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THE DIRICHLET PROBLEM FOR m-SUBHARMONIC
FUNCTIONS ON COMPACT SETS

PER AHAG, RAFAL. CZYZ and LISA HED

Abstract

We characterize those compact sets for which the Dirichlet problem has a solution within the class
of continuous m-subharmonic functions defined on a compact set, and then within the class of
m-harmonic functions.

1. Introduction

A fundamental tool in the study of uniform algebras is the class of subhar-
monic functions defined on compact sets, and its dual, the Jensen measures.
In [6], Gamelin presented a model that can be used both for subharmonic as
well as plurisubharmonic functions defined on compact sets. In this paper we
shall use this model to investigate the Dirichlet problem for m-(sub)harmonic
functions. Our inspiration is the work of Poletsky [11] and especially Poletsky-
Sigurdsson [13], [14].

Two natural types of boundaries in potential theory are the Choquet bound-
ary (Definition 3.1) with respect to a given class of Jensen measures, and the
Silov boundary (Definition 3.6). In our study of the Dirichlet problem these
boundaries have a prominent role, and therefore we shall in §3 put extra atten-
tion on them in terms of for example peak points and harmonic m-measures.
We shall then, in §4, characterize those compact sets for which the Dirichlet
problem has a solution within the class of continuous m-subharmonic func-
tions (Theorem 4.2 and Theorem 4.3). We end this paper in §5 with a Dirichlet
problem for m-harmonic functions (Theorem 5.10). In the 1-subharmonic case,
these results were obtained by Hansen among others (see e.g. [5], [7], [10] and
the references therein), and in the n-subharmonic case these results were proved
by Poletsky-Sigurdsson [13], [14]. In this paper we deal with the remaining
cases 1 < m < n. We start in §2 by stating some basic definitions and facts.
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2. Jensen measures and envelopes

We start this section with recalling the definition of m-subharmonic functions
defined on domains in C". For further information about m-subharmonic func-
tions see e.g. [15], [2], [3], [9].

Let C(1,1) to be the set of (1, 1)-forms with constant coefficients and let

Tp={oeeCuy:an@ddz?)'"=0,...,0" A@dd|z>)"™ = 0}.

DEerNITION 2.1. Let 2 C C" be a domain, 1 < m < n, and let u be a
subharmonic function defined on €2. Then we say that u is m-subharmonic if
the following inequality holds

ddu Ay A=+ Ady_1 A(dd|z])"™ >0,
in the sense of currents for all a1, ..., a1 € I'yy. By $%,,(Q2) we denote
the set of all m-subharmonic functions defined on Q.
REMARK. Note that
PIH (Q) = FLH,(Q) C -+ C FLH1(Q) = SH(Q),
where %7 (2) denotes the set of plurisubharmonic functions, % (2) de-
notes the set of subharmonic function defined on 2.

REMARK. A smooth 2 function u is m-subharmonic in  if the following
elementary symmetric functions are non-negative

M H,@Q) = Y A@-k), fork=1,....m z€,
1<ji < <ji<n
where A(H,(2)) = (A1(2), ..., Ax(2)) are eigenvalues of the Hessian matrix
’u(z)]"
H”(Z) = |: (_)] .
aZjazk jk=1

Assume now that X C C" is a compact set. Let %, (X) denote the set of
functions that are the restriction to X of functions that are m-subharmonic and
continuous on some neighborhood of X € C". We define a class of Jensen
measures.

DEFINITION 2.2. Let X be a compact setin C", 1 < m < n, and let u be a
non-negative regular Borel measure defined on X with u(X) = 1. We say that
w is a Jensen measure with barycenter z € X with respect to 9 (X) if

u(z) < / udp forall u e ¥, (X).
X
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The set of such measures will be denoted by £ (X) or simply _#".

With the help of the Jensen measures defined in Definition 2.2 we can now
define m-subharmonic functions defined on compact sets. For more results
about these functions, see [2].

