Macaulay and [12, Theorem 2.1], we get
dim R = depth, B = depthiz (B ®r F) + sup(k ®g F). Thus, it suffices to
show depth, (B ®g F) < Idimg Ho(F).

(a) As inf(B ®g F) = 0, it hold that sup(B ® F) = 0 by assump-
tion. Hence B ®r F = Ho(B ®r F) = B ®f Ho(F) in D(R). We have
B ®r Ho(F) # m(B ®r Ho(F)) by Lemma 2.2(1). Therefore depth, (B ®g
Ho(F)) < ldimg Ho(F) by Proposition 2.1 and Lemma 2.2(2). Now the in-
equality depth (B ®f F) < ldimg Ho(F) follows.

(b) Sets = sup(B®g F). If s = 0, then amp(B Q@ F') = 0 since inf(B Q@
F) = 0, and so we can apply (a) to deduce the assertion. Hence, we assume
s > 0.

Let us show that Supp H; (B ®% F) € {m]} for alli > 0. Fix a non-maximal
primeideal p of R. It follows from [3, Proposition (5.3.4) and Theorems (5.3.6),
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(5.3.8)] that

sup(B ®g F)y, —sup F, < Tdg B
= sup{depth R, —depth, B, | q € Spec R}. (&)

If « (q) ®I,3 B # 0, then we see from [5, Remark 2.9] and [14, Theorems (3.2)
and (3.3)] that depth R B, = dim R,. Hence depth R, — depth R, B, <0.1If
k(q) ®I,; B = 0, then RHomg_ (k(q), B;) = 0; see [5, Proposition 2.8]. In
other words, depth R, B; = oo. Thus, the last term of (<>) is non-positive,
which implies sup(B ®z F), < sup Fy. As sup F, < 0 by assumption, we
obtain sup(B ®r F), < 0, which shows H;(B ®z F), = O foralli > 0.
Consequently, Supp H; (B ®x F) € {m} for all i > 0, as required.

By the proof of [§, Chapter I, Lemma 4.6(3)], we get an injective resolution
I=0— I, — I,_; — ---)ofthe R-complex B®pg F as sup(B®gr F) = s,
and

depthx(B®g F) = —sup 'y (/) = —sup(0 — T (Iy) = Tiy(Ls—1) = --).

Since Supp Hy(B ®g F) C {m}, we observe that I';,(I;) = I;, which implies
Hy(T'w (1)) = Hy(I) = Hy(B ®r F) # 0. Consequently, we get depth, (B ®g
F)=—s <0 <ldimg Hy(F).

REMARK 2.3. We may wonder whether or not in Theorem 1.2 condition (b)
implies condition (a). This implication does not necessarily hold even for a
bounded complex of free modules of finite rank. Indeed, suppose that R is not
regular. Take a minimal system of generators X = xy, ..., x, of the maximal
ideal m, and let F = K(x) be a Koszul complex. Then, clearly, condition (b) is
satisfied. As Hy(B ® F') = B/mB # 0, if (a) is satisfied as well, then B ® F
is acyclic, and it follows that

depthp, B = n — sup(K(x) ®g B) =n > dim R > dimg B,

which contradicts Proposition 2.1. Therefore, condition (a) is not satisfied.

It is seen from the proof of Theorem 1.2 and [12, Theorem 2.1] that for
a complex F which does not satisfy (a) but satisfies (b), the inequality in
Theorem 1.2 is strict. In fact, in the above example we have

dimR <n=0+n=1dimHy(F) + sup(k @z F).

Recall that for an ideal I of R, the codimension of I is defined by codim [ =

dim R — dim R/I. For a complex F = (0 — F, i> i> Fy — 0) of
free R-modules of finite rank, the codimension of F is defined by codim F =
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inf|<;<,(codim1,, (d;) — i), where r; = Z;’:i(—l)-"_" rank F; (in [2] this is
called the expected rank of d;). Using our Theorem 1.2, we recover [2, The-
orem 9.4.1]:

COROLLARY 2.4. Let F = (0 — F, —> -+ — Fy — 0) be a complex of
finitely generated free R-modules with codim F > 0. For each x € Hy(F) \
mHy(F) one has codim(ann(x)) < n.

