MATH. SCAND. 126 (2020), 387-400

SOME REMARKS ON K, OF NONCOMMUTATIVE TORI

SAYAN CHAKRABORTY

Abstract

Using Rieffel’s construction of projective modules over higher dimensional noncommutative tori,
we construct projective modules over some continuous field of C*-algebras whose fibres are
noncommutative tori. Using a result of Echterhoff et al., our construction gives generators of Kg
for all noncommutative tori.

1. Introduction

Noncommutative 2-tori are central objects in noncommutative geometry. They
are amongst the most studied examples in the field. Their higher-dimensional
analogue on the other hand is not so well studied. Recall that the n-dimensional
noncommutative torus Ay is the universal C*-algebra generated by unitaries
Uy, Uy, Us, ..., U, subject to the relations

U Uj = ™ U; U,

for j,k =1,2,3,...,n, where 0 := (0);) is a real skew-symmetric n X n
matrix. We call a skew-symmetric matrix totally irrational if all the entries
above the diagonal are rationally linearly independent and not rational.

Rieffel [7] constructed projective modules over n-dimensional noncom-
mutative tori while Elliott [2] computed the K-theory of these algebras. Elliott
showed that the K-theory of n-dimensional noncommutative tori is independ-
ent of the parameter 6 and also he computed the image of Ky(Ay) under the
canonical trace of Ay. It follows from Elliott’s computations that for totally ir-
rational 6 the canonical trace on Ay is injective as a map from Ky (Ay) to R. So
using the description of the image of the trace and Rieffel’s computations [7]
of traces of projective modules, we can compute a basis of Ky for Ay in the
case where 6 is totally irrational. But the question remains how to compute the
generators when 0 is not totally irrational. This article answers this question
and we compute the generators for a general 6.
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Based on the results of Rieffel and Elliott, Echterhoff, Liick, Phillips and
Walters [1] constructed a continuous field of projective modules over the para-
meter space (a certain space which consists of 2 x 2 skew-symmetric matrices)
of 2-dimensional noncommutative tori. Amongst other results, the authors gave
a basis of Ky(Ay) using the range of the trace of 2-dimensional noncommutat-
ive tori. They also showed how this basis could be extended to provide elements
of a basis of K-theory of some crossed products Ag % F, where F is a finite
cyclic group which is compatible with 6.

We take an approach similar to [1] to provide explicit bases for Ky(Ag) for
any higher-dimensional noncommutative torus. Some computations of a basis
of Ko (Ay) for higher-dimensional noncommutative tori have already been ap-
peared before, using the Powers-Rieffel projection picture. See [5, Chapter 4]
for an overview of it and how this is important in the study of topological
insulators. Also, our results provide a basis for a higher-dimensional analysis
of the results by Echterhoff, Liick, Phillips and Walters and the K-theory of
the crossed products Ay x F, for a finite group F.

This article is organised as follows: in §2 we recall some basics of groupoids,
twisted groupoid C*-algebras and their K-theory. Though, in [1], the authors
didn’t work with groupoids, the groupoid approach turns out to be useful to
understand the construction of their continuous field.

In the third section we construct the continuous field of projective modules
which plays the major role to compute the generators of Ko(Ay).

In the fourth section we show how our construction of continuous field
could be used to give explicit generators of the Ky-group of noncommutative
tori and we work out the three and four dimensional cases in detail.

NoTtaTION. In the rest of the article e(x) denotes the number ¢>7i*.

2. Twisted groupoid algebras and their K-theory

We assume that the reader is familiar with the basic notions of locally compact
Hausdorff groupoids. We refer to the book of Renault [6] for a basic course on
groupoids and twisted representations of those. To introduce the notations we
recall the definition of a 2-cocycle on a groupoid.

DerNITION 2.1. Let G be a locally compact Hausdorff groupoid. A con-
tinuous map w: G® — T is called a 2-cocycle if

o(x, y)o(xy, z) = ox, y2)o(y, 2),
whenever (x, y), (v, 2) € G® and

wx,dx)=1=w(tx),x),
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for any x € G, where G® denotes the composable pairs of G and d, ¢ denote
the domain and the range map respectively.

DEFINITION 2.2. Let G be a locally compact Hausdorff groupoid with a
Haar system. The C*-algebra C*(G, w) is defined to be the enveloping C*-
algebra of the w-twisted left regular representation of the groupoid G.

