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GENERALIZED ADJOINTS AND APPLICATIONS
TO COMPOSITION OPERATORS

GERALDO BOTELHO and LEODAN A. TORRES

Abstract

We generalize the classical notion of adjoint of a linear operator and the Aron-Schottenloher notion
of adjoint of a homogeneous polynomial. The general (nonlinear) notion is shown to enjoy several
properties enjoyed by the classical (linear) ones, nevertheless new interesting phenomena arise in
the nonlinear theory. The proofs are not always simple adaptations of the linear cases, actually
nonlinear arguments are often required. Applications of the generalized adjoints to Lindstrom-
Schliichtermann type theorems for composition operators are provided.

Introduction and background

The adjoint (dual, conjugate or transpose) u*: F* — E* of a bounded lin-
ear operator u: E — F between Banach spaces is a central notion in Linear
Functional Analysis. Extending this notion to the nonlinear setting, Aron and
Schottenloher [2] defined the adjoint P* of a continuous homogeneous polyno-
mial P, which instantly became a basic tool in Nonlinear Functional Analysis
and in Infinite Dimensional Holomorphy. Recent applications of the adjoint of
a homogeneous polynomial can be found, e.g., in [9], [14], [21].

In this paper we show that these adjoints are particular cases of a much
more general notion, which we call generalized adjoints (cf. Definition 1.1).
Contrary to the cases of u* and P*, these new adjoints are not linear operators,
which gives a strong nonlinear flavor to the new theory. Our purpose is to de-
velop the first steps of the new nonlinear theory and to give some applications.

In §1 we develop the first properties of these generalized adjoints. On the one
hand, as expected, many features of the classical theories are actually particular
cases of the general theory. Sometimes standard classical arguments apply, but
new nonlinear arguments are often required. On the other hand, the nonlinear
setting discloses new phenomena that could not be discovered in the classical
theory, such as the existence of weak*-weak*-continuous polynomials that are
not adjoints (cf. Proposition 1.14 and Example 1.15) and the fact that the adjoint
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of a finite rank polynomial is a polynomial of finite type (cf. Proposition 1.16).
These new phenomena make clear that there is room for further research in the
general theory.

In §2 we show how the generalized adjoints can be useful by proving nonlin-
ear versions of some linear results due to Lindstrom and Schliichtermann [15]
on composition operators, which, in particular, recover the original results as
particular cases.

By E and F we denote real or complex Banach spaces, E* denotes the
topological dual of E, Bg stands for the closed unit ball of £ and Jg: E —
E** is the canonical embedding. The symbols #(E; F) and #("E; F) de-
note the Banach spaces of continuous linear operators and continuous m-
homogeneous polynomials from E to F, m € N, endowed with the usual su-
premum norm. When F is the scalar field K = C or R we simply write ?("E).
The Aron-Schottenloher adjoint of a continuous m-homogeneous polynomial
P € P("E; F) is the following linear operator:

P*:F* — P("E), P*(y*)=y"oP.

By P we denote the (unique) continuous symmetric m-linear operator from
E™ to F that generates the polynomial P € #("E; F). The following well
known formula shall be used several times: for x € E andm € N,

lx[™ = sup |g(x)l. 6]

qEBpmE)
For the general theory of (spaces of) homogeneous polynomials between
Banach spaces we refer to [11], [16].
1. Generalized adjoints
We start by defining the generalized adjoints.

DerNITION 1.1. Letm, n, k be given natural numbers. Given a continuous
m-homogeneous polynomial P € #("E; F), define

AP PEF) — P("E),  ALP(q)(x) = q(P(x)".

This concept recovers the classical adjoint of a linear operator and the Aron-
Schottenloher adjoint of a homogeneous polynomial as follows:

o foruec X(E; F),u* = A}u;
o for P € P("E; F), P* = AlP.

ProrosiTION 1.2. (a) A} P is a well defined continuous n-homogeneous
polynomial, that is, A} P € P("P(*F), P(""*E)), and | A} P| = || P|*".
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(b) A} is a continuous kn-homogeneous polynomial, that is,
AL e P("P(E; F); PCP(CF); P("E))),
and ||A}| = 1.

This result generalizes the following facts: u* € Z(E; F), P* € £ (F*;
P(E)), |lu*|l = llull, IP*]| = ||P]l, and the correspondences u — u* and
P +— P* are norm 1 linear operators.