PrOOF. Let B be abalanced big Cohen-Macaulay R-module. Lemma?2.2(1)
implies Hyo(B ®r F) = B ®g Hyo(F) # 0. By [2, Lemma 9.1.8] we have
inf(B ®g F) = 0, whence amp(B ®p F) = 0. Theorem 1.2 yields dim R <
Idimg Hy(F) + sup(k ®g F) < ldimg Ho(F) + n < dimg Rx + n, which
shows codim(ann(x)) < n.

3. Little Cohen-Macaulay modules

Let M be a finitely generated R-module. Recall that M is called Cohen-
Macaulay if depth, M = dimg M. Following this, we say that M is little
Cohen-Macaulay if depth, M = Idimp M. Also, recall that the Cohen-
Macaulay defect of M is defined by

cmdg M = dimg M — depth, M.
Following this, we define the little Cohen-Macaulay defect of M by
lecmdg M = Idimg M — depth, M.

On the other hand, we denote by G*-dimg M the upper Gorenstein dimension
of M, that is, the infimum of pdg(M ®x R’) — pdg R, where R — R’ runs
over the faithfully flat homomorphisms and § — R’ runs over those surjective
homomorphisms which satisfy RHomg(R’, §) = R'[—g] with g = pdg R" <
00.

REMARK 3.1. Let M be a finitely generated R-module.

(1) Assume M # 0. Then ldimg M < dimz M by Proposition 2.1. Hence
Icmdzg M < cmdp M.

(2) There is an inequality G*-dimg M < pdy M, and the equality holds if
the right-hand side is finite. We refer the reader to [15] for details.

Using the little Cohen-Macaulay defect and our Theorem 1.2, we can im-
prove a theorem of Sharif and Yassemi [13] concerning the Cohen-Macaulay
defect.

THEOREM 3.2. Let M # O be a finitely generated R-module of finite upper
Gorenstein dimension. Then

cmd R < lemdy M, dim R < Ildimp M + G*-dimp M.
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ProoOF. The assertion follows by replacing cmdg M and dimg M in the
proof of [13, Theorem 2.1] with lemdg M and ldimg M respectively, and
using Theorem 1.2 instead of the new intersection theorem.

REMARK 3.3. In view of Remark 3.1(1), Theorem 3.2 gives a refinement
of [13, Theorem 2.1].

We obtain a couple of corollaries of Theorem 3.2.

COROLLARY 3.4. Let M # 0 be a finitely generated R-module of finite
projective dimension. Then

cmd R <lemdg M, dim R < 1dimz M + pd, M.

Proor. The first inequality follows from Theorem 3.2 and Remark 3.1(2).
The second inequality is an immediate consequence of the first one and the
Auslander-Buchsbaum formula.

COROLLARY 3.5. The following are equivalent.
(1) The local ring R is Cohen-Macaulay.
(2) There exists a Cohen-Macaulay R-module of finite projective dimension.

(3) There exists a Cohen-Macaulay R-module of finite upper Gorenstein
dimension.

(4) There exists a little Cohen-Macaulay R-module of finite projective di-
mension.

(5) There exists a little Cohen-Macaulay R-module of finite upper Goren-
stein dimension.

Proofr. The implications (2) = (4) and (3) = (5) are shown by Re-
mark 3.1(1), while the implications (2) = (3) and (4) = (5) follow from
Remark 3.1(2). If R is Cohen-Macaulay, then the R-module R/Q with Q a
parameter ideal has finite length and finite projective dimension. This shows
(1) = (2). It is immediate from the first inequality in Theorem 3.2 that (5) =
(1) holds. Now the five conditions are proved to be equivalent.

