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ON THE CONVERGENCE OF ITERATES OF
CONVOLUTION OPERATORS IN
BANACH SPACES

HEYBETKULU MUSTAFAYEV

Abstract

Let G be a locally compact abelian group and let M (G) be the measure algebra of G. A measure
1 € M(G) is said to be power bounded if sup,.q [[u"[l1 < oo. Let T = {T, : g € G} bea
bounded and continuous representation of G on a Banach space X. For any i € M(G), there
is a bounded linear operator on X associated with u, denoted by T, which integrates T, with
respect to 4. In this paper, we study norm and almost everywhere behavior of the sequences {T), x}
(x € X) in the case when p is power bounded. Some related problems are also discussed.

1. Introduction

For a complex Banach space X, we denote by B(X) the algebra of all bounded
linear operators on X. Let G be a locally compact group andlet T = {7, : g €
G} be a bounded and continuous representation of G on X. For an arbitrary
finite regular Borel measure p on G, we can define an operator T,, in B(X)
associated with , which integrates T, with respect to . In case of probability
measure U, the papers [3], [4], [5], [6], [7], [11] studied the norm and almost
everywhere behavior of iterates of T,,. Recall that w is said to be adapted if
supp u generates a dense subgroup of G and strictly aperiodic if supp u is
not contained in a proper closed left coset of G. Assume that X is uniformly
convex and u is an adapted, strictly aperiodic probability measure such that for
some n € N, i is not singular with respect to the Haar measure on G. In [7],
it was proved that under the above conditions the sequence {T},x} converges
strongly forevery x € X.In[11], norm and almost everywhere convergence of
the iterates of T, in L? (€2, X, m) spaces was studied, where T is a continuous
action of G in the positive measure space (2, X, m). For related results see
also [9], [10], [16], [17], [21], [22].

In this paper, we study norm and almost everywhere convergence of the se-
quences {T), x} in Banach spaces. We treat the case that G is a locally compact
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abelian group and w is an arbitrary power bounded measure on G. For loc-
ally compact abelian groups the most comprehensive work on power bounded
measures is due to Schreiber [20].

Throughout this paper, G will denote a locally compact abelian group
with the Haar measure and with the dual group I'. As usual, L'(G) and
M(G) will denote the group algebra and the convolution measure algebra
of G, respectively. As is well known, equipped with the involution™ given by
i (B) = u(—B), the algebra M (G) becomes a Banach x-algebra. A measure
uw € M(G) is said to be symmetric if uw = 1. For n € N U {0}, by u" we
will denote n-th convolution power of neM (G), where u° = §; is the
Dirac measure concentrated at {0}. By f and & we denote the Fourier and
the Fourier-Stieltjes transforms of f € L'(G) and u € M(G), respectively.
Cy(G) will denote the space of all complex valued continuous functions on G
vanishing at infinity.

Recall that an element a of a unital Banach algebra is said to be power
bounded if sup, . [la"|| < oo. For u € M(G), we put

Cu= sup "1,
where || - ||; is the total variation norm. If S is any set, the characteristic function
of S will be denoted by 1. As usual, o(T) and R, (T) (A ¢ o(T)) will denote
the spectrum and the resolvent of T € B(X).

2. Hilbert space operators

In this section, we study strong and almost everywhere convergence of iterates
of convolution operators in Hilbert spaces.
Notice that for any u € M(G),

Fy := (80 — u) * L'(G)
is a closed ideal of L!(G) associated with u and hull(F,) = %, where
Fu=ly €T Ay) =1).

Assume that u € M(G) is power bounded. Then clearly, |zt(y)| < 1 for all
y € I'. Moreover, it is easy to check that

n—1
FM={feL1(G): lim H%Z,ui*f =0}. 2.1
n—00 l=0 1

Notice also that

E,:={feL'(G): Lim. || fllr = 0}
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is another closed ideal of L'(G) associated with x, where l.i.m. is a fixed
Banach limit. We claim thatl.i.m.,, ||©"* f||1 = Oimplieslim, o || * f |1 =
0. Indeed, if Li.m., || * f||; = O, then as lim lu" % fll1 = 0, we have

n—> 00
lu™ * fll; — 0 (k — o00), for some subsequence {n;}. It follows from the

relations

i s flle < T hllw™ = fll < Cullw™ * £l

that ||u” * f|l; — 0. This shows that E,, does not depend on the choice of the
Banach limit and therefore,

E,={fel'(G): Jim " fll = 0}.

By (2.1) we have E, C F,. Moreover, hull(E,) = &, ([12, Theorem 2.6]
and [16, Proposition 2.1]), where

& ={yel:|uyl =1}

As usual, to any closed subset S of I', the following two closed ideals of
L'(G) are associated:

I :={f € L'(G): [(5) = {0}
and Jg := J_g, where
J_? ={f e LY(G) : supp fis compact and supp fﬂ S =0}.

The ideals Jg and I are respectively, the smallest and the largest closed ideals
in L'(G) with hull S. When these two ideals coincide, the set S is said to be a
set of synthesis (for instance, see [14, §8.3]).