PROOF. (a) We just prove the norm equality. Calling on (1) for the first time,

IAYPI = sup [[AxP(g)ll = sup sup |[ApP(q)(x)]
lgll<t lgll<1 xl<1

= sup sup |g(P(x))[" = sup sup |g(P(x))|"
lgll<t Ixl<1 lelI=L lgl<1

= sup [P = | P|*".
lxlI<1

(b) Use (a) and note that the map A: P ("E; F)*" — P("P(*F); P("'E))
given by
A(Pl, ey Pk, ey P,,k)(q)(x)
= é(Pl(x)s ey Pk(x)) o 'é(P(n—l)k-i-l(x)a ceey Pkn(x))7

is a continuous kn-linear operator that generates A}.

To describe the behavior of A} with respect to the algebraic operations, we
use the following lemma.

LemMA 1.3. Given a polynomial R € P("E; F), there is a polynomial
Wr € P("™(E x E); F) such that:
(@ Rx+y)=Rx)+ R(y)+ Wg(x,y) forallx,y € E;
(b) Wg =0ifandonly ifm = 1.
PrROOF. Assume, without loss of generality, that R # 0. For m = 1 simply

take Wg = 0. Form > 1, from [11, Lemma 1.9] we have

m

Ra+y =) (?)Ié(x(j), Yy

Jj=0

m—1
=R +RO+ Y (’7) R(x, y=7),

j=1
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where R(x), ym=Dy = R(x, ¥, x, y, ™71, y). The first statement follows
from the fact that the map

m—1

WriEXE — F, Wg(x,y)= Z (”?)é(x(j)’ ym=iy,
=1

is a continuous m-homogeneous polynomial. Indeed, Wy is generated by the
continuous m-linear operator A: (E x E)™ — F given by

A(Ger, y0s (62, ¥2)s <oy G Ym))

m—1
m\
= Z (J.)R(XIaXZ, e Xjs Vil Vi42s oo )’m)
Jj=1

It is clear that W = 0 if m = 1. Now suppose that Wr = 0. In this case we
have R(x + y) = R(x) + R(y) forall x,y € E. Let xyo € E be such that
R(x¢) # 0. Since R is an m-homogeneous polynomial, 2" R(xg) = R(2xg) =
2R(xg), from which it follows that m = 1.

The next result, which follows from Lemma 1.3 and Proposition 1.2, gen-
eralizes the formulas (# + Av)* = u™ 4+ Av*, (P + AQ)* = P* + AQ* and
shows that the classical correspondences u +— u* and P +— P* are the only
ones that are linear.

PROPOSITION 1.4. (a) There is a kn-homogeneous polynomial Way from
P("E; F) x P("E; F) to P("P(*F); P(""E)) such that

AP+ Q) = AP+ Al Q + War (P, Q)

forall P, Q € P("E; F).

(b) AL(P 4+ Q) = AP + A}Q forall P, Q € P("E; F) if and only if
k=n=1.

(c) AY(AP) = A" AP forall . € Kand P € P("E; F).

The correspondences u — u* and P +— P* are injective. To investigate the
injectivity of the general correspondence P — A} P, sinceitis ahomogeneous
polynomial, we have first to recall when a homogeneous polynomial can be
injective. The following is well known:

LEMMA 1.5. If there exists an injective polynomial in P ("E; F), then either
m=1ormisoddand K = R.

Bearing the lemma above in mind, the next result shows that the corres-
pondence P +— A} P is injective whenever it can be injective.
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ProrosITION 1.6. If either k = n = 1 or kn is odd and K = R, then the
correspondence P € P("E; F) — AP € P("P('F); P("ME)) is injective.

PrOOF. The case k = n = 1 is well known (alternatively, it follows from
Proposition 1.2). Let kn be odd, K = R and P; # P,. Take xo € E such that
P (x9) # P>(xp) and, by Hahn-Banach, let y* € F* be such that y* (P (xg)) #
y*(Ps(xo)). Therefore (y*)* € P(*F) and

(AFP)() (x0) = y*(P1(xo)™ # y* (Pa(x0))™" = (A} P2) (")) (x0).

Now we show that the formulas (u o v)* = v*ou™ and (1o P)* = P*ou*
are particular instances of a much more general formula.

PropPoSITION 1.7. Let m,n,k,r,s € N. If P € P(E;F) and Q €
PCF; G), then
AP (QoP)=A},,PoALQ.

ProoF. Forg € 2(*G) and x € E,

(AL P o AL O) (@) (x) = (A7, P)(A; Q(9)(x) = [A; Q(q)(P(x)]
=q(Q(P(x))"™ =q(Qo P)(x)"
= A’ (Q o P)(g)(x).

If a linear operator u is surjective (respectively, an isomorphism), then
its adjoint u* is injective (respectively, an isomorphism). Now we give more
general versions of these facts. The reader should keep in mind the restrictions
given in Lemma 1.5 for a homogeneous polynomial to be injective.