Let R be a Cohen-Macaulay local ring. In view of Corollary 3.5, it is
natural to ask if there exists a non-Cohen-Macaulay, little Cohen-Macaulay
R-module of finite projective dimension. Evidently, we have to assume that R
has positive dimension, and then the question is actually affirmative: Let Q be a
parameter ideal of Randput M = R@®R/(Q.Thendepthy M = Idimp M = 0,
dimg M = dim R > Oand pd; M < oo. Hence it may be more meaningful to
look for an indecomposable one. However, we do not have such an example
even in the case that R is regular. For example, if R is a discrete valuation ring
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with uniformizer x, then every indecomposable R-module M is isomorphic to
either R or R/(x™) for some n > 0, and hence M is Cohen-Macaulay. This
leads us to the following modified question.

QUESTION 3.6. Let R be aregular local ring of dimension at least two. Does
there exist an indecomposable non-Cohen-Macaulay, little Cohen-Macaulay
R-module?

REMARK 3.7. Let § — R be a surjective homomorphism of (commutative
noetherian) local rings. Let M be a (possibly infinitely generated) R-module.
Then depthg M = depth, M andldimg M = Idimy M. Indeed, the first equal-
ity follows from the description of a depth by a Koszul complex. The second
one holds since dimg Sx = dimg Rx for any x € M and nM = mM, where
n is the maximal ideal of S. These equalities would help us extend the above
question to a homomorphic image of a regular local ring.

We make observations that give some restrictions to construct a module as
in Question 3.6. Recall that a finitely generated R-module M is called unmixed
if Assg M = Asshg M, where Asshg M stands for the set of prime ideals p in
Suppyr M such that dim R/p = dimp M.

PrROPOSITION 3.8. Let M # 0 be an R-module. If M is cyclic or unmixed,
then ldimyp M = dimyz M.

Prookr. First, we consider the case where M is cyclic. Then M = R/I for
some ideal I of R, and we have

Idimg R/I = inf{dimg Rx | x € (R/I)\ (m/I)}
= inf{dimg RX | x is a unit of R} = dimg R1 = dimg R/I.

Next, we consider the case where M is unmixed. Take an element x € M \
mM satisfying ldimg M = dimg Rx = dim R/ ann(x). Suppose ldimgz M <
dimg M. Then for all p € Asshi M, the ideal ann(x) is not contained in p.
Using the assumption Assg M = Asshyg M and prime avoidance, we find an
element y € ann(x) which is M-regular. Then yx = 0, which implies x = 0.
This contradicts the choice of x.

Recall that R is called coprimary if R has a unique associated prime. A
typical example of a coprimary ring is an integral domain. Here is a direct
consequence of the above proposition.

COROLLARY 3.9. Suppose that R is coprimary. Let I be a nonzero ideal of
R. Regarding I as an R-module, one has 1dimg I = dimg I = dim R.
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ProOF. Note that there are inclusions ¢ #= Asshg I C Assg I C AssR.
Since Ass R consists only of one element, one has Asshg I = Assg [ = Ass R.
The assertion now follows from Proposition 3.8(2).

4. Several examples illustrating our results

In this section, we make observations on our results obtained in the previous
sections, by presenting various examples. In the following two examples, we
consider the inequality given in Theorem 1.2. As we see, it is sometimes an
equality, and is sometimes a strict inequality.

ExampLE 4.1. (1) Let F = K(x) be the Koszul complex of an element
x € m. Then one has dim R = Idimg Ho(F) + sup(k ®g F) if and only if x
is a subsystem of parameters of R. Indeed, it is clear that sup(k ®x F) = 1,
while 1dimg Hyo(F) = dim R/(x) by Proposition 3.8. Moreover, F satisfies
the condition (a) of Theorem 1.2 when x is a subsystem of parameters.