DErINITION 2.3. Let X be a compact set in C". An upper semicontinuous
function u defined on X is said to be m-subharmonic on X, 1 < m < n, if

u(z) < / udp, forallz e X andall u e #"(X).
X

The set of m-subharmonic functions defined on X will be denoted by 7, (X).
A function i2: X — R is called m-harmonic if h, and —h, are m-subharmonic,
i.e. h is continuous and for every z € X and for every u € #" we have

h(z) = /hd,u.

The set of all m-harmonic functions defined on X will be denoted by #,,(X).
We shall call n-harmonic functions pluriharmonic, and denote it by 7 (X) =
I (X).

REMARK. It follows from Definition 2.2 that for any z € X we have

JIX) =) W) = () AW,

Xcu Xcu

where U denotes an open set in C". Recall that u € #"(U) (£"(U)) if n
is a probability measure with compact support in U, and for all u € F7,,(U)
(u € S9,(U) N€(U)) it holds that

u(z) < /udu-

By Theorem 2.2 in [3] we have that " (U) = #"“(U).

From the proof of Theorem 2.8 in [2] it follows that
I (X) = :u tu(z) < / udu, forallu y%m(X)}
X

= {u:u(z) §/udu, for all u ey%m(X)ﬂ%(X)}.
X
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Furthermore, for every lower semi-continuous function f defined on X and
for every z € X we have

Sr(2) = sup{v(z) 1 v € S, (X), v < f}
= sup{v(z) : v € SH (X)), v < f}
=sup{v(z) :v € L, (X)NE(X), v < f}

The celebrated Edwards’ theorem states that
Sr(2) = inf{/ fdu:ue jz’”(X)}.

In Theorem 3.5 we shall use the following lemma.

LEMMA 2.4. Let X be a compact subset in C", 1 <m < n, and let f be a
real-valued lower semicontinuous function defined on X. Then there exists a
sequence uj € SH, (X) such that u; /' Sy, as j — oo.

ProoF. The proof follows from Edwards’ theorem, and Choquet’s lemma
(see e.g. Lemma 2.3.4 in [8]).

3. The Choquet and Silov boundaries of compact sets

The Choquet boundary (Definition 3.1) of a compact set X with respect to
SJI" and its topological closure the Silov boundary (Definition 3.6) are central
concepts in the Dirichlet problems studied in §§4 and 5, so in this section we
shall characterize these boundaries in terms of peak points and m-harmonic
measures.

DerFNITION 3.1. Let 1 < m < n, and let X be a compact set in C". The
Choquet boundary of X with respect to _#" is defined as

oy ={zeX: " =1{s.}}

From Lemma 1.10 in [6] it follows that OY is a Gs-set. Let €2 be a bounded
domain in C", and set X = Q. Then the Choquet boundary is contained in the
topological boundary, i.e. O% C 0X.

Next we introduce the concept of m-subharmonic peak points.

DerFNITION 3.2, Let 1 < m < n, and let X be a compact set in C*. We say
that a point z € X is a m-subharmonic peak point (or simply a peak point) if
there exists a function u € ¥#,,(X) such that u(z) = 0, and u(w) < 0 for
w € X \ {z}. The function u is then called a peak function.
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Using Gamelin’s more general setting we can, from Theorem 1.13 in [6],
draw the conclusion that: a point z € X is a m-subharmonic peak point if, and
only if, there exists a function u € %7, (X) N € (X) such that u(z) = 0 and
u(w) < 0forw e X \ {z}.

LEMMA 3.3. Let 1 < m < n, and let X be a compact setin C". Then z € OY
if, and only if, for every f € €(X) we have that Sy (z) = f(2).

Proor. Cf. page 10 in [6].

LEMMA 3.4. Let 1 < m < n, and let X be a compact set in C". A point
z € X is a m-subharmonic peak point if, and only if, for any neighborhood V
of z there exists u € S, (X) such thatu < 0, u(z) = —landu < —2 on
X\ V.