ProposITION 1.8. (a) Let P € P("E; F) be a surjective polynomial. If
eithern = 1 or n is odd and K = R, then A} P is injective for every k € N.

d) If j: G — E is a metric surjection, then A,i J is a metric injection for
every k € N.

() Ifu € L (E; F) is an (isometric) isomorphism, then A}Cu is an (isomet-
ric) isomorphism and (A}{u)_1 = A}{(u_l)for every k € N.

PrROOF. (a) The case n = 1 is easy and we omit it. In the case n odd
and K = R, A} P is a continuous n-homogeneous polynomial between real
Banach spaces. Let g1, ¢» € 2(*F) be such that A} P(q1) = A} P(q2). Then
q1(P(x))" = q2(P(x))", hence g1 (P(x)) = g2(P(x)) for every x € E. Since
P is surjective we have g; = ¢;.
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(b) Denoting by éE the open unit ball of E, since j(éc) = I§E [18,B.3.6],

1A @l =lgojll= HSIHIIO1 lg(j (X)) = HSIHIID1 lg»I = ligl
x|l < yll<
for every ¢ € P(*E).
(c) Let k € N. By (a) we know that A}(u is injective. Given R € 2 (“E),
S:=Rou'eP*F)and

Au(8)(x) = S(u(x)) = (Rou™")(u(x)) = R(x)

forevery x € E,proving that A} u is bijective. Since A} u is a continuous linear
operator between Banach spaces, it follows from the open mapping theorem
that A} u is an isomorphism. Now suppose that « is an isometric isomorphism.
Then ||x]| <1 < |lu(x)| < 1, from which it follows that

1A (@Il = sup lg@x)| = sup |gx)|=lql

lxl=<1 lu(x)ll<1

for every ¢ € 2 (*F). Considering the chains of operators

-1

E 4“5 F U E—“>F
and Alu Al Alu
PFrF) —— P(E) —— 5 P(F) ——— P(E),
from

Al ou)=ALidg =idpepy and Ajmou') = Alidr = idpur
it follows that
AuoAp(u™) =idpeg, and Ap(u™") o Aju = idpur) -
Letu € £(E; F) and let Jg: E — E** be the canonical embedding. Our
next purpose is to show that the well known commutative diagram

E———F

| |7

sk

E** u F**

holds true at a very high level of generality. First we need the following gen-
eralization of the canonical embedding J.
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LEMMA 1.9. For m,n € N, the map

Jp"E — PCP(E)), Jp"(x)(@) =qx)",

is a continuous mn-homogeneous polynomial and ||Jg" (x)|| = |lx||"™" for
everyx € E.
It is clear that Jé’l = Jg.
Proor. For xy, ..., x,, € E, the map B: Z("E)" — K,
B(xl, ey xmn)(Qla ceey Qm) = él(xl, ey xn) o 'ém(x(m—l)n—i-h B xmn)a

is a continuous m-linear operator, so the map A: E™" — P("P("E)) given
by

A(x]a KRR xmn)(Q)
= é(x19 ceey xn)é(xn—i-lv ceey x2n) t 'é(x(m—l)n-&-la ceey xmn)v

is a continuous mn-linear operator, and J; " (x)(¢) = A(x™")(q) forallx € E
and g € P("E). For x € E, from (1) we get

17" ()l = sup [Jg" () (@) = sup |g(x)"| = [lx|™".
lali<1 lgl<1

The classical linear commutative diagram is a very particular case of the
next one.

ProprosiTION 1.10. For any m,n, k,r,s € N and P € P("E; F), the
following diagram is commutative:

E £ F
Jg,mnkl l];rs.k
'@(r!@(mnkE)) AL(ALP) (@(nrs‘@(kF))‘

PrOOF. For x € E and g € P(*F),
(ANALP) o JE"™™) (x)(q)
= ANALPY(TE" @) (g) = [TE"™ )AL P ()]
= [AFP(@ )] = q(p()™ = T (P(x))(q)
= (I 0 P)(x) (@)
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Adjoints of linear operators are always weak*-weak*-continuous. To gen-
eralize this fact we must say what we mean by the weak* topology on 2 (“E).

DEFINITION 1.11. By the weak* topology on 2 (*E) we mean the topology
on ?(*E) induced by the weak* topology of (@iSE )* via the topological
isomorphism

L{:2(E) — (87'E)", L@ = qr,
where @is E is the (completed) k-fold projective symmetric tensor product of

E and gy is the linearization of the polynomial g (see [12], [19]). As usual, for

. (k)
x € E we write ®x = x® --- ®x.