(2) Let R be a Cohen-Macaulay local ring. Let M # 0 be an R-module
which is either cyclic or unmixed. Assume that M has finite projective dimen-
sion, and let F be a minimal free resolution of M. Then, by the Auslander-
Buchsbaum formula, dim R = 1dimg Ho(F) +sup(k ® F) if and only if M is
Cohen-Macaulay. In fact, sup(k @z F) = pdp M and ldimg Ho(F) = dimz M
by Proposition 3.8. Moreover, F satisfies the condition (b) of Theorem 1.2 be-
cause Suppy H; (F) =¥ € {m]} fori > 0.

In the next example, we treat complexes of infinitely generated flat R-
modules.

ExampLE 4.2. (1) Let 0 - @ R — [[y R — C — 0 be the natural
exact sequence, where N denotes the set of positive integers. Then F = (0 —
@Dy R — [[y R — 0) is a flat resolution of C, and Supp H;(F) =¥ C {m}.
There are natural isomorphisms k @ (P R) = Pk and k @ ([[( R) =
[ [ k, where the latter holds since « is finitely presented. Hence sup(k®g F) =
0. This also yields C/mC = 0, which implies Idimz C < dim R. On the other
hand, Theorem 1.2 implies dim R < ldimg Ho(F') 4 sup(k ®x F) = ldimp C.
Therefore the equality dim R = Idimg Ho(F) + sup(k ®x F) holds.

(2) Let x € mand F = [[,. K(x"). Note that F satisfies the condition
(b) of Theorem 1.2 when x is a non-zerodivisor of R. We have Ho(F) =
[L,en R/(x™), and sup(k ® F) =l ask Qg F = [[,c K(x", k). Also, it is
seen that Idimg ([ [, R/(x")) = inf{dimg R/(x") | n € N} = dim R/(x).
Hence, as with Example 4.1(1), one has dim R = Idimg Ho(F) +sup(k ®g F)
if and only if x is a subsystem of parameters of R. See also Example 4.5(3).

Next we consider the two inequalities given in Proposition 2.1.
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ExaMPLE 4.3. (1) Let N be a finitely generated R-module with dimg N >
0, and set M = k @ N. One then has depthy M = 1dimp M = 0 < dimp M.

(2)Let R = k[[x, y1I/(x?, xy) with k afield. Let m = (x, y) be the maximal
ideal of R. Then we have depth, m = Idimpm = 0 < 1 = dimg m, and
depthR = 0 < 1 = ldim R = dim R. In fact, note that m = (x) & (y) and
(x) = k. Hence ldimg mt = 0 by (1). Proposition 3.8 implies ldim R = dim R.

(3) Suppose 0 < depth R < dim R. Take an R-regular element x € n1,
and set M = R/(x) @ R. Then depth, M = depth R/(x) = depth R — 1 and
dimg M = dim R. Also,ldimg M = ldimg R/(x) = dim R/(x) = dim R—1,
where the first equality is seen by the definition of the little dimension, while the
second equality follows from Proposition 3.8. We conclude that depth, M <
ldlmR M < dlmR M.

The third assertion of the above example gives the strict inequalities, as-
suming that R has positive depth. The following proposition gives the same
inequalities in the case where R has depth zero.

PROPOSITION 4.4. Assume depth R = 0. Let x be a minimal generator
of m such that p = (x) is a prime ideal of R, ann(x) is not m-primary,
Assh R = {p} and R, is a field. Then, regarding m as an R-module, we have
the strict inequalities depthp, m < Idimp m < dimg m.

PrROOF. As depth R = 0 and m # 0, we have 0 # soc R € m. Hence
socg m # 0, and depth, m = 0. As R, is a field, we have pR, = 0 = OR,,
and p = pR, N R = OR, N R is the p-primary component of the zero ideal 0
of R. Write 0 = pN 7. Then I C ann(x), and we have

Idimg m < dimgz Rx = dim R/ ann(x) < dim R/l < dim R = dimg m,

where the strict inequality follows from the assumption that Assh R = {p}.