Proor. The implication = is immediate. To prove the converse implication
take zo € X, and lete; \( 0, as j — 00, be a sequence such that

1 @3/4)/
€ < = —————.
2 1-(3/4)/

Let Y,, C X be closed subsets such that

X\ {zo} = J Y-

n=1

Now we shall define a sequence of functions from 7, (X). Let ug = —1.
Suppose that we already have chosen uy, ..., u; € S, (X) N €(X), such
that for 1 < k < j we have that u; < 0, u;(zg) = —1, and

up <=2 on U1 UY_y,

where
U ={we X: max ug(w)>—1+e-1}.
1<t<k-1

Note that {U,} is an increasing sequence of closed sets. Now take a function
ujr1 € S p(X)suchthatujy < —2onY; UU;, and ujy1(z9) = —1. Letus

then define ~ .
()
U= - — ) u;.
44\4) "
Jj=0

This construction then implies that u € %7, (X) and u(z9) = —1. Now
suppose that w # zo and assume first that w ¢ (J;—; Ux. Then u;(w) < —1
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for all j, and therefor u;(w) < —2 for at least one j, so we get u(w) < —1.
Assume next that w € | ;- Up. If w € Uy \ Uy, then

uj(w) < —l+e_y, for 1 <j=<€-1,

ug(w) < 0,

uj(w) < =2, for j > £.

Now we have that

1 L3y * 13\
u(w) < Z((—1+€z)j§0<z> -2 Z <4_l) )

j=t+1

el ()

This means that # + 1 is a peak function.

In Theorem 3.5 we characterize the Choquet boundary of X with respect to
SJI" in terms of peak points.

THEOREM 3.5. Let | < m < n, and let X be a compact set in C". Then
z € O% if, and only if, 7 is a peak point.

ProoF. Ifzisapeak point, then there exists a functionu € S, (X)NE (X)
such that u(z) = 0 and u(w) < 0, for all w # z. Let u € #/". Then

0=u(z)§fudM§0,
b'¢

which implies that supp 4 € {w : u(w) = 0}. Hence, u = 6.

On the other hand, let zo € O¥ and let V be any neighborhood of zj.
Furthermore, let f € %(X) be such that f < 0, f(z9) = —1,and f < —4
on X \ V. Then, S¢(z0) = —1,and Sy < —4 on X \ V. From Lemma 2.4
it follows that one can find a function v € ¥, (X) such that v < Sy, and
—1 > v(z9) > —2. Then the function u defined by

v(z
(@) = — ()
v(20)
satisfies u(zp) = —1, and u < —2 on X \ V. The proof is finished by

Lemma 3.4.
REMARK. It follows from Theorem 3.5 that O¥ is non-empty.

Next, we introduce the Silov boundary of a compact set X with respect to

a
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DEFINITION 3.6. Let 1 < m < n, and let X be a compact set in C". The
Silov boundary, BY, of X is defined to be the topological closure of OY.

Itis not always true that a m-subharmonic function must attain its maximum
on the Silov boundary, BY (see the example before Theorem 4.3 in [13]). But
we have at least the following weak maximum principle that we shall use in
our study of the Silov boundary and the m-harmonic measure.

THEOREM 3.7. Let 1 < m < n, and let X be a compact set in C". If
u € S (X), then

u(z) < sup u(w) forall z € X.

weBY

ProoF. See Theorem 1.12 in [6].

DEFINITION 3.8. Let 1 < m < n, and let X be a compact set in C". The
m-harmonic measure of a subset E C X is defined as the function

w(z, E, X)= inf sup u(V).

VDE pegnm
V open N

We have the following estimate.

THEOREM 3.9. Let 1 < m < n, K and k be constants and let X be a compact
setin C". If u € S, (X) satisfiesu < K on X, andu < k < K on some set
Y C X, then

ui) <ko(z, Y, X)+K( — o Y, X)), zeX.