ProposITION 1.12. For all n,k € N and P € P("E; F), the polynomial
AL P: PFF) — P E) is weak*-weak*-continuous.

PrROOF. Let (g;); be a net in 2(*F) such that g, W, g € P(*F). By
Definition 1.11, (g;)1 Wy gL in (@fTSF)* that is,

(¢)1(2) — qi(z), forevery z € @iSF
It follows that, if w = Z;:l L @™k x; € @UKSE| then
[4:. (P )] = [(g) (@ P(xy)]" —> [qL (@ P(x;)]" = [q(P(x;))]",
forj =1,...,r, hence
AYP(q)(xj)) — ALP(q)(x;), forj=1,...,r 2)

So,

[ALP(g:)]L(w) = [AYP(g)]L (Z Aj QM xj)
j=1

= > MIAFP@)IL@"™ X)) = > 1 ALP(g:)(x))

j=1 j=1

DN NAP@@) = Y MIALP (@] (@™ X))
j=1 /=t

= [AZP(L])]L(Z A QM xj) = [ALP(q)]L(w).
j=1
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Since the net (g; ). is bounded and

ITAE P (@)1l = ITAL P (g1l

- (mnk)mnk ”AHP( )” - (mnk)mnk
= Tonnky ORI = o0

AL P - llgall”

for every A, we have that the net ([A} P(g5.)]11) is bounded as well. Combining
this boundedness with the convergence [A} P(g))]r. (w) — [A} P(g)](w) for
every w € QN E, a standard approximation argument gives [A} P(g;)]L

TN [AZP(g)]z in (®?nk’SE)*’ that is, A P(q;) _wr AlP(q) in P("MKE).

It is well known that the converse of the result above holds in the linear
case, that is, every weak*-weak*-continuous linear operator from F* to E*
is the adjoint of some operator from E to F. This is also true for the Aron-
Schottenloher adjoint of a homogeneous polynomial: if 7' is a weak*-weak™-
continuous linear operator from F* to #("E), then there exists a polynomial
P ¢ P("E; F) such that A{P = P* = T (see the proof of [6, Corollary
2.3]). Our next purpose is to show that this converse is no longer true in the
generalized case.

LEMMA 1.13. [f P € P("E; F), then LE, o ALP o (L])™! = [(8k o P).T*,
that is, the following diagram is commutative:

PeFy — NP k)

] s

o~ k o * o~
(®§SF)* [(6FoP)L] (®:’;k’SE)*.
Proor. Note that, since 8 o P € P("*E; @fr’SF ), we have (8% o P), €
f(@:k’SE; @is F) So, for every ¢ € (@f{’SF)*,

[Lico ArP o (L)) (@) = L (APULH) ™ (@) = Ly (AP (g 0 8F))
=LE (9ot oP)=(poskoP)

mk

=go 8k o Py =1k o P)LT*(9).

Now we are in the position to show that, even in the case n = 1, the
converse of Proposition 1.12 does not hold. This establishes that, not only
regarding proofs, but also regarding results, the generalized and the classical
theories are not identical.
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ProOPOSITION 1.14. Let k > 1 and suppose that there exists a surjective poly-
nomial R € P (" E; £,). Then there exists a weak*-weak*-continuous oper-
ator T € L(P*)); P(™ E)) such that T # A,]CPfor every P € P("E; £y).

PROOF. As @ffﬂl is topologically isomorphic to @iﬁl [1, Lemma 5.2] and
the latter space is topologically isomorphic to £, we can consider a topo-
logical isomorphism /:¢; — @i’sﬁl. Since R € P(" E; £)) is a surjective
polynomial, Q := I o R is surjective as well. Define

T:= (L) " o (QL) o L{ € L(P(F); P("E)),

and note that 7" is weak*-weak*-continuous. Suppose that there exists a poly-
nomial P € #("E; £;) such that T = A}CP. In this case, Lemma 1.13 gives
(01)* =[(8% o P).]*, hence Q = 8% o P, thatis, Q(x) = ®* P(x) for every
x € E. Therefore,

&, = Q(E) c @1, < 8%,

from which we would conclude that the incomplete space ®**¢; is complete.
This contradiction completes the proof.

The next example completes the failure of the converse of Proposition 1.12.

ExAMPLE 1.15. Let m, k € N be such that mk is odd and k > 1. The map
R:lyx —> L1, R((Aj))jen) = ()».;"k)/eN,

is a surjective continuous mk-homogeneous polynomial in both the real and
complex cases. By Proposition 1.14 there exists a weak*-weak*-continuous
operator T € L (P(*1); P(™¢,)) such that T # A} P for every P €
P (" £1).

