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SOME REMARKS ON K0 OF NONCOMMUTATIVE TORI

SAYAN CHAKRABORTY

Abstract
Using Rieffel’s construction of projective modules over higher dimensional noncommutative tori,
we construct projective modules over some continuous field of C∗-algebras whose fibres are
noncommutative tori. Using a result of Echterhoff et al., our construction gives generators of K0
for all noncommutative tori.

1. Introduction

Noncommutative 2-tori are central objects in noncommutative geometry. They
are amongst the most studied examples in the field. Their higher-dimensional
analogue on the other hand is not so well studied. Recall that the n-dimensional
noncommutative torus Aθ is the universal C∗-algebra generated by unitaries
U1, U2, U3, . . . , Un subject to the relations

UkUj = e2πiθjkUjUk

for j, k = 1, 2, 3, . . . , n, where θ := (θjk) is a real skew-symmetric n × n

matrix. We call a skew-symmetric matrix totally irrational if all the entries
above the diagonal are rationally linearly independent and not rational.

Rieffel [7] constructed projective modules over n-dimensional noncom-
mutative tori while Elliott [2] computed the K-theory of these algebras. Elliott
showed that the K-theory of n-dimensional noncommutative tori is independ-
ent of the parameter θ and also he computed the image of K0(Aθ) under the
canonical trace ofAθ . It follows from Elliott’s computations that for totally ir-
rational θ the canonical trace onAθ is injective as a map from K0(Aθ) toR. So
using the description of the image of the trace and Rieffel’s computations [7]
of traces of projective modules, we can compute a basis of K0 for Aθ in the
case where θ is totally irrational. But the question remains how to compute the
generators when θ is not totally irrational. This article answers this question
and we compute the generators for a general θ .
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Based on the results of Rieffel and Elliott, Echterhoff, Lück, Phillips and
Walters [1] constructed a continuous field of projective modules over the para-
meter space (a certain space which consists of 2×2 skew-symmetric matrices)
of 2-dimensional noncommutative tori. Amongst other results, the authors gave
a basis of K0(Aθ) using the range of the trace of 2-dimensional noncommutat-
ive tori. They also showed how this basis could be extended to provide elements
of a basis of K-theory of some crossed products Aθ � F , where F is a finite
cyclic group which is compatible with θ .

We take an approach similar to [1] to provide explicit bases for K0(Aθ) for
any higher-dimensional noncommutative torus. Some computations of a basis
of K0(Aθ) for higher-dimensional noncommutative tori have already been ap-
peared before, using the Powers-Rieffel projection picture. See [5, Chapter 4]
for an overview of it and how this is important in the study of topological
insulators. Also, our results provide a basis for a higher-dimensional analysis
of the results by Echterhoff, Lück, Phillips and Walters and the K-theory of
the crossed products Aθ � F , for a finite group F .

This article is organised as follows: in §2 we recall some basics of groupoids,
twisted groupoid C∗-algebras and their K-theory. Though, in [1], the authors
didn’t work with groupoids, the groupoid approach turns out to be useful to
understand the construction of their continuous field.

In the third section we construct the continuous field of projective modules
which plays the major role to compute the generators of K0(Aθ).

In the fourth section we show how our construction of continuous field
could be used to give explicit generators of the K0-group of noncommutative
tori and we work out the three and four dimensional cases in detail.

Notation. In the rest of the article e(x) denotes the number e2πix .

2. Twisted groupoid algebras and their K-theory

We assume that the reader is familiar with the basic notions of locally compact
Hausdorff groupoids. We refer to the book of Renault [6] for a basic course on
groupoids and twisted representations of those. To introduce the notations we
recall the definition of a 2-cocycle on a groupoid.

Definition 2.1. Let G be a locally compact Hausdorff groupoid. A con-
tinuous map ω:G(2) → T is called a 2-cocycle if

ω(x, y)ω(xy, z) = ω(x, yz)ω(y, z),

whenever (x, y), (y, z) ∈ G(2) and

ω(x, d(x)) = 1 = ω(t (x), x),
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for any x ∈ G, whereG(2) denotes the composable pairs ofG and d, t denote
the domain and the range map respectively.

Definition 2.2. Let G be a locally compact Hausdorff groupoid with a
Haar system. The C∗-algebra C∗(G,ω) is defined to be the enveloping C∗-
algebra of the ω-twisted left regular representation of the groupoid G.