It follows from the above argument that dim R > 0. If p = m, then R = R,
is a field and m = 0, which is a contradiction. Hence p # n. Suppose that
there is a minimal generator y of m with dimg Ry = 0. Then m"y = 0 for
some n > 0, and m"y is contained in the prime ideal p. As p # m, we have
y € p = (x) and gety = xz forsome z € R. Since y ¢ m?, the element z must
be a unit of R. Thus m"x = 0 and ann(x) is m-primary, this is a contradiction.
We conclude that Idimg m > 0 = depthy nt.

ExAMPLE 4.5. Let k be a field.

(1) Let R = k[x, v, zI/(x*y, xy?, xz). Then ann(x) = (xy, y?, z). The
zero ideal of R has an irredundant primary decomposition 0 = (x) N (y, z) N
(x2, ¥2, 7), which shows Assh R = {(x)}. Proposition 4.4 yields depth, m <
ldimg m < dimg m. To be more precise, depth, m = 0, Idimg m = 1 and
dimR m=2.
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(2) There is also an example of an equidimensional local ring. Let R =
kllx, v, z/(x%, xy?, xyz). Then ann(x) = (x, y?, yz). We have 0 = (x) N
(y) N (y%,z), and MinR = AsshR = {(x)}. Proposition 4.4 implies
depth, m < Idimg m < dimg m. In fact, we have depthp, m = 0, Idimg m =
I and dimp m = 2.

(3) Let us present an example of an infinitely generated module. Take an
element x € m, and set M = ]:[neN R/(x"). Then there is an inclusion R =

LiLnneN R/(x") — M, where R denotes the (x)-adic completion of R. The

inclusions R <> R < M yield dim R = dimg R= dimg M. Now suppose
that x is a non-zerodivisor. Then, there is an isomorphism RHompg (k, M) =
[1,cn RHomg(k, R/(x")), from which we obtain depth, M = depth R — 1.
We see from Example 4.2(2) that ldimg M = dim R/(x) = dim R — 1. Thus,
under the assumption that R is not Cohen-Macaulay, we have depthp, M <
Idimp M < dimy M.

Let M be a nonzero finitely generated R-module of finite projective dimen-
sion. Combining the first inequality in Corollary 3.4 with Remark 3.1(1), we
have cmd R < lcmdr M < cmdg M. We give examples where either/both of
these inequalities become strict.

ExAMPLE 4.6. (1) Let R and M be as in Example 4.3(3). Then M has
projective dimension one (hence finite), and it holds thatcmd R = Icmdz M <
cmdg M =cmd R + 1.

(2) Suppose that R is regular and dim R > 2. Then Corollary 3.9 implies
ldimg m = dimgm = dim R. As depthy, m = 1, we have cmd R = 0 <
lemdg m = cmdg m = dim R — 1. (Here, the regularity of R is needed just
to have that pd, m is finite. More precisely, we have cmd R < lemdg m =
cmdg m = dim R — 1 for any coprimary local ring R with depth R > 2.)

(3) Let § = k[[x, v, z]] with k a field, and set R = S/(x2y, xy?, x2).
Let m = (x,y,z)R be the maximal ideal of R. By Example 4.5(1), we
have depth, m = 0, ldimg m = 1 and dimz m = 2. Now we regard m as
an S-module. Then depthgm = 0, Idimgm = 1 and dimgm = 2 by Re-
mark 3.7. It holds that cmdg S = 0, lemdgm = 1 and cmdgm = 2. Thus
cmdg S < lemdg m < cmdg m and pdg mt = 3 < 00. On the other hand, we
have cmdg R = 2 > 1 = lemdg m and pd, m = oo. This shows that the
assumption that M has finite projective dimension is necessary for the first
inequality in Corollary 3.4 to hold true.
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