ExaMpLE 2.3. Let G be the group (hence groupoid) Z". For each n x n real
skew-symmetric matrix 6, we can construct a 2-cocycle on this group by defin-
ing wy(x, y) = e((x-0y)/2). The corresponding group C*-algebra C*(G, wy)
is easily seen to be isomorphic to the n-dimensional noncommutative torus as
defined at the beginning of this article.

Two 2-cocycles w; and w, of a discrete group G are called cohomologous
if there exists a map f: G — T such that

w1(x,y) = fO)f)fay)orx,y), x,ye€G.

This defines an equivalence relation on the set of 2-cocycles of G. Let us denote
the equivalence classes of 2-cocycles of G by H*(G, T). It is well known that
HZ(Z”, -ﬂ—) — -[]—n(nfl)/2‘

Let [a, b] be a closed interval. Let us consider the transformation groupoid
7" x la, b] for the trivial Z" action on [a, b]. Suppose w, is a continuous
family (with respectto r € [a, b]) of 2-cocycles on the group Z" (note that the
continuity makes sense in this context). We define the following 2-cocycle w
on the groupoid Z" x [a, b]: w((x,r), (¥,r)) = w,(x,y). Then we have the
following evaluation map

ev,:C*(Z" x [a, b], w) - C*(7", w,), r € [a,b],

ev, sends f to f’ where f'(x) = f(x,r), f € C.(Z" x [a, b], w). The fol-
lowing theorem is due to Echterhoff et al. [1].

THEOREM 2.4. Let [ p1], [p2], - .., [pm] € Ko(C*(Z" X [a, b], w)). Then the
following are equivalent:
(D [p1], [p2]s -, [pm] form a basis of Ko(C*(Z" x [a, b], w)).

(2) For some r € [a,b), the evaluated classes [ev,(p1)], [ev-(p2)], ...,
[ev, (pm)] form a basis of Ko(C*(Z", w,)).

(3) For every r € [a,b], the evaluated classes [ev,(p1)], [ev,(p2)], ...,
[ev, (pm)] form a basis of Ko(C*(Z", w,)).

ProoF. See Remark 2.3 of [1].
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3. Projective modules over bundles of noncommutative tori

As the pfaffian of an even-dimensional skew-symmetric matrix will play a
central role in the construction of our continuous field, we recall the definition
of the pfaffian.

DEerINITION 3.1. The pfaffian of a 2p x 2p skew-symmetric matrix A :=
(aij) is a polynomial, denoted by pf(A), in the entries a;; (i < j) such that
pf(A)? = det A and pf(JJ) = 1, where J/ is the block-diagonal matrix
constructed from p identical 2 x 2 blocks of the form

7 < 01)
o7\ -1 o)

" __
JO _—

It can be shown that pf(A) always exists and is unique. Alsoitis well known
that for any 2p x 2p matrix B, pf(BAB') = det(B) pf(A).
To give some examples,

f( 0 9”)—9
p 6, 0 = V12,

0 O O3 O
—612 0 023 64

pf = 012034 — 013024 + 014023.
—013  —0623 0 034

—014 —0 —03 0

More generally, if n = 2m, for

0 O ... Bia-y O1n
—012 02,
0 = ,
—01(—1) Ot—1yn
—01, -0, ... —9(,,_1)” 0

the pfaffian of 6 is given by Y. (=1 T/, O¢2s—1)z2s)» Where the sum is
taken over all elements & of the permutation group %, such that £(2s — 1) <
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EQs)foralll <s <mand&(1) <£3) < --- < &(2m—1). Letus denote the
setof all such elements of &, by IT. So pf () = Zsen (=BT, Gz 25— 1)e2s)-
Note that the identity permutation id € II.

We claim that in the set IT \ {id}, the number of even and odd permutations
are the same. Indeed, if £ € IT\ {id}, if we denote the permutation by pairs
{(E(),E12)), (£(3),E4)), ..., (E2m — 1),£(2m))}, choose the least i such
that (§(i), £() + 1) is not a pair. This is always possible since & # id. Note
that there is some j such that £(j) = £(G) +1asé&@ + 1) > £(@i) + 1. Now
swapping the partners (the paired elements are partners of each other) of £(i)
and £(j), we get a new permutation which is of different signature than of &.
This defines a bijection between odd permutations and even permutations in
I\ {id}. Since the signature of id is 1, we have )~ (=1l = 1.