Example 2.3. LetG be the group (hence groupoid) Zn. For each n×n real
skew-symmetric matrix θ , we can construct a 2-cocycle on this group by defin-
ing ωθ(x, y) = e((x ·θy)/2). The corresponding group C∗-algebraC∗(G,ωθ)
is easily seen to be isomorphic to the n-dimensional noncommutative torus as
defined at the beginning of this article.

Two 2-cocycles ω1 and ω2 of a discrete group G are called cohomologous
if there exists a map f :G → T such that

ω1(x, y) = f (x)f (y)f (xy)ω2(x, y), x, y ∈ G.
This defines an equivalence relation on the set of 2-cocycles ofG. Let us denote
the equivalence classes of 2-cocycles of G by H2(G,T). It is well known that
H2(Zn,T) = Tn(n−1)/2.

Let [a, b] be a closed interval. Let us consider the transformation groupoid
Zn × [a, b] for the trivial Zn action on [a, b]. Suppose ωr is a continuous
family (with respect to r ∈ [a, b]) of 2-cocycles on the group Zn (note that the
continuity makes sense in this context). We define the following 2-cocycle ω
on the groupoid Zn × [a, b]: ω((x, r), (y, r)) = ωr(x, y). Then we have the
following evaluation map

evr :C
∗(Zn × [a, b], ω) → C∗(Zn, ωr), r ∈ [a, b],

evr sends f to f ′ where f ′(x) = f (x, r), f ∈ Cc(Zn × [a, b], ω). The fol-
lowing theorem is due to Echterhoff et al. [1].

Theorem 2.4. Let [p1], [p2], . . . , [pm] ∈ K0(C
∗(Zn× [a, b], ω)). Then the

following are equivalent:

(1) [p1], [p2], . . . , [pm] form a basis of K0(C
∗(Zn × [a, b], ω)).

(2) For some r ∈ [a, b], the evaluated classes [evr (p1)], [evr (p2)], . . . ,
[evr (pm)] form a basis of K0(C

∗(Zn, ωr)).
(3) For every r ∈ [a, b], the evaluated classes [evr (p1)], [evr (p2)], . . . ,

[evr (pm)] form a basis of K0(C
∗(Zn, ωr)).

Proof. See Remark 2.3 of [1].
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3. Projective modules over bundles of noncommutative tori

As the pfaffian of an even-dimensional skew-symmetric matrix will play a
central role in the construction of our continuous field, we recall the definition
of the pfaffian.

Definition 3.1. The pfaffian of a 2p × 2p skew-symmetric matrix A :=
(aij ) is a polynomial, denoted by pf(A), in the entries aij (i < j ) such that
pf(A)2 = detA and pf(J ′′

0 ) = 1, where J ′′
0 is the block-diagonal matrix

constructed from p identical 2 × 2 blocks of the form

J ′
0 =

(
0 1

−1 0

)
.

So

J ′′
0 =

⎛
⎜⎜⎝
J ′

0
J ′

0
. . .

J ′
0

⎞
⎟⎟⎠ .

It can be shown that pf(A) always exists and is unique. Also it is well known
that for any 2p × 2p matrix B, pf(BABt) = det(B) pf(A).

To give some examples,

pf

(
0 θ12

−θ12 0

)
= θ12,

pf

⎛
⎜⎜⎜⎝

0 θ12 θ13 θ14

−θ12 0 θ23 θ24

−θ13 −θ23 0 θ34

−θ14 −θ24 −θ34 0

⎞
⎟⎟⎟⎠ = θ12θ34 − θ13θ24 + θ14θ23.

More generally, if n = 2m, for

θ :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 θ12 . . . θ1(n−1) θ1n

−θ12
. . .

. . . θ2n

...
. . .

. . .
. . .

...

−θ1(n−1)
. . .

. . . θ(n−1)n

−θ1n −θ2n . . . −θ(n−1)n 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

the pfaffian of θ is given by
∑

ξ (−1)|ξ |
∏m
s=1 θξ(2s−1)ξ(2s), where the sum is

taken over all elements ξ of the permutation group Sn such that ξ(2s − 1) <
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ξ(2s) for all 1 ≤ s ≤ m and ξ(1) < ξ(3) < · · · < ξ(2m−1). Let us denote the
set of all such elements of Sn by�. So pf(θ)= ∑

ξ∈�(−1)|ξ |
∏m
s=1 θξ(2s−1)ξ(2s).