We know that if © € M (G) is power bounded, then &, is a set of synthesis
(for instance, see [10] and references therein). Further if v := ‘S(’#, then v is
power bounded and as #,, = &,, the set %, is also a set of synthesis. It follows
that #, = &, if and only if F,, = E,, if and only if

Tim || % f — @™k flli =0, Vf e L'(G).
Moreover, we can write
Ty =& = Q&) = {1} &= lim [2()" - @)™ [ =0, vy €T.
It can be seen that if 4 € M(G) is a probability measure, then p is adapted

(resp. aperiodic) if and only if #, = {0} (resp. €, = {0}). In the sequel, the
sets #, and &, turn out to be very important (see [9], [10], [12], [16], [17]).
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Let © € M(G) be power bounded. The classical Foguel’s theorem [9]
asserts that lim,_, . ||u" * f|l; = 0 forall f € L'(G) with £(0) = 0 if and
only if €, C {0}. Granirer [10, Theorem 2] proved that lim,,_, o [|t" * f ||} =0
if and only if fvanishes on &,. In [16, Corollary 2.5], it was proved that if
il < 1 andif &, is a scattered compact (a locally compact Hausdorff space
is said to be scattered if it contains no non-empty perfect subset), then

lim [|u"  fli = dist(f, Ig,), Vf € L'(G).
n—o0

Let U = {U, : g € G} be a (strongly) continuous unitary representation of
G on a complex Hilbert space H. For any u € M(G), we can define a bounded
linear operator U, on H by

U,x =/ Ugy'xdu(g), xeH. (2.2)
G

The map p — U, is a contractive algebra x-homomorphism. Moreover, as
U;, = Uy, U, is anormal operator and U}, = U,,» foralln € N. It follows that
if u is power bounded, so is U, and therefore U, is a contraction (a normal
operator on a Hilbert space is power bounded if and only if it is a contraction).

By the general Stone’s theorem [1], there exists a spectral measure P on I'
such that

U, = / v(@)dP(y), VgeG. (2.3)
r

The spectral measure P obtained in Stone’s theorem will be called the spectral
measure for U. Taking into account (2.3) in (2.2), we have

U,x = / w(y)dP(y)x, xe€H. (2.4)
r

Let N be a normal contraction operator on H with spectral measure Q. It
is easy to check that

n—1

— E N'x - Q({1})x innorm, for every x € H.
n
i=0

Now, let u € M(G) and let Q be the spectral measure for U,,. Then,
Q(B) = P(1~(B)),

for each Borel subset B of complex plane, where P is the spectral measure for
U. It follows that if u is power bounded, then as

o({1h = P(u (1)) = P(F,),
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we have

n—1
1 4
— E ULx — P(%#,)x innorm, forevery x € H. (2.5)
n

i=0

Notice also that if %/, is a clopen subset of I', then there exists an idempotent
measure v € M (G) such that

-1
1 n ]
— E U;Lx — U,x in norm, for every x € H.
n

i=0

Indeed, since 1 %, is a continuous function on I' and

n—1

e~
=~ A > 1z, (Y eD),
i=0

by [19, Theorem 1.9.2], 15, = v for some v € M(G). Clearly, v is an
idempotent measure and by (2.4),

Uyx = / 1y, (y)dP(y)x = P(F,)x.
r

If © € M(G) is power bounded, then by the mean ergodic theorem,
H=ker(l -U,)® U -U,H, (2.6)

where P (&) is the orthogonal projection (often called mean ergodic projec-
tion) onto ker(/ — U,).
The following theorem improves [17, Proposition 3.1].

THEOREM 2.1. Let o € M(G) be power bounded and assume that ¥, = &,,.
Then, there exists a (not necessarily closed) linear subspace E of H with the
properties:

(i) H=ker(I —U,) ®E;
(ii) Z:io ||UZx|| < oo, forall x € E;

(iii) the sequence {Uj,x} convergesforeveryx € H, thatis, U,x — P(#,)x
strongly.

Given x € H, let 1, be the measure on I" defined by
A(B) = (P(B)x, x) = | P(B)x||?, (2.7)

where P is the spectral measure for U.
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LEMMA 2.2. Under the above notations, we have:
(a) suppAyiy SsuppA, Usuppay, Vx,y € H;
(b) supp Ay« < supp fNsupphy, Vf € L'(G), Vx € H;

(c) if S is a closed subset of I', then {x € H : suppAiy S S} is a closed
subspace of H.

PrOOF. (a) Let x,y € H and assume that y ¢ supp A, U suppA,. Then,
there is a neighborhood V of y such that

[P(V)x|I* =2:(V)=0 and [P(V)y|*=r,(V)=0.
Consequently, we have
IP(V)(x + )l < IP(V)x]l + [[P(V)y]| =0

and so A4, (V) = 0. This shows that y ¢ supp A,,,.

(b) Let f € L'(G), x € H, and assume that Y ¢ supp fﬂ supp A,. Then,
there is a neighborhood V of y such that either f(V) = {0} or A,(V) = 0. It
follows from the identity

Ay (V) = 1P(V)Upx|? :/ IFPdrc(y)
Vv

that in both cases Ay, (V) = 0. Hence, y ¢ supp Ay,-

(c) By (a), the set {x € H : supp A, € S} is linear. Let {x,} be a sequence
in H such that suppA,, < S for all n and x, — x. We must show that
suppA, C S. Assume that the Fourier transform of f € L!(G) vanishes
on S. It suffices to show that fvanishes on supp Ay. Since supp A, < S, the
function f vanishes on supp A,, for all n. It follows from the identity

[Upx||* = / IF)Pdr(y), YfeL'(G), Vx € H, (2.8)
I

that Usx, = O for all n. As x, — x, we have Uyx = 0. By (2.8), fvanishes
on supp Ay.

Now, we can prove Theorem 2.1.

PrOOF OF THEOREM 2.1. By (2.4),

Upx = /F 20 dP(y)x  (x € H),
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where P is the spectral measure for U. We put § := #, = &,. Givenx € H,
let A, be the measure on I" defined by (2.7) and

E :={x € H : supp A, is compact and supp i, N S = @}.
By Lemma 2.2, E is linear. If x € E, then as supp A, N S = @, we have

sup ()| =38 < 1.
Y ESupp Ay

It follows from the identity

U2 = / B drs () 2.9)
Supp Ay

that
10| < 82" ||x|I*>, foralln €N,

and so 0
n
> U]l < oo
n=0

It remains to show that U,x = x for all x € E*. Firstly, let us show that
suppr, C S for all x € E*. To see this, let x € E* and assume that the
Fourier transform of f € L!(G) vanishes on S. We must show that f vanishes
on supp A,. Since S is a set of synthesis, there exists a sequence { f,,} in LY(G)
such that supp f,, is compact, f, vanishes in a neighborhood O, of S, and
Il f» — flli = 0. Let an arbitrary y € H be given. By Lemma 2.2,

supp ka” y € supp ﬁ N supp Ay

and therefore supp Ay, y is compact. On the other hand, as supp ﬁ ns =4y,

we have
supp Ay,,y NS = 0.