Also define Sp(p, R) := {W € GL,,(R) : W'JJW = J'}. We need the
following lemma for our main construction.

LEMMA 3.2. The space of 2p X 2p skew-symmetric matrices with positive
pfaffian is homeomorphic to GLQFP (R)/Sp(p, R).

ProoF. For any invertible 2p x 2p skew-symmetric matrix 0, there exists
an invertible matrix 7" such that 7 J;'T" = 6. T is unique up to right multiplic-
ation by elements of Sp(p, R). Now pf(0) = pf(T JyT") = det(T) pf(J) =
det(T). Since GL;r » (R) consists of all invertible matrices with positive determ-
inant, our claim follows.

Let us fix a number n. Also letn = 2p + ¢ for some p and ¢ € Z>¢. Recall
that a skew-symmetric matrix is totally irrational if the upper off diagonal
entries are rationally linearly independent and not rational. Let us fix any totally

irrational n x n skew-symmetric matrix v := ( Vi Vi ) with the top upper
Vo1 Y
2p x 2p left corner ¥|; having positive pfaffian. Also let 6 := (z“ glz)
b1 On

be any n x n skew-symmetric matrix such that it has similar properties as r,
i.e 611, the left 2p x 2p corner, has positive pfaffian.

Let I := [0, 1] and choose a path y parametrised by I from i to 0 in the
set of n x n skew-symmetric matrices, where v;; and #;; are connected by
a path yq; in the space of 2p x 2p skew-symmetric matrices with positive
pfaffian. Since the latter is path connected (by the above lemma), the choice
is always possible. The matrices {1, and 613, ¥»; and 6,1, Y2 and 05, are
connected by straight line homotopies, which will be denoted by >, ¥»; and
¥22, Tespectively.
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For r € I, we have

y(r):(y(r)“ y(r)12>
y(r)a vy

(notice that y(r);; is the 2p x 2p block). Let Z" x I be the transforma-
tion groupoid with the action of Z" on I being trivial. We will construct a
2-cocycle on this groupoid. Fibre-wise, the C*-algebra of this twisted group-
oid algebra will be just the n-dimensional noncommutative tori with parameter
y (r). Define Q((x,r), (y,7)) = e((x - y(r)y)/2). We will use the same ap-
proach of Rieffel [7] to construct finitely generated projective C*(Z" x I, Q2)-
modules, which represent a suitable class (&,) of projective modules over
c*(z", Q) :=C*(Z",y(r)),foreachr € I.

To do this, we recall some constructions by Rieffel and Schwartz from [4].
Define a new cocycle Q7! on the groupoid by setting Q~!((x, r), (y,r)) =
e((y(r)'x -y)/2), where

/ YNy —y(N71'y (2
y(r) =( . . )
yaymy YW —y@ay) vy

Setof = C*(Z" x 1, Q) and B = C*(Z" x I, Q~"). Then the fibre %, of A,
atr € I,isthe noncommutative torus C*(Z", —y (r)"). Let M be the space R” x
74,G := M x M and (-, -) the natural pairing between M and M. Consider the
space & := & (M, I) consisting of all complex functions on M x I which
are smooth and rapidly decreasing in the first variable and continuous in the
second variable in each derivative of the first variable. Denote the set of rapidly
decreasing C(I)-valued functions on 7" by &/ = ¥ (7" x I, ), viewed as a
(dense) subalgebra of C*(Z" x I, Q), and by B®° = F (7" x I, Q7 "), viewed
as a (dense) subalgebra of C*(Z" x I, Q~"), which is constructed similarly.

Following Li [4], we can prove:

THEOREM 3.3. &% may be given an & °°-B>* Morita equivalence bimodule
structure, which can be extended to a strong Morita equivalence between <

and AB.
Proor. Following [4], let
T(r)n 0
T = 0 I, ;
T(r)s T(r)s:

where 7' (r);; is a continuous family (with respect to r) of invertible matrices

0 I
such that 7'(r)}, JoT ()11 = y (M1, Jo := (—I 6’), T(r)s = y(r)a
p
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and T (r)s; is the matrix obtained from y (r),; by replacing the lower diagonal
entries by zero.