Note that the identity permutation id ∈ �.

We claim that in the set� \ {id}, the number of even and odd permutations
are the same. Indeed, if ξ ∈ � \ {id}, if we denote the permutation by pairs
{(ξ(1), ξ(2)), (ξ(3), ξ(4)), . . . , (ξ(2m − 1), ξ(2m))}, choose the least i such
that (ξ(i), ξ(i) + 1) is not a pair. This is always possible since ξ �= id. Note
that there is some j such that ξ(j) = ξ(i) + 1 as ξ(i + 1) ≥ ξ(i) + 1. Now
swapping the partners (the paired elements are partners of each other) of ξ(i)
and ξ(j), we get a new permutation which is of different signature than of ξ .
This defines a bijection between odd permutations and even permutations in
� \ {id}. Since the signature of id is 1, we have

∑
ξ∈�(−1)|ξ | = 1.

Also define Sp(p,R) := {W ∈ GL2p(R) : WtJ ′′
0W = J ′′

0 }. We need the
following lemma for our main construction.

Lemma 3.2. The space of 2p × 2p skew-symmetric matrices with positive
pfaffian is homeomorphic to GL+

2p(R)/Sp(p,R).

Proof. For any invertible 2p × 2p skew-symmetric matrix θ , there exists
an invertible matrix T such that T J ′′

0 T
t = θ . T is unique up to right multiplic-

ation by elements of Sp(p,R). Now pf(θ) = pf(T J ′′
0 T

t ) = det(T ) pf(J ′′
0 ) =

det(T ). Since GL+
2p(R) consists of all invertible matrices with positive determ-

inant, our claim follows.

Let us fix a number n. Also let n = 2p+ q for some p and q ∈ Z≥0. Recall
that a skew-symmetric matrix is totally irrational if the upper off diagonal
entries are rationally linearly independent and not rational. Let us fix any totally

irrational n×n skew-symmetric matrixψ :=
(
ψ11 ψ12

ψ21 ψ22

)
with the top upper

2p × 2p left corner ψ11 having positive pfaffian. Also let θ :=
(
θ11 θ12

θ21 θ22

)
be any n× n skew-symmetric matrix such that it has similar properties as ψ ,
i.e θ11, the left 2p × 2p corner, has positive pfaffian.

Let I := [0, 1] and choose a path γ parametrised by I from ψ to θ in the
set of n × n skew-symmetric matrices, where ψ11 and θ11 are connected by
a path γ11 in the space of 2p × 2p skew-symmetric matrices with positive
pfaffian. Since the latter is path connected (by the above lemma), the choice
is always possible. The matrices ψ12 and θ12, ψ21 and θ21, ψ22 and θ22 are
connected by straight line homotopies, which will be denoted by γ12, γ21 and
γ22, respectively.
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For r ∈ I , we have

γ (r) =
(
γ (r)11 γ (r)12

γ (r)21 γ (r)22

)

(notice that γ (r)11 is the 2p × 2p block). Let Zn × I be the transforma-
tion groupoid with the action of Zn on I being trivial. We will construct a
2-cocycle on this groupoid. Fibre-wise, the C∗-algebra of this twisted group-
oid algebra will be just the n-dimensional noncommutative tori with parameter
γ (r). Define 	((x, r), (y, r)) = e((x · γ (r)y)/2). We will use the same ap-
proach of Rieffel [7] to construct finitely generated projective C∗(Zn × I,	)-
modules, which represent a suitable class (Er ) of projective modules over
C∗(Zn,	r) := C∗(Zn, γ (r)), for each r ∈ I .

To do this, we recall some constructions by Rieffel and Schwartz from [4].
Define a new cocycle 	−1 on the groupoid by setting 	−1((x, r), (y, r)) =
e((γ (r)′x · y)/2), where

γ (r)′ =
(

γ (r)−1
11 −γ (r)−1

11 γ (r)12

γ (r)21γ (r)
−1
11 γ (r)22 − γ (r)21γ (r)

−1
11 γ (r)12

)
.