Hence, Uy, y € E, so that (Ug,y, x) = 0 or (y, U}tﬂx) = 0 for all n and for all
y € H. Consequently, Uy x = 0. Since Uy, is a normal operator, Uy, x = 0.

It follows from (%8) that ﬁ vanishes on supp A, for all n. Since ﬁ — f
uniformly on I', f vanishes on supp A,. Now since supp A, < S, we have

IUx = x|* = / [A(y) = 117 dr(y) =0
N

and so U, x = x.
(iii) is an immediate consequence of (i), (ii), and (2.5).
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ExaMPLE 2.3. (a) There exists a power bounded measure u € M (G) with
norm > 1. To see this, let A, v be two probability measures on G such that
Axv=0and p := A+ v. Then, ||u]; = 2 and as u" = A" 4+ V", we have
|1 <2foralln € N.

(b) Let §,, be the Dirac measure concentrated at n € Z and let

_ ] 8 ! 8
=%
Then, ||x|l; = 1 and as (X)) = sin A we have %, = {% +2km ik € Z} and
& ={Z+kr :kez)}.
(c) If v € M(G) is power bounded and p := %Z:’:—ol vl (n > 1), then u is

power bounded and &, = &, (see the proof of Corollary 3.2 in [17]).

As a consequence of Theorem 2.1 and Example 2.3(c), we have the follow-
ing:

COROLLARY 2.4. Let v € M(G) be power bounded and p := 1 347 v,
where k > 1 is a fixed integer. Then, the sequence {U] x} converges strongly
forallx € H.

We will always denote by (€2, X, m) a o -finite positive measure space (the
Haar measure on G is o-finite if and only if G is o-compact). In the case when
2 is a locally compact Hausdorff space, m will denote a regular Borel measure
on Q. By L(£2) we will denote the space of all measurable simple functions
on €2 that vanish outside of a set of finite measure.

Recall that an action ©® of G in (2, X, m) is a family ©® = {0, : g € G} of
invertible measure preserving transformations of (€2, X, m) satisfying:

(1) 6 = id;
(2) Ogqs =046;, forall g, s € G;

(3) O is jointly measurable in the sense that the mapping G x Q — Q
defined by (g, w) — 0w is measurable with respect to the product
o-algebra X; x ¥ in G x Q.

If
lirr(1)||f00g—f||p=0 forany 1 < p <ocoand f € L?(Q2),
gA)

then the action @ is called continuous. For example, if G is o-compact and
LP(2) (1 < p < 00) is separable (this is the case if X is countably gen-
erated), then the assumption of joint measurability of @ implies that ® is
continuous (see [11] and references therein). We will assume the continuity of
© throughout in what follows.
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A continuous action @ induces a continuous representation T = {T, : g €
G} of Gon L?(2) (1 < p < o0) by invertible isometries defined by

(T @) = fy0) (0 € Q).
Consequently, for any u € M(G), we can define a bounded linear operator
T, on LP(£2) by
(T, /) (@) = f £6; ) duce). (2.10)
G

The map pu — T, is an algebra homomorphism and

IT.fllp < Npellill fllps VS € LP ().
It follows that if 1 is power bounded, then so is T;
sul(:)) ||TZ||], <Cy.

DEFINITION 2.5. Let 2 be a locally compact Hausdorff space. We say that
an action ® of G in (2, X, m) has the separation property if for any two
compact subsets K, K, of €2, there exists a compact subset K of G such that
0,KiNK,=¢forallg € G\ K.

Notice that the regular action in G has the separation property. Indeed,
if K|, K, are two compact subsets of G, then (g + K;) N K, = @ for all
g < G\(—K1 +K2).

PROPOSITION 2.6. Let Q2 be a locally compact Hausdorff space and let ©
be a continuous action of G in (2, X, m) with the separation property. Then,
the function

k(g) == f £, @)h(w) dm(w)
Q

isin Co(G) forevery f € LP(Q) (1 < p <oo)andh € L1(2) (1/p+1/q =
1).

ProoF. Clearly, k is a bounded continuous function. Let A, B be two sets
in ¥ with finite measure. If f = 14 and h = 1, then

/ f6; ' o)h(w) dm(w) = m(6,AN B).
Q

Firstly, let us show that the function g — m(f;A N B) is in Cy(G). Let
& > 0 be given. Since m is regular, there is a compact K; C A such that
m(A) —m(K;) < ¢/2 which implies

m(0;A) —m(0,Ky) <e¢/2, VgegG.
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Similarly, there is a compact K, C B such that m(B) — m(K;,) < ¢/2. Since
(B ANB)\ (B K1 NK>) S (0,A\0,K1) U (B\ K»),

we have

m(@,ANB) —m(0,Ki N Ky) <mByA) —m(0,Ky) +m(B) —m(K>) < e.

Since ® has the separation property, there exists a compact subset K of G
such that 6, K1 N K, =@ forall g € G \ K. So we have

m@,ANB) <&, VgeG\K.

