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ON THE CONVERGENCE OF ITERATES OF
CONVOLUTION OPERATORS IN

BANACH SPACES

HEYBETKULU MUSTAFAYEV

Abstract
Let G be a locally compact abelian group and let M(G) be the measure algebra of G. A measure
μ ∈ M(G) is said to be power bounded if supn≥0 ‖μn‖1 < ∞. Let T = {Tg : g ∈ G} be a
bounded and continuous representation of G on a Banach space X. For any μ ∈ M(G), there
is a bounded linear operator on X associated with μ, denoted by Tμ, which integrates Tg with
respect to μ. In this paper, we study norm and almost everywhere behavior of the sequences {Tn

μx}
(x ∈ X) in the case when μ is power bounded. Some related problems are also discussed.

1. Introduction

For a complex Banach space X, we denote by B(X) the algebra of all bounded
linear operators on X. Let G be a locally compact group and let T = {Tg : g ∈
G} be a bounded and continuous representation of G on X. For an arbitrary
finite regular Borel measure μ on G, we can define an operator Tμ in B(X)

associated with μ, which integrates Tg with respect to μ. In case of probability
measure μ, the papers [3], [4], [5], [6], [7], [11] studied the norm and almost
everywhere behavior of iterates of Tμ. Recall that μ is said to be adapted if
supp μ generates a dense subgroup of G and strictly aperiodic if supp μ is
not contained in a proper closed left coset of G. Assume that X is uniformly
convex and μ is an adapted, strictly aperiodic probability measure such that for
some n ∈ N, μn is not singular with respect to the Haar measure on G. In [7],
it was proved that under the above conditions the sequence {Tn

μx} converges
strongly for every x ∈ X. In [11], norm and almost everywhere convergence of
the iterates of Tμ in Lp(�, �, m) spaces was studied, where T is a continuous
action of G in the positive measure space (�, �, m). For related results see
also [9], [10], [16], [17], [21], [22].

In this paper, we study norm and almost everywhere convergence of the se-
quences {Tn

μx} in Banach spaces. We treat the case that G is a locally compact
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abelian group and μ is an arbitrary power bounded measure on G. For loc-
ally compact abelian groups the most comprehensive work on power bounded
measures is due to Schreiber [20].

Throughout this paper, G will denote a locally compact abelian group
with the Haar measure and with the dual group �. As usual, L1(G) and
M(G) will denote the group algebra and the convolution measure algebra
of G, respectively. As is well known, equipped with the involution˜given by
μ̃(B) = μ(−B), the algebra M(G) becomes a Banach ∗-algebra. A measure
μ ∈ M(G) is said to be symmetric if μ = μ̃. For n ∈ N ∪ {0}, by μn we
will denote n-th convolution power of μ ∈ M(G), where μ0 := δ0 is the
Dirac measure concentrated at {0}. By f̂ and μ̂ we denote the Fourier and
the Fourier-Stieltjes transforms of f ∈ L1(G) and μ ∈ M(G), respectively.
C0(G) will denote the space of all complex valued continuous functions on G

vanishing at infinity.
Recall that an element a of a unital Banach algebra is said to be power

bounded if supn≥0 ‖an‖ < ∞. For μ ∈ M(G), we put

Cμ = sup
n≥0

‖μn‖1,

where ‖·‖1 is the total variation norm. If S is any set, the characteristic function
of S will be denoted by 1S . As usual, σ(T ) and Rλ(T ) (λ /∈ σ(T )) will denote
the spectrum and the resolvent of T ∈ B(X).

2. Hilbert space operators

In this section, we study strong and almost everywhere convergence of iterates
of convolution operators in Hilbert spaces.

Notice that for any μ ∈ M(G),

Fμ := (δ0 − μ) ∗ L1(G)

is a closed ideal of L1(G) associated with μ and hull(Fμ) = Fμ, where

Fμ = {γ ∈ � : μ̂(γ ) = 1}.
Assume that μ ∈ M(G) is power bounded. Then clearly, |μ̂(γ )| ≤ 1 for all
γ ∈ �. Moreover, it is easy to check that

Fμ =
{
f ∈ L1(G) : lim

n→∞

∥∥∥∥1

n

n−1∑
i=0

μi ∗ f

∥∥∥∥
1

= 0

}
. (2.1)

Notice also that

Eμ := {
f ∈ L1(G) : l.i.m.