Proor. Fix € > 0, and set
U={z€eX:u(z) <k+e¢€}

Then U is an open set such that ¥ C U. For all z € X, there exists a measure
w € #"(X), and an open set V, such that Y € V C U and

w(z,Y,X) =ulV) <w(z, Y, X)+e

Then we have that

u(z)f/udpc:/udu+/ udn
X v X\V

<tk +e) (0@ Y. X)+6)+K(l -0 Y, X)).
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If we let € — 07, then we get the desired conclusion.

THEOREM 3.10. Let 1 < m < n, and let X be a compact set in C". The Silov
boundary, BY, is the smallest closed set E suchthat w(z, E, X) is identically 1.

Proor. First we shall prove that w(z, BY, X) = 1 for all z € X. To
prove this assume by contradiction that there exists a zo € X such that
w(zo, BY, X) < 1. Then there exists an open neighborhood V of BY, and
0 <c¢ < 1,suchthat u(V) < 1—cforall u € #".

Let W be an open set such that BY € W € V, and let f € €(X) be such
that -1 < f <0, f =—1on W,and f =0on X \ V. Then we have that

S;<f=-1 on W. 3.1

By Edwards’ theorem we have that
S (z0) = inf{/ fdu:pe ;Z(X)}.
For given u € #" it holds that

/fduz/ fd,u—i—/fd,u>0+(—1)(1—C)=—1+a
X X\V 14

SO
S;(z0) > —1 +c. (3.2)

Therefore, by (3.1) and (3.2) we conclude that there exists a function u €
S, (X) such that u < —1 on W, and u(zp) > —1. But this is impossible
since by Theorem 3.7 each m-subharmonic function must attain its maximum
on BY. This ends the first part of the proof.

Next, assume that there exists a proper closed subset E of BY such that for
all z € X we have that w(z, E, X) = 1. Then there exist a point zo € O \ E,
and a neighborhood V of E such that zo ¢ V. Then since 7)) = {J,}, we get
that w(zg, E, X) = 0 and a contradiction is obtained.

COROLLARY 3.11. Let 1 < m < n, and let X be a compact set in C". The
Silov boundary, BY, is the smallest closed set Y with the property that for
every z € X there exists a Jensen measure p € #!" such that supp . C Y.

PrOOF. Assume that Y is a subset of X such that for every z € X there exists
a Jensen measure u € _#" such that suppu C Y. For z from the Choquet
boundary we have that #" = {§.}. Therefore it follows that Oy C Y, and
hence By C Y. For z € X, and for any neighborhood V of Y, we have that

sup u(V) =1,
Mejzm
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and therefore w(z, Y, X) = 1. If Y is the smallest closed set with the assumed
property it now follows by using Theorem 3.10 that BY =Y.

DEFINITION 3.12. Let 1 < m < n, X be a compact set in C" and z € X.

Then we define o " "

PrROPOSITION 3.13. Let 1 < m < n, and let X be a compact set in C". For
every 7 € X we have that fzb M [s non-empty.

Proor. This follows from Corollary 3.11.

DEFINITION 3.14. Let 1 < m < n, and let X be a compact set in C". For
z € X let us define the following set

I (@) ={we X :w(, B(w,r)N X, X) > 0, forall r > 0}.

In solving the Dirichlet problem in the case when the Choquet boundary is
the whole compact set (Theorem 4.3) we shall need sets .#§' (z) together with
Proposition 3.15. The inspiration behind .#§' (z) is from potential theory, and
it is explained in the remark after Proposition 3.15.

PROPOSITION 3.15. Let 1 <m < n, and let X be a compact set in C". Then
for z € X we have that

(1) F§'(2) is a closed set;
() if u € FI(X) then supp u C I¢'(2);
(3) F(2) = {z} if, and only if, z € O¥.

Proor. (1) First note that

F(2) = ﬂ Y,, where ¥, ={we X:w(z Bw,r)NX,X) >0},

r>0

and therefore it is sufficient to prove that the sets Y, are closed. Let Y, >
x; — x € X.Then for every j there exists an open set V; D B(xi, r)yN X, and
w; € £ (X) suchthat ut;(V;) > 0. From a compactness argument there exists
a jo such that V;; D B(x,r) N X, and therefore w(z, B(x,r)N X, X) > 0, so
x eY,.