This shows that the function g — m(6,A N B) is in Co(G). Consequently,
if f and A is in L(S2), then the corresponding function & is in Cy(G). Now,
let an arbitrary f € LP(2) and h € L9(S2) be given. Since m is o -finite,
there exist sequences { f,} and {h,} in L(€2) such that || f, — fI|, — 0 and
I, — hllg — 0. Since

f fa (Gg_la))hn (w)dm(w) — k(g) uniformly in G,
Q

we have that k € Cy(G).
The following result was proved in [17, Theorem 4.1].
THEOREM 2.7. If u € M(G) is power bounded, then the limit

n—1

V= w"lim — E u'
n—oo p 4 o
=

exists in the weak *-topology of M (G).

The measure v obtained in this theorem will be called limit measure asso-
ciated with .

ProrosITION 2.8. Let Q be a locally compact Hausdorff space and let ©
be a continuous action of G in (2, X, m) with the separation property. If
uw € M(G) is power bounded and 1 < p < 00, then

n—1

1 .

- E T, f — T.f in LP-norm, for every f € L"(S),
i=0

where v is the limit measure associated with (.
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ProOOFE. If f € L?(S2), then by the mean ergodic theorem,

1 n—1

ZTLf — k in L?-norm, for some k € L”(Q).
i=0

On the other hand, by Theorem 2.7,

n

n—1

v =w"lim — E w.
n—0o0 n i—0
i=

Ith e L1(2) (1/p+ 1/q = 1), then by Proposition 2.6, the function
g— f f6; ' o)h(w) dm(w)
Q

is in Cy(G). Consequently, we can write
1 n—1
(k,h) = nlggo<; z(;T#f, h>
1 n—1
— lim <— > / fO; ' )h(w) dm(a))>
n—oo\n ‘= Q

:<v, / [, o)h(w) dm(a))>
Q

= (T, f, h).
Sowehave k =T, f.
Next, we have the following:

THEOREM 2.9. Let © be a continuous action of G in (2, X, m) and let i €
M(G) be power bounded. If &, = %#,, then the sequence {T), f} converges
in LP-norm for every f € LP(R2) (1 < p < o0). Moreover, if © has the
separation property, then

T,f — T,f inLP-norm,

where v is the limit measure associated with .

Proor. If &, = #,, then by Theorem 2.1 the sequence {T/, f} converges

in L2-norm for every f € L?(S2). Hence, we may assume that p # 2. Let
f e L(2) begiven. If v € M(G),then T, f € L?(2) forall 1 < p < oco. By
the Riesz-Thorin convexity theorem [8, Chapter VI, §10], « — log ||T,, f| 1 is
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aconvex function on [0, 1]. Choose g suchthatg > pif p > 2and1 < g < p
ifl < p<?2Ifi:= 20720 then( < A < landé = 1;—A+% Consequently,

= pq-2p
we have . N
1Ty fll, = I fll, "I fll2, Vv € M(G).

Replacing v by u” —u"*! (n € N) and taking into account that sup,>o |l TZ l, <
C,., we can write

ITf =Tl < AT f =T g T, =T 1l
< QCullfllg) M ITf =T 5.
Since [T}, f — T/ fll2 — 0, it follows that
lim T, f =T fll, =0, Vf e L.

Also since L(2) is dense in L7 (£2), we get
lim T, =T fll, =0, ¥Vf € L"(@)

or -
Jim [T, fll, =0, Vfed-T)Lr(S).

On the other hand, by the mean ergodic theorem,
L? =ker(I = T,)® U —T,L".
It follows that the sequence {T}, f} convergesin L”-normforevery f € L”(£2).
If ® has the separation property, then by Proposition 2.8,
n—1

: n : 1 i
lim T f_nlggoggTﬂf_TVf.

n—oo H

In L?(), the representation T and the operator T, will be denoted by U
and U,,, respectively.

ProrosiTION 2.10. Let @ € M(G) be power bounded and assume that
Fu = &, Then, the limit lim, . o (U}, ) (w) exists a.e. for every f in a dense
subspace of L*(Q).

PrOOF. By Theorem 2.1, there exists a linear subspace E of L*(R2) such
that

[
LY@ =ker(I —U) ®E and Y |U.fl <00, Vf € E.
n=0
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Since ker(/ — U,) @ E is dense in L?(2), it suffices to show that
(U, f)(@w) > Oae. VfeE.

Indeed, if f € E then as

oo
D IULFI; < oo,

n=0

we have

Z/ |(U,rif)(60)|2dm(a)) < 00.
Q

n=0

By Beppo-Levi’s theorem, the series

> I @)

n=0
converges almost everywhere. It follows that (UZ fw) — 0ae.

As a consequence of Proposition 2.10 and Example 2.3(c), we have the
following:

COROLLARY 2.11. Let v € M(G) be power bounded and p := % Z;:é Vi,
where k is a fixed integer > 1. Then, the limit lim,_, o (U}, f) (w) exists a.e. for
every f in a dense subspace of L*(S2).

Let T be a linear operator which is simultaneously defined and bounded on
LY(Q) to itself and L>() to itself. Moreover, if

ITfI < If1h, VFe L), and [Tflleo < I flloos VS € LX(Q),

then T is called Dunford-Schwartz operator. By the Riesz-Thorin convex-
ity theorem, Dunford-Schwartz operator can be extended to a contraction on
LP(82) (1 < p < o0). Notice that if ||u|l; < 1, then the operator T, defined
by (2.10) is a Dunford-Schwartz operator. The Dunford-Schwartz theorem [8,
Chapter VIII, §6] states that if 7' is a Dunford-Schwartz operator, f € L?(2)
(1 < p <00),and

[ (@) := sup

n>1

’

1 n—1
= (TN
k=0

then there exists a constant C,, > 0 such that

15y < Cpll fllp,  Vf € LP(S). (2.11)



352 H. MUSTAFAYEV
It follows that the sequence {% ZZ;&(T" f) (a))} converges a.e. for every f €
LP ().
COROLLARY 2.12. Let © € M(G) be a symmetric measure with ||| < 1.
lyel:uy)=-1}=9,
then the limit lim,Hoo(UZ f)(w) exists a.e. for every f € L*(Q).