We also define
ST @)™ =I(T @ )'Tr),
S(r) = 0 I,
0 T(r)s,
Let Jy 0 0
J=10 0 1,
0 -1, 0

and J' be the matrix obtained from J by replacing each negative entry of it by
zero. Let us now denote the matrix 7'(r) by T, and S(r) by S,. Note that T,
can be thought as map from R” to R? x R? x R? x R? and when restricted to
7", it lands in R”? x R? x Z9 x R4. So T, maps Z" to G. This is an example
of an embedding map discussed in [4, 2.1].

Let P’ and P” be the canonical projections of G to M and M respectively
and 7/, T be the maps P’ o T, and P” o T,, respectively. Similarly we define
S/ and S as P’ o S, and P” o S,, respectively. Then the following formulas
define an .&/*°-#* bimodule structure on &*°:

(U, 1)
=e(~T,(0) - J'T,(£)/2){x, T/ (0)) f (x — T/(€), 1),

(f, &) a=(0)
— (=T, () - J T(E)/2)/ x, =T/ (0)g(x + T/(0), r) f(x, r) dx,

V¢ HHix,r)
= e(—S,(0) - 'S, (0)/2){x, =S/ () f (x + S.(£), 1),

a=([, 8)(0)
=e(S,(0) - J'S, (z)/z)/ x, S/(0)g(x + 8.(0), r) f(x,r)dx,

where £ € 7".

Using Proposition 2.2 of [4] and the continuity of the families 7, and S,,
the result follows. Completing the space &> with respect to the defined inner
products, we get an /-2 Morita equivalence bimodule.

If we denote the completion of &> with respect to the inner product by &,
the fibre-wise Morita equivalence &, is just the Morita equivalence between
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<,y and &Z_, -y which Rieffel [7] had considered. Since both % and .2/ are
unital, & is a finitely generated projective &/-module with respect to the given
action of &/ on & (see the argument before Proposition 4.6 in [1]). The trace of
the module &, which was originally computed by Rieffel [7, Proposition 4.3,
p- 289], is exactly the absolute value of the pfaffian of the upper left 2p x 2p
corner of the matrix y (r). Indeed, [7, Proposition 4.3, p. 289] says that trace
of &, is | det T'(r)|, where

—~ T 0
T(r)=( (8)11 I),
q

the relation 7'(r)|, JoT (r)11 = y (r)11 and the fact det(Jp) = 1 give the claim.

4. Generators of the K, groups of noncommutative tori

From Elliott’s computation of the image of the traces for noncommutative tori
and the fact that the trace Tr: Ko(Ap) — R is injective for totally irrational 6,
we can use Theorem 3.3 and Theorem 2.4 to compute explicit generators of
Ko(Ap), for all 6.

We recall the following facts which will play a key role.

THEOREM 4.1 (Elliott). Let 6 be a skew-symmetric real n x n matrix. Then
Tr(Ko(Ap)) is the range of the “exterior exponential”

exp(0): A¥"Z" — R.

We refer to ([2, Theorem 3.1]) for the definition of “exterior exponential”
and the proof of the above theorem. The range of the “exterior exponential”
is well known (see for example [3, beginning of the page 836]) and is given
below as a corollary of the above theorem:

COROLLARY 4.2. Tr(Ko(Ap)) is the subgroup of R generated by 1 and the
numbers Y (=) TT{L, Ojoy e Jor 1 < ji < o < -+ < jom < n, where
the sum is taken over all elements & of the permutation group 5, such that
EQs—1)<&Q@s)foralll <s <mand&(1) <&Q) <--- <&@2m —1).

This immediately gives us the following:
COROLLARY 4.3. Tr is injective for totally irrational 6.

Before going to explicit computations, we shall say some words about the
pfaffian of an n x n skew-symmetric matrix A := (a;;). Let £ be an integer
suchthat 1 < £ <n/2.
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DErINITION 4.4. A 2¢-pfaffian minor (or just pfaffian minor) MzAl of a skew-
symmetric matrix A is the pfaffian of a submatrix of A consisting of rows and
columns indexed by iy, iy, ..., o forsome i; < ip < --- < iy.

Note that the number of 2¢-pfaffian minors is (;,

) and the number of all
pfaffian minors is 2"~ — 1.

Let 0 O ... Bim-n O1n
—012 R 02,
6 =
—O01(n-1) Ot—1)n
_an _92)1 cee _9(71—1)11 0

Let us assume that all pfaffian minors of 6 are positive. We will now see that
for each pfaffian minor of 6, we can construct a projective module over Ay
such that the trace of which is exactly the pfaffian minor.