n
‖μn ∗ f ‖1 = 0

}
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is another closed ideal of L1(G) associated with μ, where l.i.m. is a fixed
Banach limit. We claim that l.i.m.n ‖μn∗f ‖1 = 0 implies limn→∞ ‖μn∗f ‖1 =
0. Indeed, if l.i.m.n ‖μn ∗ f ‖1 = 0, then as limn→∞‖μn ∗ f ‖1 = 0, we have
‖μnk ∗ f ‖1 → 0 (k → ∞), for some subsequence {nk}. It follows from the
relations

‖μn ∗ f ‖1 ≤ ‖μn−nk‖1‖μnk ∗ f ‖1 ≤ Cμ‖μnk ∗ f ‖1

that ‖μn ∗ f ‖1 → 0. This shows that Eμ does not depend on the choice of the
Banach limit and therefore,

Eμ = {
f ∈ L1(G) : lim

n→∞ ‖μn ∗ f ‖1 = 0
}
.

By (2.1) we have Eμ ⊆ Fμ. Moreover, hull(Eμ) = Eμ ([12, Theorem 2.6]
and [16, Proposition 2.1]), where

Eμ = {γ ∈ � : |μ̂(γ )| = 1}.
As usual, to any closed subset S of �, the following two closed ideals of

L1(G) are associated:

IS := {f ∈ L1(G) : f̂ (S) = {0}}
and JS := J 0

S , where

J 0
S = {f ∈ L1(G) : supp f̂ is compact and supp f̂ ∩ S = ∅}.

The ideals JS and IS are respectively, the smallest and the largest closed ideals
in L1(G) with hull S. When these two ideals coincide, the set S is said to be a
set of synthesis (for instance, see [14, §8.3]).

We know that if μ ∈ M(G) is power bounded, then Eμ is a set of synthesis
(for instance, see [10] and references therein). Further if ν := δ0+μ

2 , then ν is
power bounded and as Fμ = Eν , the set Fμ is also a set of synthesis. It follows
that Fμ = Eμ if and only if Fμ = Eμ if and only if

lim
n→∞ ‖μn ∗ f − μn+1 ∗ f ‖1 = 0, ∀f ∈ L1(G).

Moreover, we can write

Fμ = Eμ ⇐⇒ μ̂(Eμ) = {1} ⇐⇒ lim
n→∞

∣∣μ̂(γ )n − μ̂(γ )n+1
∣∣ = 0, ∀γ ∈ �.

It can be seen that if μ ∈ M(G) is a probability measure, then μ is adapted
(resp. aperiodic) if and only if Fμ = {0} (resp. Eμ = {0}). In the sequel, the
sets Fμ and Eμ turn out to be very important (see [9], [10], [12], [16], [17]).
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Let μ ∈ M(G) be power bounded. The classical Foguel’s theorem [9]
asserts that limn→∞ ‖μn ∗ f ‖1 = 0 for all f ∈ L1(G) with f̂ (0) = 0 if and
only if Eμ ⊆ {0}. Granirer [10, Theorem 2] proved that limn→∞ ‖μn∗f ‖1 = 0
if and only if f̂ vanishes on Eμ. In [16, Corollary 2.5], it was proved that if
‖μ‖1 ≤ 1 and if Eμ is a scattered compact (a locally compact Hausdorff space
is said to be scattered if it contains no non-empty perfect subset), then

lim
n→∞ ‖μn ∗ f ‖1 = dist(f, IEμ

), ∀f ∈ L1(G).

Let U = {Ug : g ∈ G} be a (strongly) continuous unitary representation of
G on a complex Hilbert space H . For any μ ∈ M(G), we can define a bounded
linear operator Uμ on H by

Uμx =
∫

G

U−1
g x dμ(g), x ∈ H. (2.2)

The map μ �→ Uμ is a contractive algebra ∗-homomorphism. Moreover, as
U∗

μ = Uμ̃, Uμ is a normal operator and Un
μ = Uμn for all n ∈ N. It follows that

if μ is power bounded, so is Uμ and therefore Uμ is a contraction (a normal
operator on a Hilbert space is power bounded if and only if it is a contraction).

By the general Stone’s theorem [1], there exists a spectral measure P on �

such that
Ug =

∫
�

γ (g) dP (γ ), ∀g ∈ G. (2.3)

The spectral measure P obtained in Stone’s theorem will be called the spectral
measure for U. Taking into account (2.3) in (2.2), we have

Uμx =
∫

�

μ̂(γ ) dP (γ )x, x ∈ H. (2.4)

Let N be a normal contraction operator on H with spectral measure Q. It
is easy to check that

1

n

n−1∑
i=0

Nix → Q({1})x in norm, for every x ∈ H.