If

Proor. As we have noted above, U, is a Dunford-Schwartz operator. Since
U, is a self-adjoint contraction, by the maximal ergodic theorem of Stein [22],
there exists a constant C > 0 such that

||surl>|UZf|||2 <Clfla VfeLX Q).

It follows that

sup [(Ul, f)(w)| < coae. VfeLRQ).
n>1

Since the function y — 7i(y) is real valued, the condition {y € " : 1i(y) =
—1} = @ implies #,, = &,. By Proposition 2.10, the limit lim,,—, » (U}, f)(®)
exists a.e. for every f in a dense subspace of L*(2). By the Banach prin-
ciple [13, Chapter 1, Theorem 7.2], the limit lim,_, oo (U}, f) () exists a.e. for
every f € L*(RQ).

Let u € M(G) be power bounded and assume that
I1—a(y)| <CA—|w))), forsomeC > 0andforally €T.

Notice that this is a quantitative generalization of the condition #, = &,,. Next,
we will show that under this condition the limit lim,Hoo(UZ f)(w) exists a.e.
for every f € L*(RQ).

Let ® be a continuous action of G in (2, ¥, m) and let U be the induced
continuous unitary representation of G on L?(2). Recall that the Arveson
spectrum sp(U) of U [2] is defined as the hull in L' (G) of the ideal

Iy:={f € L"(G): Uy = 0}.
Itis easy to check that if U is a unitary operator on H, then o (U) is the Arveson
spectrum of the representation n — U" (n € Z).

PROPOSITION 2.13. Let o € M(G) be such that ||y < 1. If S := %, = &,

and P 1 —AQ)|
R A N 11¢2]

’

then the limit lim,,_, oo (U}, f)(w) exists a.e. for every f € L*(R).
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PrOOF. We basically follow the proof by Bellow-Jones-Rosenblatt [4]. For

f e L*(R2) we put
() = Surl) (T f)(w)],

where T' = U,,. Since T is a Dunford-Schwartz operator, by (2.11) there exists
a constant L > 0 such that

If* 2 < LIfll2,  Vf € LA(Q).

We refer to [4] for an argument showing the inequality
0 N\ 2
LF* 2 < 1Ll + (ZkH(T"“ - T")sz) :
k=0

If P is the spectral measure for U, then it follows from (2.8) that supp P =
sp(U). Since

-, =/ A dP(),
sp(U)

we can write

S k|t —Th s = / (ka(yn“)u — AP das(y)
=0 sp(U\S

k=0
)2 (|1—ﬁ<y)|)2
= — — di
/spm)\s A+ R \1=ro ) M
< K2IfI3,

where A/ is the measure on I' defined by (2.7). So we have

12 < (L + KD fl2
which implies

sup [(U), f)(w)| < coae. VfeLXRQ).
n>1

By Proposition 2.10, the limit limn_mo(UZ f)(w) exists a.e. for every f in
a dense subspace of L?(2). Now, it follows from the Banach principle [13,
Chapter 1, Theorem 7.2] that the limit lim,,_, (U}, f)(w) exists a.e. for every
f e L*(Q).

Below, we give an example of a measure which satisfies the hypotheses of
Proposition 2.13.
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If v € M(G) is power bounded, then |1 £V(y)| < 2forall y € I". Assume
that

R 2C -2
[1+v(y)| < c for some C > 1 and forall y € T.

do

+ then 11 is power bounded and #,, = &,. Since 2— |14+ (y)| >

- 2
IflL = ) C’

we have

L-Ap)I _[1-"52 -yl 2
T= 1R 1 - [BW] ~ 2= 1 +3()] ~ 2/C

Recall that a bounded linear operator 7 on a Banach space satisfies Ritt’s

condition if
sup A — 1[[[R.(T)] < oo.
Al>1

By the Nagy-Zemanek result [18], T satisfies Ritt’s condition if and only if T
is power bounded with

supn||T" — T < oo.
neN

ProOPOSITION 2.14. Assume that @ € M(G) is power bounded and S =
& =F,. If

T
K, = w <

yespns 1 — [(y)l
e lim »|U" —U""| < Ku
n—00 w w e )

ProoF. We can write

B =BG = 1B = 7))
< K (B = 1ZO)I™, ¥y € spU)\ S.

Since 0 < |u(y)| < 1 and

nn

max (x" —x"" = ——
xe[O,l]( ) (n + 1nt!

we have

n+1

nly)" — ﬁ(V)n+l| =< KMW,

Vy € sp(U) \ S.
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On the other hand, we know [15, p. 450] that

o(Uy,) = u(sp(L)).

Since U, is a normal operator, we get

n|U =UM  =n sup 2" —BO)"
yesp(U)\S

nn+1 1 n

<K =K .
B E ( TR L

It follows that K
T no_ gt <« 2K
Jm U = U <

Let My(G) be the set of all u € M (G) such that 1(co) = 0. Then, My(G)
is a closed ideal of M (G). Notice thatif u € My(G), then both &%, and &, are
compact. If G is compact and u € M (G), then both &, and &), are finite.

PROPOSITION 2.15. Let © € My(G) be power bounded and assume that
S = %, = &, If S is a clopen subset of I', then there exists a closed
subspace E of H with the properties:

(i) H=ker(Il —U,)®E;
(i) >0, U x|l < oo, forall x € E;
(iii)) E = (I —U,)H and consequently (I —U,)H is closed.
PrOOF. Let
E:={xe€ H:suppr, ST\ S}

where X, is the measure on I defined by (2.7). Since I' \ § is closed, by
Lemma 2.2, E is a closed subspace of H. Let x € E be given. Let us show
that Z;o:o ||UZx|| < 00. Since u € My(G), there is a compact subset K of '

such that .
sup{lu(¥)l:y e T\ K} =6 <1

which implies
sup{|l(y)| : y € suppr, NT\ K} < 4.
Also since |(y)| < 1 for all y € supp A,, we have
sup{[it(y)| 1 y € suppr, N K} =8, < 1.