Set A = C∗(Zn×I,	) and B = C∗(Zn×I,	−1). Then the fibre Br of B,
at r ∈ I , is the noncommutative torusC∗(Zn,−γ (r)′). LetM be the spaceRp×
Zq ,G := M×M̂ and 〈·, ·〉 the natural pairing betweenM and M̂ . Consider the
space E ∞ := S (M, I) consisting of all complex functions on M × I which
are smooth and rapidly decreasing in the first variable and continuous in the
second variable in each derivative of the first variable. Denote the set of rapidly
decreasingC(I)-valued functions on Zn by A ∞ = S (Zn× I,	), viewed as a
(dense) subalgebra of C∗(Zn × I,	), and by B∞ = S (Zn × I,	−1), viewed
as a (dense) subalgebra of C∗(Zn × I,	−1), which is constructed similarly.

Following Li [4], we can prove:

Theorem 3.3. E ∞ may be given an A ∞-B∞ Morita equivalence bimodule
structure, which can be extended to a strong Morita equivalence between A

and B.

Proof. Following [4], let

T (r) =
⎛
⎝ T (r)11 0

0 Iq

T (r)31 T (r)32

⎞
⎠ ,

where T (r)11 is a continuous family (with respect to r) of invertible matrices

such that T (r)t11J0T (r)11 = γ (r)11, J0 :=
(

0 Ip
−Ip 0

)
, T (r)31 = γ (r)21
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and T (r)32 is the matrix obtained from γ (r)22 by replacing the lower diagonal
entries by zero.

We also define

S(r) =
⎛
⎜⎝
J0(T (r)

t
11)

−1 −J0(T (r)
t
11)

−1T (r)t31

0 Iq

0 T (r)t32

⎞
⎟⎠ .

Let

J =
⎛
⎝ J0 0 0

0 0 Iq

0 −Iq 0

⎞
⎠

and J ′ be the matrix obtained from J by replacing each negative entry of it by
zero. Let us now denote the matrix T (r) by Tr and S(r) by Sr . Note that Tr
can be thought as map from R̂n to Rp × R̂p ×Rq × R̂q and when restricted to
Zn, it lands in Rp × R̂p × Zq × R̂q . So Tr maps Zn to G. This is an example
of an embedding map discussed in [4, 2.1].

Let P ′ and P ′′ be the canonical projections of G to M and M̂ respectively
and T ′

r , T
′′
r be the maps P ′ ◦ Tr and P ′′ ◦ Tr , respectively. Similarly we define

S ′
r and S ′′

r as P ′ ◦ Sr and P ′′ ◦ Sr , respectively. Then the following formulas
define an A ∞-B∞ bimodule structure on E ∞:

(fUθ

 )(x, r)

= e(−Tr(
) · J ′Tr(
)/2)〈x, T ′′
r (
)〉f (x − T ′

r (
), r),

〈f, g〉A∞(
)

= e(−Tr(
) · J ′Tr(
)/2)
∫
G

〈x,−T ′′
r (
)〉g(x + T ′

r (
), r)f̄ (x, r) dx,

(V θ
 f )(x, r)

= e(−Sr(
) · J ′Sr(
)/2)〈x,−S ′′
r (
)〉f (x + S ′

r (
), r),

B∞〈f, g〉(
)
= e(Sr(
) · J ′Sr(
)/2)

∫
G

〈x, S ′′
r (
)〉ḡ(x + S ′

r (
), r)f (x, r) dx,

where 
 ∈ Zn.
Using Proposition 2.2 of [4] and the continuity of the families Tr and Sr ,

the result follows. Completing the space E ∞ with respect to the defined inner
products, we get an A -B Morita equivalence bimodule.

If we denote the completion of E ∞ with respect to the inner product by E ,
the fibre-wise Morita equivalence Er is just the Morita equivalence between
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Aγ (r) and A−γ (r)′ which Rieffel [7] had considered. Since both B and A are
unital, E is a finitely generated projective A -module with respect to the given
action of A on E (see the argument before Proposition 4.6 in [1]). The trace of
the module Er , which was originally computed by Rieffel [7, Proposition 4.3,
p. 289], is exactly the absolute value of the pfaffian of the upper left 2p × 2p
corner of the matrix γ (r). Indeed, [7, Proposition 4.3, p. 289] says that trace
of Er is | det T̃ (r)|, where

T̃ (r) =
(
T (r)11 0

0 Iq

)
,

the relation T (r)t11J0T (r)11 = γ (r)11 and the fact det(J0) = 1 give the claim.