2)Fixr > 0.Letu € fzm(X),andletw € supp U, then /L(B(w, rNNX) >
0. This means that w(z, B(w, r) N X, X) > 0, hence w € I¥(2).

(3) It follows from (2) that if #y'(z) = {z}, then #"(X) = {§.}. Thus,
z € OY%. On the other hand, if z € OY, then for w # z we have that
w(z, B(w,r), X) = 0if r < ||z — w||. Therefore, w ¢ ¥ (z), which im-
plies that ¢ (z) = {z}.
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ReEMARK. There is a very nice characterization of those points for which
#L(z) = {z} in the case of subharmonic functions. Namely, .#} (z) = {z} if,
and only if, X is not thin at z (see Theorem 3.3 in [12]). A similar result for m-
subharmonic functions, m > 1, is not possible. To see this look at Example 5.5:
then for all z € 9D" the set (")C is not m-thin at z, but f (2) #{z},m > 1,
ifeg.zeDx---x D xaJD.

4. The Dirichlet problem for continuous m-subharmonic functions

In Theorem 4.2, we characterize those compact sets X for which the Dirichlet
problem has a solution within the class of continuous m-subharmonic functions
defined on a compact set. To obtain this we need the notion of O"-regular
compact sets (Definition 4.1). We end this section with Theorem 4.3 where we
consider the case when X is equal to its Choquet boundary.

DerINITION 4.1. Let 1 < m < n. We say that a compact set X in C” is
O™-regular if O is a closed subset of X.

The next theorem provides the characterization of O™ -regular sets.

THEOREM 4.2. Let 1 < m < n. Let X be a compact set in C". Then the
following conditions are equivalent:
(1) X isa O™-regular set;
(2) forevery f € €(OY) there exists a functionu € S9,,(X) N € (X) such
thatu = f on O%;
(3) forevery f € €(BY) there exists a functionu € S, (X) N € (X) such
that u = f on BY.

Proor. The implication (1) = (2) follows from Theorem 3.3 in [14]. To
prove the implication (2) = (3) note that if f € €(BY), then f € €(0%),
and therefore there exists u € S7,,(X) N €(X) such that u = f on OY.
Since both functions « and f are continuous we obtain that u = f on BY. To
prove the last implication (3) = (1) suppose that there exists zo € BY \ O%.
By Lemma 3.3 there exists a function f € €(X) such that S;(z9) < f(z0)-
By assumption there exists a function u € F7#,,(X) N 6 (X) such that u = f

on BY. Then
S¢(z0) = u(zo) = f(20),

and a contradiction is obtained.

Next, we consider the case when X is equal to its Choquet boundary.
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THEOREM 4.3. Let X be a compact set in C", and 1 < m < n. The following
conditions are then equivalent:

(1) 0% =X;

) BY =X;

(3) €(X) = SHn(X);

@) €(X) = du(X);

(5) f(2) = lzll* € Hn(X);
(6) g(z) = —llzllI* € Lo (X);
(7) I (2) ={z} forall z € X.

Proor. The following implications are obvious: (1)= (2), (3)= (4),
(4)= (5), and (3) = (6). We have that (2) = (3) follows from Theorem 4.2.
For implication (5) = (1) take zo € X. Since —||z]|> € %,,(X), then also
—|lz = zo||? is m-harmonic and it is also a peak function for z. Thus, 7o € o%.
To note implication (6) = (5): Since ||z||? is m-subharmonic, and by assump-
tion —||z||? is also m-subharmonic we have that ||z||? is m-harmonic. Finally,
the equivalence between (1) and (7) follows from Proposition 3.15.

5. The Dirichlet problem for m-harmonic functions

In this section we shall characterize those compact sets for which the Dirichlet
problem has a solution for m-harmonic functions (Theorem 5.10). First let us
compare m-harmonic functions defined on a compact set with m-harmonic
functions defined on an open set.