Fix1 <€ <n/2.Fori; <iy <--- < iy, let us denote the corresponding
pfaffian minor also by M?] in....in- ChoOse a permutation o € &, such that
o) =i1,0Q2) =1ip,...,002L) =iy If U, U,,..., U, are generators of
Ay, there exists an n x n skew-symmetric matrix, denoted by o (9), such that

Usy, Us)s - - ., Us(n) are generators of A, gy and A,g) = Ay. Note that since
i <iy<--- < iy, the upper left 2¢ x 2¢ block has the following form
0 9i1i2 s 0i1i2£—] 0i1i2£
_91'11'2 9i2i2(
o (0|2 :=
_Gilizg,l 9i2l—1i2€
-6, —6 —6 0

iyize inliog ing—112¢

Now consider the projective module constructed as completion of & (R¢ x
7"=2%) over A, ) and denote it by &, )\, - The trace of this module is the pfaf-
fian of o () |2¢, which is exactly 3", . (=¥ T];_, &

Tes—1)le@s) *
get 2"~! — 1 projective modules whose traces are given by the numbers which
appeared in Corollary 4.2. We call these 2"~! — 1 elements the fundamental
projective modules. Now we have the following reformulation of Elliot’s result

(Theorem 4.1).

Varying £, we

THEOREM 4.5. Let 0 be a skew-symmetric real n x n matrix which is totally
irrational. Also assume that all the pfaffian minors of 0 are positive. Then
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the K-theory classes of the fundamental projective modules along with [1]
generate Ko(Ayp).

PrOOF. Since 0 is totally irrational, Tr is injective. From the above discus-
sion we have that the image of the fundamental projective modules under the
trace coincide with the numbers in Corollary 4.2. Hence it follows that the
fundamental projective modules along with the trivial class [1] generate the
Ko-group of Ay.

4.1. Explicit generators of Ky(Ay) for general 0

We will first need the following proposition to give bases of the Ky groups of
general noncommutative tori. Consider the n x n skew-symmetric matrix Z
whose entries above the diagonal are all 1:

0 1 1 1

—1 1
7=

-1 1

-1 -1 oo —1 0

Note that since ), .y (—1)¥! = 1, all pfaffian minors of Z are 1.

PROPOSITION 4.6. For any skew-symmetric n X n matrix A := (a;;), there
exists some positive integer t, such that all pfaffian minors of A + tZ are
positive.

Proor. Fix ¢ with 1 < £ < n/2.Itis easily seen, using Zsen(—l)‘él =1,
that M, is a polynomial in ¢ and

M e =ttt A TP A+ AL+ A,

for polynomials A,_1, A¢—2, ..., Ag in entries of A := (a;;). Since A is fixed,
we can choose an integer ¢ such that ¢ dominates the other entries of MQ;” Z,

Since we have only a finite number of pfaffian minors, we can also choose
an integer ¢ such that Mﬂ” Z > 0 forall £.

With the above results in hand, we can describe the generators of the Ko-
group of general n-dimensional non-commutative tori. Let us start with a gen-
eral n x n skew-symmetric matrix 6. Using the above proposition, there exists
a positive integer ¢, such that all pfaffian minors of 6 + 7 Z are positive. Note
that Ag,7 and Ay define the same noncommutative torus.
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THEOREM 4.7. The K-theory classes of the fundamental projective modules
along with [1] generate Ko(Ag+:z) and hence Ky(Ap).

PRrROOF. Since Ag,;z and Ay represent the same noncommutative torus, we
denote 6 + tZ by 6 by abuse of notation. Let us also fix a totally irrational
skew-symmetric matrix 0’ whose all pfaffian minors are positive. Now for
i <ip < .-+ < iy, we have the pfaffian minor Mfl’iz’_._’m. The correspond-
ing fundamental projective module was constructed over A, ) = Ag, where
o € %, such that (1) = i1,0(2) = is,...,0(2¢) = iy,. For the pfaffian
minor Mi"1 in....in» We find a path over [0, 1] (as discussed in §3) between the
corresponding o (8") to o (8). So we get a projective module &, over the cor-
responding twisted groupoid algebra as in §3 (using Theorem 3.3). Now, using
Theorem 4.5, evo(&;) = &, )}, for different £’s, along with the trivial ele-
ment generate Ky of Ay as 0’ is totally irrational and all pfaffian minors are
positive. Hence using Theorem 2.4, ev,(&,) = &, )y, for different £’s, along

with trivial element generate Ky of Ay.