Hence, .
sup{|u(y)| : y € supp Ay} < max{s;, &} =8 < 1.
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It follows from (2.9) that
IU%x | < 8"|lxl, foralln e N

and so 00
n
> U] < oo.
n=0

If x € E*, then as in the proof of Theorem 2.1, we can see that supp A, C S
and therefore,

U x — x|? = / [Z(y) = 1P drc(y) = 0.
N

To show (iii), let x € E and

Then as (I —U,)y = x, we have E C (I — U,)H. On the other hand, since
E is closed, by (2.6) we get

(I-U)H=EC(—UyH.

Notice that under the hypotheses of Proposition 2.15, the operator U, is
uniformly mean ergodic. Consequently by (2.5),

n—1
- Z U;L — P(%,) in operator norm.
i=0

We have the following two corollaries.

COROLLARY 2.16. Let u € My(G) be power bounded and assume that
S =%, =&, If S is a clopen subset of T', then the limit lim,_, (U}, f)(®)
exists a.e. for every f € L*(Q).

COROLLARY 2.17. Let G be a compact and let © € My(G) be power
bounded. If #,, = &,, then the limit lim,_, (U}, f)(w) exists a.e. for every

feL*(Q).
3. Banach space operators

In this section, we study strong and almost everywhere convergence of iterates
of convolution operators in Banach spaces.
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Let X be a complex Banach space. Recall that an operator T € B(X) is
called mean ergodic if the

n—1
lim — E Tix exists in norm for all x € X.
n—-oon =0

i=

It can be seen that the condition ||7"x||/n — 0 (Vx € X) is necessary for the
mean ergodicity of T (it is satisfied when T is power bounded). Now, assume
that 7' is power bounded. Then, T is mean ergodic if and only if we have the

decomposition
X=ker( -T)Ye I -T)X (3.1)

[13, Chapter 2, Theorem 1.2 ]. On the other hand, it is easy to check that
1 n—1 i
e
s

If X is reflexive, then T is mean ergodic [13, Chapter 2, Theorem 1.3].

Let T = {7, : g € G} be a bounded and (strongly) continuous representa-
tion of G on X (by passing to an equivalent norm T becomes representation
by invertible isometries). For each © € M (G), we can define a bounded linear
operator T, on X by

n—oo

(I—T)X:{xeX: lim

= 0}. (3.2)

T,x =/ Tg_lxd,u(g), x € X.
G

The map p > T, is a continuous algebra homomorphism. It follows that if u
is power bounded, then so is T;

sup I'T), I < Cpusup [ Tl
geG

n>0
Furthermore, it is easy to verify that
span{Tsx : f € L'(G), x € X} = X. (3.3)

ProPOSITION 3.1. Let G be a compact abelian group. If w € M(G) is power
bounded, then the operator T, is mean ergodic, that is,

1 n—1

- Z T, x — Tyx strongly for every x € X,
n

i=0

where v is the limit measure associated with .
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ProOF. By the mean ergodic theorem, it suffices to show that
1 n—1
- Z T, x — T,x weakly for every x € X.
i=0

Letx € X and ¢ € X*. Since
1 n—1
*_1' _ i —
Wl D =

we can write
1 n—1 1 n—1
<¢, - ZT;x> = <; > o go(T;lx>> — (v, (T, ' %)) = (9, Tyx).
i=0 i=0

This shows that 1 S T!x — T,x weakly.

LEMMA 3.2. Let u € M(G) be power bounded and assume that %, = &,.
Then, v := wW*-lim,_, o, " exists and v is the limit measure associated with

u.

PrOOF. Let v; be a w*-cluster point of the sequence {11"};

v = w-lim ',
1

where {14""}; is a subnet of {{"}. Using the identity

o~

(v, f) Zf?(y)f(y)d)/
r

which is valid for an arbitrary v € M(G) and f € L'(I"), we can write

o~

(v, f) = lim(p™, fi = lilmfrﬁ(y)""f()/)dy

=1im/ )" f(y)dy +lim w" f(y)dy
i Jg, i Jng,

= f fydy, VfeLlD),
"g/?ll'
If v, is another w*-cluster point of the sequence {u"}, similarly we have

(v, f) = / f)dy, VfelL'(D).
gﬁﬂ
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Hence,

Wi, )= (v, f), VfeL'(D).

Since {f: f e LY (I")} is dense in Co(G), we obtain v; = v,. This shows
that the sequence {w"} has only one w*-cluster point and therefore, v :=
w*-lim,,_, o, i"* exists. Further, we have

n—1

v =w"limu" = w*-lim — E u.
n—0o00 n—oo i
=

Next, we have the following:

ProrosITION 3.3. Let G be a compact abelian group and let uw € M(G)
be power bounded. If #, = &,, then T, x — T,x strongly for every x € X,
where v is the limit measure associated with L.

ProOF. By Lemma 3.2, v = w*-lim,_, o, n". If ¢ € X* and x € X, then
we can write

(@, Thx) = (1", o(T; ' %)) = (v, @(T, 'x)) = (@, Tyx).

This shows that T, x — T, x weakly. Let K be the norm closure of the absolute
convex hull of {T,x : g € G}. Since {T,x : g € G} is compact, so is K. On
the other hand, {(1/C M)TZx : n € N} is contained in K and therefore the
sequence {T),x} is relatively compact. This clearly implies that T)x — T,x
strongly.