Now that we know, as expected, that linear results may fail in the general
theory, we proceed in the opposite direction, namely, our next aim is to show
that results that are unsuspected in the linear case hold in the generalized theory.

Given x* € E*and y € F, by (x*)" ® b we mean the m-homogeneous
polynomial defined by

(" @ b)(x) = x*(x)"b, forevery x € E.

Linear combinations of polynomials of this kind are called m-homogeneous
polynomials of finite type (see [11]). According to [11, page 42], a polynomial
P € P("E; F) is of finite type if and only if P is a linear combination of
polynomials of the type

x € E> x{(x)---x)(x)b,
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where x|, ..., x; € E*and b € F.

A homogeneous polynomial, like any other nonlinear map between linear
spaces, has finite rank if the subspace generated by its range in the target space is
finite dimensional (see [17]). Itis well known that a polynomial P € #("E; F)
has finite rank if and only if P is a linear combination of polynomials of the
type x € E — ¢q(x)b, where ¢ € P("E) and b € F. Of course, polynomials
of finite type have finite rank.

According to what happens with the adjoint of a linear operator and with
the Aron-Schottenloher adjoint of a homogeneous polynomial (see [6, Lemma
2.1]), it is expected that if the polynomial P is of finite type (has finite rank,
respectively), then A} P is of finite type (has finite rank, respectively) as well.
For linear operators, being of finite type is the same of being of finite rank, and
this is the reason why the following more general property has been disclosed
only in our generalized setting.

PROPOSITION 1.16. If the polynomial P € P ("E; F) has finite rank, then
A} P is of finite type for all k,n € N.

ProOF. Let € N, Py, ..., P, € PP("E) and by, ..., by € F be such that
P(x) = Zle Pj(x)b; for every x € E. For g € #(*F) and x € E, from

the Leibniz Formula [16, Theorem 1.8] and the Multinomial Formula [3, page
33], we have

[AYP1(@)(x) = g(P(x))"

= [q <,é P, (x)bj)}n = [c} (g P;(x)laj)(k)}n

k! } N
=[ > —Pl(x)"'---Pe(x)keq(bi"“,...,bgk“)]

¢
A
okt | Li1 Ki!
n!
- Z l_[ 1! l_[ Coker,... ke
> Oy ,kg =T _ Lo S 4 dko=k
Ky +-tkg=k Lot ki+-+ke=k
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Then
1_[ -
ki+-+ke=k
K (T K\ (%0 oy |
= 1_[ |:@—]€'<1—[Pi(x)i>q(bl]""’bflé)}
ky+--+ke=k Hi:l it Ni=1]
k! )ak, ----- kl< ¢ . )
= 1_[ _ P,»(x) iy ,...kg
; [
k1+~-+ky=k|:(1_[i=l ki! i=1
% v(b}k]), o békz))ak] ..... ki}
= (k!)nKa,kPa,k(x)Qa,k(Q),
where
¢ Oy ok
ca= TT (/1))
ki+--+ki=k i=1
¢
Pt =[] (H Py (x)f % ”),
kietke=k Ni=1
0ur(q) = 1—[ [é (bgkl)’ “"békg))ﬂlkl,...,kg]'
Ky tko =k
Therefore,
(AP = Y OuuPar(®) Qui(q)
Z O[k] .... M:n
ky+-tkp=k
= ( > ®a,kPa,kQa,k><q><x),
> k=N
Ky +-thp=k
where

nl (k)"
®a,k - ( '>K(x,k-
ke -+

[T =

Note that P,; € P(™*E) and the polynomial Q,; € P("P(*F)) is of
finite type because

1 sees
ky+--+ko=k



GENERALIZED ADJOINTS AND COMPOSITION OPERATORS 379

where

Yoo ploy: POF) — K W

is a continuous linear functional. It follows that A} P is of finite type.

We finish this section with a partial converse of the proposition above. The
proof is illustrative of the interplay between linear and nonlinear arguments.

PropoSITION 1.17. The following are equivalent for a polynomial P €
P("E; F):
(a) P has finite rank;
(b) AL P is a finite rank operator for every k € N;
(©) A,I(P is a finite rank operator for some k € N.