4. Generators of the K0 groups of noncommutative tori

From Elliott’s computation of the image of the traces for noncommutative tori
and the fact that the trace Tr: K0(Aθ) → R is injective for totally irrational θ ,
we can use Theorem 3.3 and Theorem 2.4 to compute explicit generators of
K0(Aθ), for all θ .

We recall the following facts which will play a key role.

Theorem 4.1 (Elliott). Let θ be a skew-symmetric real n× n matrix. Then
Tr(K0(Aθ)) is the range of the “exterior exponential”

exp(θ):�evenZn → R.

We refer to ([2, Theorem 3.1]) for the definition of “exterior exponential”
and the proof of the above theorem. The range of the “exterior exponential”
is well known (see for example [3, beginning of the page 836]) and is given
below as a corollary of the above theorem:

Corollary 4.2. Tr(K0(Aθ)) is the subgroup of R generated by 1 and the
numbers

∑
ξ (−1)|ξ |

∏m
s=1 θjξ(2s−1)jξ(2s) for 1 ≤ j1 < j2 < · · · < j2m ≤ n, where

the sum is taken over all elements ξ of the permutation group S2m such that
ξ(2s − 1) < ξ(2s) for all 1 ≤ s ≤ m and ξ(1) < ξ(3) < · · · < ξ(2m− 1).

This immediately gives us the following:

Corollary 4.3. Tr is injective for totally irrational θ .

Before going to explicit computations, we shall say some words about the
pfaffian of an n × n skew-symmetric matrix A := (aij ). Let 
 be an integer
such that 1 ≤ 
 ≤ n/2.
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Definition 4.4. A 2
-pfaffian minor (or just pfaffian minor)MA
2
 of a skew-

symmetric matrix A is the pfaffian of a submatrix of A consisting of rows and
columns indexed by i1, i2, . . . , i2
 for some i1 < i2 < · · · < i2
.

Note that the number of 2
-pfaffian minors is
(
n

2


)
and the number of all

pfaffian minors is 2n−1 − 1.
Let

θ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 θ12 . . . θ1(n−1) θ1n

−θ12
. . .

. . . θ2n

...
. . .

. . .
. . .

...

−θ1(n−1)
. . .

. . . θ(n−1)n

−θ1n −θ2n . . . −θ(n−1)n 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Let us assume that all pfaffian minors of θ are positive. We will now see that
for each pfaffian minor of θ , we can construct a projective module over Aθ
such that the trace of which is exactly the pfaffian minor.

Fix 1 ≤ 
 ≤ n/2. For i1 < i2 < · · · < i2
, let us denote the corresponding
pfaffian minor also by Mθ

i1,i2,...,i2

. Choose a permutation σ ∈ Sn such that

σ(1) = i1, σ (2) = i2, . . . , σ (2
) = i2
. If U1, U2, . . . , Un are generators of
Aθ , there exists an n× n skew-symmetric matrix, denoted by σ(θ), such that
Uσ(1), Uσ(2), . . . , Uσ(n) are generators ofAσ(θ) andAσ(θ) ∼= Aθ . Note that since
i1 < i2 < · · · < i2
, the upper left 2
× 2
 block has the following form

σ(θ)|2
 :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 θi1i2 . . . θi1i2
−1 θi1i2


−θi1i2
. . .

. . . θi2i2

...

. . .
. . .

. . .
...

−θi1i2
−1

. . .
. . . θi2
−1i2


−θi1i2
 −θi2i2
 . . . −θi2
−1i2
 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Now consider the projective module constructed as completion of S (R
 ×
Zn−2
) overAσ(θ) and denote it by Eσ(θ)|2
 . The trace of this module is the pfaf-
fian of σ(θ)|2
, which is exactly

∑
ξ∈�(−1)|ξ |

∏

s=1 θiξ(2s−1)iξ(2s) . Varying 
, we

get 2n−1 − 1 projective modules whose traces are given by the numbers which
appeared in Corollary 4.2. We call these 2n−1 − 1 elements the fundamental
projective modules. Now we have the following reformulation of Elliot’s result
(Theorem 4.1).