Let A be a complex commutative Banach algebra and let ¥ 4 be its Gelfand
space equipped with the weak* topology. The Gelfand transform of a € A
will be denoted by a. Recall that the algebra A is said to be regular if given a
closed subset S of ¥4 and ¢ € X4\ S, there exists an element a € A such that
a(S) = {0}anda(¢p) # 0. Itis well known that if G is alocally compact abelian
group, then the measure algebra M (G) is a commutative semisimple Banach
algebra with identity, but M (G) fails to be regular, in general. However, there
exists a largest closed regular subalgebra of M (G) which we will denote by
M,s(G). Since the algebra L'(G) and the discrete measure algebra M, (G)
are regular subalgebras of M (G), we have L' (G) ® M,(G) < M,s(G), butin
general, L'(G) ® My(G) # M, (G) [15, Example 4.3.11]. This shows that
the algebra M, (G) is remarkably large.

The proof of the following lemma is based on the standard Banach algebra
techniques and therefore is omitted.
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LEMMA 3.4. Let A be a commutative, semisimple, and regular Banach al-
gebra and let {1, };.cn be a collection of the closed ideals of A. Then,

huu(ﬂ 1A> - U hull(IA)W*.

AEA reEA

We have the following:

THEOREM 3.5. Let T be a bounded and continuous representation of G on
a Banach space X and let . € Myes(G) be power bounded. If #,, = &, then
there exists a (not necessarily closed) linear subspace E of X such that:

(i) E=(I-To)Xand) >, IT,x|l < oo, forall x € E;
(i1) if T, is mean ergodic (or if X is reflexive), then X =ker(/ —T,) ® E;

(iii) if T, is mean ergodic (or if X is reflexive), then the sequence {TZx}
converges strongly for every x € X.

For the proof, we need some preliminary results.
Let T be a bounded and continuous representation of G on a Banach space
X. The Arveson spectrum sp(T) of T [2] is defined as the hull in L' (G) of the

ideal
It :={f eL'(G): Ty =0}.

It is easy to check that if 7 € B(X) is doubly power bounded, that is,

sup | 7" < oo,
neZ
then o (T) is the Arveson spectrum of the representation n — 7" (n € Z).
By [15, Proposition 4.12.12], every measure . € My, (G) has the spectral
mapping property, that is,

o (T,) = u(sp(T)).

For T € B(X) and x € X, we define p7(x) to be the set of all A €
C for which there exists a neighborhood U, of A with u(z) analytic on U,
having values in X such that (zI — T)u(z) = x for all z € U,. This set is
open and contains the resolvent set p(7T') of T. The local spectrum of T at
x € X, denoted by o7(x) is the complement of pr(x), so it is a compact
subset of o (7). This object is most tractable if the operator T has the single-
valued extension property (SVEP), i.e., for every open set U in C, the only
analytic function u: U — X for which the equation (z/ — T)u(z) = 0 holds
is the constant function u = 0. If T has SVEP, then o7 (x) # ¥, whenever
x € X \ {0} [15, Proposition 1.2.16]. For example, if u € M (G), then
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the operator T, is decomposable [15, Proposition 4.12.3] and therefore it has
SVEP [15, Chapter 1].
Given an operator 7 € B(X) and x € X, the quantity

rr(x) = Tim || 7" x|
is called the local spectral radius of T at x. If T has SVEP, then
rr(x) = sup{|A] : & € o7 (x)}

[15, Proposition 3.3.13]. The local Arveson spectrum spyp(x) of x € X [2] is
defined as the hull in L' (G) of the ideal

It(x) == {f € L'"(G) : Tyx = 0}.

Clearly, spy(x) C sp(T) forallx € X. Since It =) It(x), by Lemma3.4,

xeX

sp(T) = U spr(x) .

xeX

By [15, Proposition 4.12.12], every measure i € My, (G) has the local spec-
tral mapping property, that is,
or,(x) = 1(spr(x)), Vx € X.
LEMMA 3.6. Under the above notations we have:

(@) spr(x +y) S spr(x) Uspp(y), Vx,y € X;
(b) spr(Tyx) C supp f Nspr(x), Vf € L'(G), Vx € X;

(c) if S is a closed subset of ', then {x € X : spp(x) € S} is a closed
subspace of X.

PRrOOF. (a) Since It(x) N It(y) € Iv(x + y), by Lemma 3.4,

spr(x +y) = hull I(x + y) € hull[/x(x) N IT(y)]
= hull IT(x) U hull It(y) = spp(x) U spp(y).

(b) Clearly, IT(x) C IT(Tyx) vy\hich implies spy(Trx) C ipl(x). Itremains

to show that spy(Tyx) C supp f. If h € I, 7 then as hf = 0 we have

h* f =0andso T,T;x = 0. Hence, h € IT(Tyx). So we have
Lypp 7 < It(Tyrx)
which implies

spp(Trx) = hull IT(Trx) C hull(lSupp fA) = supp f
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(c) By (a), the set {x € X : spy(x) C S}is linear. Let {x,} be a sequence in
X such that spp(x,) € S forall n and x,, — x. We must show that spp(x) C S.
Since

() fr(xn) € Ix(),

n=1

by Lemma 3.4,

* *

w

spr(x) = hull Iy(x) € | Jhull Ix(x,) = Jspr(xa) S 5.

n=1 n=1

w

Now, we are in a position to prove Theorem 3.5.

PrOOF OF THEOREM 3.5. (i) Let § := %, = &, and
E = {x € X : spy(x) is compact and spp(x) NS = V)}

By Lemma 3.6, E is linear. As we have noted above, the operator T, has SVEP
and therefore,

Tim | Tyx[|* = sup(IA] : & € o1, (x)},  V¥x € X.
On the other hand, the local spectral mapping property holds, that is,
or, () = FGPr00).
Hence, we have
Tim | T)x||* = sup{|R(0)| : & € spr(x)}),  Vx € X.
Let x € E be given. Since spy(x) is compact and spp(x) N S = @, we have

sup{|[L(A)| : A € spr(x)} < 1.