It was proved in [2] that every m-harmonic function defined on an open set
is pluriharmonic. The situation is different for the function theory on compact
sets. We give in Example 5.1 an example of a 2-harmonic function defined on
a compact set that is not pluriharmonic (3-harmonic). On the other hand, in
Proposition 5.2 we show that there are compact sets X for which 7#,(X) =
PH(X).

ExAMPLE 5.1. Let X = {(0, 0, z3) € C° : |z3| < 1}, and let u be a function
defined on X by u(z1, z2, z3) = —|z3|%. Then —u is plurisubharmonic, and also
2-subharmonic. Furthermore, u is the restriction of a 2-subharmonic function
defined in C3; namely

2 2 1,2
u(z1, 22, 23) = 2(lz1l° + 122 — 31231%), (21,22, 23) € X.

Finally, note that u is not plurisubharmonic (3-subharmonic) on X. To prove
this assume by contradiction that u € #%3(X). By assumption there exists a
decreasing sequence u; € S5 (X) such that u; — u, as j — oo. But then
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u; must be subharmonic on the set Y = X N {|z3| < 1}, and therefore u must
be also subharmonic on Y, and a contradiction is obtained.

PROPOSITION 5.2. Let & C C" be a bounded B-regular domain in the sense
of Sibony [16]. Then we have that 7,,(2) = P (S2).

ProOOF. Recall that if 2 is a B-regular domain, then for all z € 92 we have
that " (Q) = {8.}. Take any h € %,,(Q), then h € 9,,(Q), so h € PH ().
By the assumption of B,-regularity we have also that h € 23 (92), which
implies that h € P ().

One of the main notions in Theorem 5.10 is so called m-Poisson sets defined
as follows.

DEFINITION 5.3. Let 1 < m < n. A compact set X in C" is called a m-
Poisson set if for every f € €(BY), there exists a function u € 7, (X) such
thatu = f on BY.

ExXAMPLE 5.4. Let X be the topological closure of the unit ball B in C"*, and
let 1 < m < n. Then we have that

O = B = 0B,

Hence, X is a O™-regular set. But X is not a m-Poisson set, since it is not
always possible to extend a function f € €¢(dB) to the inside so that it is
m-pluriharmonic (see e.g. [4]).
ExaMPLE 5.5. Let X be the closure of the unit polydisc D" in C"*, and let
1 <m < n.Then | . _
Oy = By = aD",
Oy = By =0D x --- x 0D,

and for 1 < m < n we get that

jl jm
—~ = —~ =
Oy = By = U Dx--x D x---x D x---x0D.

I<ji<<jm=n

Thus, O%, and B} are equal to the distinguished boundary of D". For 1 <
m < n, the above statement follows from the fact that any m-subharmonic
function in 2 C C" is (m — 1)-subharmonic on any hyperplane passing by
Q (see [15]). In particular, X is a O™ -regular set. Furthermore, for n > 3 the
compact set X is a n-Poisson set, since for every f € € (D x --- x dD) we
can always find a pluriharmonic function u defined on D" such that u = f on
oD x --- x D (see e.g. [1], [2]).
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Let us next define an (partial) order in the cone of Jensen measures.

DEFINITION 5.6. Let u and v be Jensen measures. We say that u is subor-
dinated to v, and denote it with u < v, if for all u € 7, (X) N€(X) it holds

that
/ud,uf/udv.
X X

REMARK. Note that < is indeed an (partial) order, see e.g. [6].

LEMMA 5.7. Let 1 < m < n, and let X be a compact set in C". For every
w € JFI" there exists a measure v € fzb"" with ;1 < v.

Proor. Cf. Theorem 1.17 in [6].

DEFINITION 5.8. Let 1 <m < n, and X be a compact set in C". For given
f € €(BY) we define the Perron-Bremermann envelope, PBy, as

PB; = sup{v(z) : v € S%,,(X) N €(X), v < f on By}.

Now we prove some elementary, but useful facts about the Perron-Bremer-
mann envelope.