Theorem 4.5. Let θ be a skew-symmetric real n×n matrix which is totally
irrational. Also assume that all the pfaffian minors of θ are positive. Then
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the K-theory classes of the fundamental projective modules along with [1]
generate K0(Aθ).

Proof. Since θ is totally irrational, Tr is injective. From the above discus-
sion we have that the image of the fundamental projective modules under the
trace coincide with the numbers in Corollary 4.2. Hence it follows that the
fundamental projective modules along with the trivial class [1] generate the
K0-group of Aθ .

4.1. Explicit generators of K0(Aθ) for general θ

We will first need the following proposition to give bases of the K0 groups of
general noncommutative tori. Consider the n × n skew-symmetric matrix Z
whose entries above the diagonal are all 1:

Z =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 . . . 1 1

−1
. . .

. . . 1
...

. . .
. . .

. . .
...

−1
. . .

. . . 1

−1 −1 . . . −1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Note that since
∑

ξ∈�(−1)|ξ | = 1, all pfaffian minors of Z are 1.

Proposition 4.6. For any skew-symmetric n × n matrix A := (aij ), there
exists some positive integer t , such that all pfaffian minors of A + tZ are
positive.

Proof. Fix 
 with 1 ≤ 
 ≤ n/2. It is easily seen, using
∑

ξ∈�(−1)|ξ | = 1,

that MA+tZ
2
 is a polynomial in t and

MA+tZ
2
 = t
 + t
−1A
−1 + t
−2A
−2 + · · · + t1A1 + A0,

for polynomialsA
−1, A
−2, . . . , A0 in entries ofA := (aij ). SinceA is fixed,
we can choose an integer t such that t
 dominates the other entries of MA+tZ

2
 .
Since we have only a finite number of pfaffian minors, we can also choose

an integer t such that MA+tZ
2
 > 0 for all 
.

With the above results in hand, we can describe the generators of the K0-
group of general n-dimensional non-commutative tori. Let us start with a gen-
eral n×n skew-symmetric matrix θ . Using the above proposition, there exists
a positive integer t , such that all pfaffian minors of θ + tZ are positive. Note
that Aθ+tZ and Aθ define the same noncommutative torus.
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Theorem 4.7. The K-theory classes of the fundamental projective modules
along with [1] generate K0(Aθ+tZ) and hence K0(Aθ).

Proof. Since Aθ+tZ and Aθ represent the same noncommutative torus, we
denote θ + tZ by θ by abuse of notation. Let us also fix a totally irrational
skew-symmetric matrix θ ′ whose all pfaffian minors are positive. Now for
i1 < i2 < · · · < i2
, we have the pfaffian minor Mθ

i1,i2,...,i2

. The correspond-

ing fundamental projective module was constructed over Aσ(θ) ∼= Aθ , where
σ ∈ Sn such that σ(1) = i1, σ (2) = i2, . . . , σ (2
) = i2
. For the pfaffian
minor Mθ

i1,i2,...,i2

, we find a path over [0, 1] (as discussed in §3) between the

corresponding σ(θ ′) to σ(θ). So we get a projective module Eσ over the cor-
responding twisted groupoid algebra as in §3 (using Theorem 3.3). Now, using
Theorem 4.5, ev0(Eσ ) = Eσ(θ ′)|2
 , for different 
’s, along with the trivial ele-
ment generate K0 of Aθ ′ as θ ′ is totally irrational and all pfaffian minors are
positive. Hence using Theorem 2.4, ev1(Eσ ) = Eσ(θ)|2
 , for different 
’s, along
with trivial element generate K0 of Aθ .

Remark 4.8. From the proof of Proposition 4.6 it follows that, there exists
some positive integer t such that for all ωθ ∈ H2(Zn,T), so that θ has entries
in (0, 1], θ + tZ has positive pfaffian minors. In particular, it means that each
class in H2(Zn,T) can be connected to any other class in H2(Zn,T) using the
same path construction as in §3.

For the convenience of the readers, we further spell out how Theorem 4.7
explicitly works for the 2, 3 and 4-dimensional cases.

4.2. The 2-dimensional case

Let
θ =

(
0 θ12

−θ12 0

)
.