PRrROOF. (a) = (b) follows from Proposition 1.16 and (b) = (c) is obvi-
ous. To prove (c) = (a), assume that A} P € F(P(*F); P(" E)) has finite
rank. Since the class of finite rank operators is an operator ideal, calling on
Lemma 1.13 once again we conclude that the linear operator [(6'} o P) L]* €

<z ((@iSF )*; (@;"k’s E)*) has finite rank. But the ideal of finite rank op-
erators is completely symmetric [18, Proposition 4.4.7], so (6’; o P)L €
% (@:k’SE : @is F ) has finite rank. Now, combining [5, Proposition 3.2(b)]
and [17, Proposition 3.1(b)] we get that the polynomial 8% o P has finite rank,
from which we conclude that the range of 8’1; o P does not contain infinitely
many linearly independent vectors.

Suppose that P has not finite rank, that s, there are (x; )]?’il C E suchthatthe
set {P(x1), P(x3), P(x3), ...} 1s linearly independent in F. By [20, Proposi-
tion 1.1] it follows that the set { P (x;, )@ P (x;,)®- - -@ P (x;,) : i1, i2, ... Iy € N}
is linearly independent in ®* F, so its subset {®* P (x;), ®P(x,), @ P(x3),
...} is linearly independent in the range of 8’} o P. This contradiction shows
that P has finite rank.

Many other results related to the ones proved in this section can be obtained.
We refrain from going further because we believe that thus far the reader is
convinced that the A} P’s are genuine generalizations of u* and P* and that
the general theory deserves to be investigated.

2. Applications to composition operators

In this section we show how our generalized adjoints can be used to take several
results on composition operators due to Lindstrom and Schliichtermann [15]
beyond their original scope.
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Operator ideals will be taken in the sense of Pietsch [10], [18], ideals of
homogeneous polynomials (polynomial ideals) in the sense of Garcia and
Floret [13], two-sided polynomial ideals in the sense of [8] and polynomial
hyper-ideals in the sense of [7]. For the sake of the reader, we recall these
concepts next.

DEFINITION 2.1. Let 2 be a subclass of the class of homogeneous polyno-
mials between Banach spaces such that, for every m and any Banach spaces
E and F, the component

9Q"E; F) =2("E; F)N2
is a linear subspace of Z("E; F) containing the polynomials of finite type.

The class 2 is said to be:

(a) a polynomial ideal if t o P ou € 2("E; H) whenevert € ¥(G; H),
P e 9("F;G)andu € ¥(E; F);
(b) a polynomial hyper-ideal if t o P o Q € 2(™E; H) whenever t €
FL(G; H), P e 2("F; G) and Q € #("E; F);
(c) a polynomial two-sided ideal if R o P o Q € 9("*E; H) whenever
R e P(*G; H), P € 2("F; G) and Q € P("E; F).
Suppose that there is a function |- ||9: 2 — R whose restriction to each com-
ponent 2("E; F) is a complete norm and such that |A € K — A™||9 = 1 for
every m. (2, ||-||2) is said to be:
(a") A Banach polynomial ideal if, in (a), ||t o P oullo < ||| - | P|lo - lull;
(b") A Banach polynomial hyper-ideal if, in (b), [[to P o Qll2 < ||t] - || Pll2 -

o™,
(¢") A Banach polynomial two-sided ideal if, in (¢), |[Ro P o Q|2 < ||R] -
P15 - 1o1™.

Just to illustrate that the three concepts above are worthy of consideration,
we mention that: (i) the class of nuclear polynomials is a polynomial ideal
that fails to be a hyper-ideal; (ii) the class of weakly compact polynomials
is a hyper-ideal that fails to be a two-sided ideal; (iii) the class of compact
polynomials is a two-sided ideal.

The proof of the following lemma is easy and we omit it.

LEmMmaA 2.2. Let E, F, Ey, F| be Banach spaces and m,r,s € N. If R €
P(E; F), B e P(E; F) are non-zero polynomials and (2, ||- || 9) is a two-
sided polynomial Banach ideal, then the map

Sgp: 2("F1; E) — 2("E; F), Sgp(P)=RoPoB,
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is a well defined continuous r-homogeneous polynomial.

The dual of an operator ideal .# is the operator ideal defined by
IYNE; F) ={ue L(E;F):u* e $(F*; EM),

and the polynomial dual of an operator ideal . is the polynomial ideal defined
by (see [4])

grwdmp. gy —(p e P("E; F) : P* € #(F*; P("E))).
Similarly, given a polynomial ideal 2 and k, n € N, we define
AlQ("E; F) = (P € P("E; F) : ATP € 2("P(‘F); P("™E))).

To recover the original concepts, note that the linear component 2, of a poly-
nomial ideal 2 is an operator ideal and

Al9(E; F) = Al2('E; F) = 2M(E; F),
A{2("E; F) = 2" “("E; F).