PROPOSITION 5.9. Let 1 < m < n, and X be a compact set in C". For every
f € €(BY) we have that

(1) PBy is a lower semicontinuous function, and that for any z € X and for
any p € JI" it holds that

PB;(2) < / PB; dy;
(2) if X is a O™-regular set, then

PBy(z) = inf{/ fdu; e jzb’m}.

ProoF. Part (1) is an immediate consequence of the definition. Next, to
part (2). For f € €(BY), let

Ii(z) = inf{/ fdu;, ue jzh””}.

By construction we have thatif v € 7, (X)N€(X),and v < f on BY, then
forany u € jzh”” it holds that

v(z)f/vdusffdu,
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and therefore PB(z) < Ir(z). By Theorem 4.2, there exists a function u such
that —u € S, (X) N €(X) and u = f on BY. By Lemma 5.7 it holds that
for every u € #!" there is a Jensen measure v € fzb”” such that

/uduZ/udv.

Thus,

mwwzmwzmﬂfmmueﬁﬂ=u@=0@sz@.

Our final result is a characterization of those compact sets X for which
the Dirichlet problem has a solution within the class of m-harmonic functions
defined on a compact set.

THEOREM 5.10. Let X be a compact set in C*, and let 1 < m < n. Then the
following conditions are equivalent:
(1) X is a m-Poisson set;
(2) forevery z € X, the set fzb ™ contains exactly one measure, P!";

(3) forevery f € €(BY) we have that

PB,f = —PBf on X.

Proor. Toprove the implication (1) = (2) assume that X is a m-Poisson set,
z € X,and u, v € FP™. By the assumptions we have that for any f € €(BY)
there exists a function & € 7, (X) with & = f on BY. Hence,

b = [ fau= [ sav

which implies that © = v. Next, we shall verify the implication (2) = (3). First
we shall prove that X is an O™ -regular set. Let O 3 z; — z € X,as j — o0.
Then from the sequence of measures 8., we can extract a subsequence (denoted
also by §,,) such that §,; is weak*-convergent to some measure u € fzb””. By
assumption the measure u = P/" is unique. Then for every f € €(X) we
have that

/fdp;" = lim /fdézj = lim f(zj):f(z):/fdéz,
j—oo Jj—>00
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which means that P" = §., so z € Oy. Thus, X is an O™ -regular set. Now
for f € €(BY) let us define the following function

h(z) =/fdPZ’”.

We are going to prove that £ is a m-harmonic function. First we show that 4 is
continuous. Let X 5 z; — z € X. We can assume that szj',’ is weak*-convergent

to some measure (i € jzb " if necessary we extract a subsequence. Therefore,
by assumption u = P", and it follows that

lim h(z;) = lim ffdP;’ = / fdP" = h(2).
Jj—o0 Jj—>o00 J
Proposition 5.9(2), gives us that for every z € X

h(z) = / fdr!" = inf{/ fdu; e ff’"} = PBy(2), 6.1

and therefore by Proposition 5.9(1) we conclude that h € 7, (X) N €(X).
On the other hand, for any z € X and any u € _#!" we have by Lemma 5.7
that

h(z)5/fdu§/th;":/fdPZm:h(z).

Hence, h € 7,,(X). Note also that it follows from (5.1) that

PB_f(Z)=/—fdPZm =—/fszm =—PBf(Z).

Next we shall prove the implication (3) = (1). By Proposition 5.9(1), the envel-
opes PB; and PB_; are lower semicontinuous and therefore we can conclude
that PB; € €(X). Furthermore, we have that for any z € X and any . € #"

—PB¢(z) = PB_;(2) < /PB_f dp = / —PBfdu < —PBy(2).
Hence, PB; € ,(X). To conclude that (1) holds note that PBy < f, and
PB_; < —f, on By and therefore we must have that PBy = f on BY.

COROLLARY 5.11. Let 1 < m < n. Then every compact set X in C" that is
a m-Poisson set is also an O™ -regular set.

ProoF. This follows immediately from Theorem 4.2 and Theorem 5.10.
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