Now, since .
lim ||TZx||Z <1,
n—0o0

there is 0 < & < 1 such that for sufficiently large n, || T, x|l < §". So we have

o0
Y ITx| < oo, VxeE.
n=0
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It remains to show that E = (I — T)X.If x € E, then as ||T’/1x|| — 0,

by 3.2), x € (I —T,)X and therefore E C (I —T,)X. For the reverse
inclusion, let ¢ € E+ be given. Since

[T-T)X] ={pe X :Tip =09,

it suffices to show that T), ¢ = ¢.

Assume that the Fourier transform of f € L'(G) vanishes on S. Sin/c\e S
is a set of synthesis, there is a sequence {f,} in L'(G) such that supp f, is
compact, f, vanishes in a neighborhood O, of S, and || f, — f|l1 — 0. Letan
arbitrary x € X be given. By Lemma 3.6,

spr(Ty,x) C supp f, N spp(x)

and therefore spy (T, x) is compact. On the other hand, as supp ﬁ nsS =4y,

we have
spr(Trx) NS = 0.

Hence, Ty, x € E for all n. Since T;,x — T;x in norm, Tyx € E and
therefore, .
(Tro, x) = (¢, Trx) = 0.

Thus, we have shown that if the Fourier transform of f € L'(G) vanishes
on S, then (T}¢,x) = O for all x € X. Further, since z = 1 on S, the
Fourier transform of (i1 — 8o) * f vanishes on S for all f € L'(G). Hence,
((TZ—I)T}(/), x) =0or ((T), =g, Trx) =O0forallx € X and f € LY(G).
By (3.3) we have T ¢ = ¢.

(i1) follows from (i) and (3.1).

(iii) is an immediate consequence of (i) and (ii).

Let us show that the condition “%#,, = &,” in Theorem 3.5 is the best pos-
sible, in general. To see this, let G be a compact abelian group, T be the regular
representation of G on L' (G), and let T,, f = w* f be the corresponding con-
volution operator. If u € M (G) is power bounded, then by Proposition 3.1, T,
is mean ergodic. Now, assume that the sequence {u" * f} converges strongly
for every f € L'(G). Then,

ggmw*f—m“*fm=a Vf e LY(G).

As we have seen above, this is the case if and only if #, = &,,.
Recall that a representation T = {7, : g € G} of G on a Banach space is
called uniformly continuous if

lim |7, — I|| = 0.
g—0
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A bounded representation T is uniformly continuous if and only if sp(T) is
compact [2, Theorem 2.13]. If T is bounded and uniformly continuous, then
the spectral mapping property o (T,) = f£(sp(T)) and the local spectral map-
ping property o, (x) = (spy(x)) hold for all u € M(G) and x € X [15,
Proposition 4.12.12].

The proof of the following theorem is similar to the proof of Theorem 3.5.

THEOREM 3.7. Let T be a bounded and uniformly continuous representation
of G on a Banach space X and let @ € M (G) be power bounded. If #,, = &,
then there exists a (not necessarily closed) linear subspace E of X with the
properties:

(i) E=U— T,)X and Zi’,io ||T',ix|| < oo, forall x € E;
(i1) if T, is mean ergodic (or if X is reflexive), then X = ker(I —T,) ® E;
(1) if Ty is mean ergodic (or if X is reflexive), then the sequence {T) x}
converges strongly for every x € X.

Given u € M(G), let T, be the corresponding operator defined by (2.10).

PROPOSITION 3.8. Let i € M,eq(G) be power bounded and assume that
Fu = &, Then, the limit lim,—, oo (T}, f)(w) exists a.e. for every f in a dense
subspace of L? () (1 < p < 00).

Proor. By Theorem 3.5, there exists a subspace E of L?(£2) such that
o0
LP(Q) =ker —T,)®E and » [|Tif|, <oo, VfekE.
n=0
Since ker(/ — T,) @ E is dense in L?(£2), it suffices to show that
(T, ) w) >0 aeVfekLE.
Indeed, if f € E then as
o
DT £1I < oo,
n=0

we have

> [ 10 e ame) < o
n=0 Q@

By Beppo-Levi’s theorem, the series

> T f) )]

n=0
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converges almost everywhere. It follows that (TZ fw) — 0ae.

As a consequence of Proposition 3.8 and Example 2.3(c), we have the
following:

COROLLARY 3.9. Let v € M,;(G) be power bounded and . := % Zf:(; i,

where k is a fixed integer > 1. Then, the limit limn_mo(TZ f)(w) exists a.e. for
every f in a dense subspace of L?(2) (1 < p < 00).

CoRrROLLARY 3.10. Let i € Mg (G) be a symmetric measure with || ]|; < 1.
If{y €T :1u(y) = —1} = @, then the limit limnﬁoo(Tl”Lf)(a)) exists a.e. for
every [ € LP(2) (1 < p < 00).

ProoF. Since T, is a self-adjoint contraction on L?(2), by the maximal
ergodic theorem of Stein [22], there exists a constant C;, > 0 such that

[ SUITITZfIIIp <Gl fllp, V[ eLP(Q).

It follows that

sup (T, f)(@)] < oo ae. Vf e LP(Q).

n>1

On the other hand, the condition {y € I : fi(y) = —1} = @implies ¥, = &,,.
By Proposition 3.8, the limit lim,, _, o0 (T}, /) (w) existsa.e. forevery f inadense
subspace of L?(€2). By the Banach principle [13, Chapter 1, Theorem 7.2],
the limit limn_mO(T’l; f)(w) exists a.e. for every f € L7 ().
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