REMARK 2.3. The algebraic structure of the class of polynomials A 2 shall
be investigated in a forthcoming paper. For the moment we just mention that,
from Proposition 1.16 and Proposition 1.17, we have the following: (i) for
every polynomial ideal 2, A}2 contains the polynomials of finite rank for

all k and n; (ii) if P stands for the ideal of finite rank polynomials, then
Pg = Ai.@g: for every k.

The next result is a polynomial version of [15, Proposition 2.1].

THEOREM 2.4. Let E, F, E|, F| be Banach spaces, m,r,s € N, R €
P(E; F)and B € P(°Ey; Fy) be non-zero polynomials. If % is a polyno-
mial hyper-ideal and (2, ||-||9) is a two-sided polynomial Banach ideal such
that the polynomial

Srp: 2("F; E) — 2(""E|; F), Sgp(P)=Ro Po B,

belongs to R, then:
(@) R e R(E; F),
(b) B € A™RCE,; Fy).

ProoF. (a) Choose ¢ € F} and z € E; such that ¢(B(z)) = 1 and define

ug: E — 2("Fi; E),  uy(x) = 9" ®x,
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(meaning that u, () (y) = p(»)").
t.:2("°E; F) — F, t,(P) = P(2).

Using the properties of the ideal norm |- || 2 we get [lu,(x)|l2 = [[¢™" @ x|l2 =
lell™ x| and

(P =PI < IPI - lzI™* < IPll2 - zlI™,

from which we conclude that u, € £ (E; 2("F;; E)) and t, € £ (2("E};
F); F).Forevery x € E,

(t; 0 Srp o ) (x) = R([9(B(2)]"x) = R(x),

proving that R = t, o Sgp o u, € R('E; F) by the ideal property of %.
(b) Choose z € E and ¥ € F* such that ¥ (R(z)) = 1 and define

w: Ff — 2("F1; E), w./(p)=¢" Qz,
vy: 2("°E; F) — P("E}), vy (P) =Y o P.

Similarly to the proof of (a) we have that w, is a continuous m-homogeneous
polynomial and v,, is a continuous linear operator. For every ¢ € FY,

(vy o Sgp o w2) (@) = Y (R(2) AT B(p) = AT B(g),

and therefore AT"B € R("F; P("E1)).

Our next purpose is to give another polynomial version of [15, Proposition
2.1], with a weaker assumption on the polynomial ideal 2. A short preparation
is needed.

Given ¢ € P(™E) and y € F, by ¢ ® y we denote the rank 1 m-
homogeneous polynomial given by

(g ®y)(x) =q(x)y, foreveryx € E.

We say that Banach polynomial ideal (2, ||-||2) contains the finite rank
polynomials strongly if for each m € N there exists a constant K, such that for
any Banach spaces E and F,qg € #("E)andy € F,wehaveq®y € 2("E; F)
and lg ®@ yllo = Kuligll - Iyl

Banach polynomial hyper-ideals contain the finite rank polynomials strong-
ly [8].

Similarly to the definition of A} 2, given an operator ideal .«/ and k € N,
define

A A (ME; F) = (P € P("E; F) : AL P € A(P('F); P("™E))).



GENERALIZED ADJOINTS AND COMPOSITION OPERATORS 383

As well as Theorem 2.4, the linear case of the next result recovers [15,
Proposition 2.1].

THEOREM 2.5. Let E, E|, F, F| be Banach spaces, R € £ (E; F) and
B € X (E:; F\) benon-zero operators. If / is an operator ideal and (2, |- || 2)
is a Banach polynomial ideal such that the bounded linear operator

Sgp: 2("F1; E) — 2("E\; F), Sgp(P) =Ro Po B,

belongs to A, then:
(@) R € A(E; F),
(b) B € AL A(E; Fy) if (2, ||]l2) contains the finite rank polynomials
strongly.

ProOF. The proof of (a) is similar to the proof of Theorem 2.4(a). To prove
(b), take z € E and ¢ € F* such that ¢(R(z)) = 1. Since (2, ||-||2) is a
Banach polynomial ideal containing the finite rank polynomials strongly, the
maps

w, . PMF) — 2"F; E), w,(q) =9 ®z,

and
Vo: 2("E1; F) — P("E1), v,(P)=¢oP,

are well defined linear operators. Their continuity follow from the inequalities

lw ()Nl = llg ® zll2 < Kuligll - llzll,
lve (Pl = llg o Pl < llell - I1P1 < llell - 1 P]l2-

Itis immediate that v,oSggow, = Al B,hence Al B € (P ("F\); P("E))).

To give one last application of our generalized adjoints, we extend the
classes of operators introduced in [15, Proposition 2.2].