Denote Aθ by Aθ12 . We can assume pf(θ) = θ12 is positive as otherwise we
can add a large positive integer while keeping the algebras isomorphic (special
case of Proposition 4.6). Now we have

Tr(K0(Aθ12)) = Z+ θ12Z.

We consider the projective Aθ12 -module E θ12 := S (R) constructed as in
Theorem 3.3 at the r = 0 fibre for the choice of M = R. The trace of this
module is θ12 (see the discussion at the end of §3.2). If θ is totally irrational
which means θ12 is irrational (so that the trace is injective), K-theory class
of E θ12 along with the trivial element generate K0(Aθ12). For general θ , we
use our description of the continuous field corresponding to M = R, and
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Theorem 2.4 (as we know the generators for irrational fibres) to conclude that
E θ12 and the trivial element generate K0(Aθ).

Remark 4.9. We also point out that when θ12 is irrational, the K-theory
class of E θ12 coincides with the K-theory class of the Rieffel projection as the
traces of both agree.

4.3. The 3-dimensional case

Let

θ =
⎛
⎝ 0 θ12 θ13

−θ12 0 θ23

−θ13 −θ23 0

⎞
⎠ .

Using the above proposition, assume that the 2-pfaffian minors ofAθ , pf(Mθ
ij ),

are positive (indeed, Aθ+tZ is isomorphic to Aθ for any integer t), where

Mθ
ij =

(
0 θij

−θij 0

)
, j > i ≥ 1.

From Corollary 4.2, one has

Tr(K0(Aθ)) = Z+ θ12Z+ θ13Z+ θ23Z.

We consider the projective Aθ module E θ
12 := S (R× Z)12 constructed as

in Theorem 3.3 at the r = 0 fibre for the choice of M = R× Z. The trace of
this module is θ12.

Consider the following matrices

θ1 =
⎛
⎝ 0 θ23 −θ12

−θ23 0 −θ13

θ12 θ13 0

⎞
⎠ , θ2 =

⎛
⎝ 0 θ13 θ12

−θ13 0 −θ23

−θ12 θ23 0

⎞
⎠ .

Note that Aθ , Aθ1 and Aθ2 are just “rotations” of each other and represent the
same noncommutative tori. Let E θ

13 := S (R× Z)13 and E θ
23 := S (R× Z)23 be

the projective modules overAθ2 andAθ1 , respectively, as discussed above. Now,
similarly to the previous case, we see that Tr(E θ

13) = θ13 and Tr(E θ
23) = θ23.

If θ is totally irrational, using injectivity of the trace we conclude that K-
theory classes of E θ

12, E θ
13, E θ

23 along with the trivial element generate K0(Aθ).
Using continuous fields using the above modules and using Theorem 2.4,

one sees that E θ
12, E θ

13, E θ
23 along with the trivial element generate K0(Aθ) for

a general θ .
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4.4. The 4-dimensional case

Let

θ =

⎛
⎜⎜⎜⎝

0 θ12 θ13 θ14

−θ12 0 θ23 θ24

−θ13 −θ23 0 θ34

−θ14 −θ24 −θ34 0

⎞
⎟⎟⎟⎠ .

Without loss of generality (again using Proposition 4.6), we can assume that
the pfaffians, pf(θ) and pf(Mθ

ij ), are positive, where

Mθ
ij =

(
0 θij

−θij 0

)
, j > i ≥ 1.

Then, similarly to the 3-dimensional case, we get the six modules E θ
12, E θ

13,
E θ

14, E θ
23, E θ

24, E θ
34. These modules are completions of S (R× Z2) for different

actions of Aθ . Since K0(Aθ) = Z8, we need to find another projective module
which has trace θ12θ34 − θ13θ24 + θ14θ23 (according to Corollary 4.2). This
module is the Bott class given by the completion of S (R2) (as in Theorem 3.3
for M = R2). Denote this module by E θ

1234. Now the pfaffian of θ is Tr(E θ
1234)

which is θ12θ34 −θ13θ24 +θ14θ23. Again using corresponding continuous fields
and Theorem 2.4 (like the 2 and 3-dimensional cases) we conclude that the
K-theory classes of E θ

12, E θ
13, E θ

14, E θ
23, E θ

24, E θ
34 and E θ

1234 along with the trivial
element generate K0(Aθ) for a general θ .
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