REMARK 4.8. From the proof of Proposition 4.6 it follows that, there exists
some positive integer ¢ such that for all wy € H?(Z", T), so that 0 has entries
in (0, 1], 6 + t Z has positive pfaffian minors. In particular, it means that each
class in H?(Z", T) can be connected to any other class in H2(Z", T) using the
same path construction as in §3.

For the convenience of the readers, we further spell out how Theorem 4.7
explicitly works for the 2, 3 and 4-dimensional cases.

4.2. The 2-dimensional case

Let
0 0
0 = ( 12) .
—015 0

Denote Ag by Ap,,. We can assume pf(f) = 6, is positive as otherwise we
can add a large positive integer while keeping the algebras isomorphic (special
case of Proposition 4.6). Now we have

Tr(Ko(Ap,)) = Z + 0122.

We consider the projective Ay,,-module & = F(R) constructed as in
Theorem 3.3 at the r = O fibre for the choice of M = R. The trace of this
module is 01, (see the discussion at the end of §3.2). If 6 is totally irrational
which means 6, is irrational (so that the trace is injective), K-theory class
of &% along with the trivial element generate Ky(Ag,,). For general 6, we
use our description of the continuous field corresponding to M = R, and
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Theorem 2.4 (as we know the generators for irrational fibres) to conclude that
&% and the trivial element generate Ko(Ayp).

REMARK 4.9. We also point out that when 6, is irrational, the K-theory
class of €92 coincides with the K-theory class of the Rieffel projection as the
traces of both agree.

4.3. The 3-dimensional case

Let
0 O 013
0=\ —b6n 0 023
—013  —0x3 0

Using the above proposition, assume that the 2-pfaffian minors of Ay, pf (ij ),
are positive (indeed, Ay, .z is isomorphic to Ay for any integer ¢), where

0 6;
M?j:( ’), j>i>1.
From Corollary 4.2, one has

Tr(Ko(Ag)) = Z + 0127 + 0137 + 037.

We consider the projective Ay module ?5192 = % (R x Z);, constructed as
in Theorem 3.3 at the » = O fibre for the choice of M = R x Z. The trace of
this module is 0.

Consider the following matrices

0 923 —912 0 913 912
0= | —0x 0 =013, =] -0 0 —0x
O 613 0 —61 63 0

Note that Ag, Ap, and Ay, are just “rotations” of each other and represent the
same noncommutative tori. Let %”193 =%(R x Z);3and %263 =% (R x Z)y3 be
the projective modules over Ag, and Ay, , respectively, as discussed above. Now,
similarly to the previous case, we see that Tr(%%) = 03 and Tr(%z%) = 0p3.

If 0 is totally irrational, using injectivity of the trace we conclude that K-
theory classes of &, &5, &, along with the trivial element generate Ko(Ap).

Using continuous fields using the above modules and using Theorem 2.4,
one sees that &, &, &, along with the trivial element generate Ko(Ag) for
a general 6.
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4.4. The 4-dimensional case

Let
¢ 0 612 013 014

—012 0 023 624
—013  —0x3 0 034
—014 —b6y —0Oxy 0

0 =

Without loss of generality (again using Proposition 4.6), we can assume that
the pfaffians, pf (@) and pf (M igj), are positive, where

Mf,,:(_(;” 98), j>i>1
ij

Then, similarly to the 3-dimensional case, we get the six modules &, &/,
&l &%, &), &), These modules are completions of (R x Z?) for different
actions of Ay. Since Ko(Ag) = Z%, we need to find another projective module
which has trace 61,634 — 0136024 + 614653 (according to Corollary 4.2). This
module is the Bott class given by the completion of % (R?) (as in Theorem 3.3
for M = R?). Denote this module by &/,;,. Now the pfaffian of 6 is Tr(&},3,)
which is 61,634 — 013624 + 014653. Again using corresponding continuous fields
and Theorem 2.4 (like the 2 and 3-dimensional cases) we conclude that the
K-theory classes of &5, &%, &/, &%, &, &5, and &5, along with the trivial
element generate Ky(Ay) for a general 6.
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