DEFINITION 2.6. Let &/ be an operator ideal and (2, ||-||2) be a Banach
polynomial ideal containing the finite rank polynomials strongly. For m € N,
we say that an operator R € £ (E; F) belongs to &f,;ol?ff if for any Banach

spaces E; and F; and any operator B € A}nﬂ (Ey; F1), the operator
SRZQ(mFl;E)—>Q(mE1;F), SR(P):ROPOB,

belongs to .&/.

According to the terminology of [15], we have &, i’ = "™, so the
next result recovers [15, Proposition 2.2] as a particular case.
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The definition of injective Banach polynomial ideal is the obvious one,
namely: a polynomial ideal 2 is injective if P € 2("E; F) whenever P €
P(ME; F), I. F — G is a metric injection and I o P € 2("E; G). And
a normed polynomial ideal (2, |-||9) is injective, if, in addition, ||P|o =
1o Pllo.

PROPOSITION 2.7. Let &/ be a closed operator ideal and (2, ||-|2) be a
Banach polynomial ideal containing the finite rank polynomials strongly. Then:

(a) Foreverym € N, o F is a closed operator ideal contained in of;

omp

(b) If of and (2, ||-|l2) are injective ideals, then .szin:‘]eft is injective as well
for everym € N.

PrOOF. We skip the proof that .7 .P(E; F) is a linear subspace of

m,left

Z(E; F). Letus prove that Jzinff)lr;?(E ; F) contains the operators of finite type.

Leto € E*, b € F, E|, F| be Banach space and B € A,l”&f(El; F1). The
assumptions on (2, ||-||»2) guarantee that the maps

3p: 2("F1; E) — P("F1), 8,(P)=¢o P,
My P("E1) — 2("E1; F), Mp(q) =q®Db,

are well defined continuous linear operators. For all P € 2("F;; E) and x €
Ey,

Speb(P)(x) =[(¢ ®b) o P o B](x) =[(¢ o P o B) ® b](x)
=(poPoB)(x)b=(MyoAl Bos,)(P)(x),

proving that S,g, = (M 0 A}, B 08,) belongs to &, that is, ¢ ® b belongs to
ﬂcomp

m,left *

To prove the ideal property, G, H be Banach spaces, A € £(G; E), R €
HAP(E; F) and C € Z(F; H). Also, let E;, F; be Banach spaces and

m,left
B e A}n.ﬁzi(El; F1). As we have done before, the maps
8a: 2("F1; G) — 2("F1; E), 84(P)=AoP,
Sc:2("Ey; F) — 2("E; H), 6c(Q)=Co 0,

are well defined continuous linear operators and
ScoroaA(P) =CoRoAoPoB=(5coSgo0d4)(P)

for every P € 2("Fy; G), which proves that Sc.z.4 belongs to .&/.
Now we check that &7 ->"P(E; F) is a closed subspace of #(E; F). To

m,left

do so, let R € #(E; F) and (R,), be a sequence in ./, .t (E; F) such that

m,left



GENERALIZED ADJOINTS AND COMPOSITION OPERATORS 385

R, — R in the usual supremum norm. Then each Sg, belongs to &/ and, for
every n,
Sk, = Skl = sup [[(R, —R)o PoBls
I1Pll2<1
< sup [[Ry —R|-IIPll2-IIBI" =R, — RI - IB]",
I1Pll2<1

S0 Spn, — Sk € A (2("F; E); 2(™E; F)) because the ideal 7 is closed.
Therefore, R € o, o (E; F).

m,
In order to prove that .7, is contained in ./, let R € </, ' (E; F) be
given. Choose E; = F; = K, B = idk and consider the continuous linear
operators

8:E — 2("F1; E), §6(x) =idg ®x,
y:2("E\; F) — F, y(P)= P(l).

Then R = y oSk o4, and, since Sk belongs to &7, it follows that R € </ (E; F).

Finally, assume that the operator ideal ./ and the Banach polynomial ideal
(2, |||l 9) are injective. Let R € £ (E; F)andlet I: F — G be a metric injec-
tion such that I o R € &/, ¢ (E; G). By definition, for all Banach spaces E|,

m,left
Fyand any B € A}, o/ (Ey; Fy), we have Sjog € o (2("Fy; E); 2("Ey; G)).
By the injectivity of (2, ||| 2) we know that the operator

8;:9("Ey; F) —> 9("E; G), 8,(P)=10P,

is metric injection, hence the injectivity of &/ and S;.g = 8; o Sg yield that
Sk belongs to &7, and therefore R € o/, 1% (E; F).
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