Now, let μ ∈ M(G) and let Q be the spectral measure for Uμ. Then,

Q(B) = P(μ̂−1(B)),

for each Borel subset B of complex plane, where P is the spectral measure for
U. It follows that if μ is power bounded, then as

Q({1}) = P(μ̂−1(1)) = P(Fμ),
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we have

1

n

n−1∑
i=0

Ui
μx → P(Fμ)x in norm, for every x ∈ H. (2.5)

Notice also that if Fμ is a clopen subset of �, then there exists an idempotent
measure ν ∈ M(G) such that

1

n

n−1∑
i=0

Ui
μx → Uνx in norm, for every x ∈ H.

Indeed, since 1Fμ
is a continuous function on � and

1

n

n−1∑
i=0

μ̂(γ )i → 1Fμ
(γ ) (∀γ ∈ �),

by [19, Theorem 1.9.2], 1Fμ
= ν̂ for some ν ∈ M(G). Clearly, ν is an

idempotent measure and by (2.4),

Uνx =
∫

�

1Fμ
(γ ) dP (γ )x = P(Fμ)x.

If μ ∈ M(G) is power bounded, then by the mean ergodic theorem,

H = ker(I − Uμ) ⊕ (I − Uμ)H, (2.6)

where P(Fμ) is the orthogonal projection (often called mean ergodic projec-
tion) onto ker(I − Uμ).

The following theorem improves [17, Proposition 3.1].

Theorem 2.1. Let μ ∈ M(G) be power bounded and assume that Fμ = Eμ.
Then, there exists a (not necessarily closed) linear subspace E of H with the
properties:

(i) H = ker(I − Uμ) ⊕ E;

(ii)
∑∞

n=0 ‖Un
μx‖ < ∞, for all x ∈ E;

(iii) the sequence {Un
μx} converges for every x ∈ H , that is, Un

μx → P(Fμ)x

strongly.

Given x ∈ H , let λx be the measure on � defined by

λx(B) = 〈P(B)x, x〉 = ‖P(B)x‖2, (2.7)

where P is the spectral measure for U.
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Lemma 2.2. Under the above notations, we have:

(a) supp λx+y ⊆ supp λx ∪ supp λy , ∀x, y ∈ H ;

(b) supp λUf x ⊆ supp f̂ ∩ supp λx , ∀f ∈ L1(G), ∀x ∈ H ;

(c) if S is a closed subset of �, then {x ∈ H : supp λx ⊆ S} is a closed
subspace of H .

Proof. (a) Let x, y ∈ H and assume that γ /∈ supp λx ∪ supp λy . Then,
there is a neighborhood V of γ such that

‖P(V )x‖2 = λx(V ) = 0 and ‖P(V )y‖2 = λy(V ) = 0.

Consequently, we have

‖P(V )(x + y)‖ ≤ ‖P(V )x‖ + ‖P(V )y‖ = 0

and so λx+y(V ) = 0. This shows that γ /∈ supp λx+y .
(b) Let f ∈ L1(G), x ∈ H , and assume that γ /∈ supp f̂ ∩ supp λx . Then,

there is a neighborhood V of γ such that either f̂ (V ) = {0} or λx(V ) = 0. It
follows from the identity

λUf x(V ) = ‖P(V )Uf x‖2 =
∫

V

|f̂ (γ )|2 dλx(γ )

that in both cases λUf x(V ) = 0. Hence, γ /∈ supp λUf x .
(c) By (a), the set {x ∈ H : supp λx ⊆ S} is linear. Let {xn} be a sequence

in H such that supp λxn
⊆ S for all n and xn → x. We must show that

supp λx ⊆ S. Assume that the Fourier transform of f ∈ L1(G) vanishes
on S. It suffices to show that f̂ vanishes on supp λx . Since supp λxn

⊆ S, the
function f̂ vanishes on supp λxn

for all n. It follows from the identity

‖Uf x‖2 =
∫

�

|f̂ (γ )|2 dλx(γ ), ∀f ∈ L1(G), ∀x ∈ H, (2.8)

that Uf xn = 0 for all n. As xn → x, we have Uf x = 0. By (2.8), f̂ vanishes
on supp λx .

Now, we can prove Theorem 2.1.

Proof of Theorem 2.1. By (2.4),

Uμx =
∫

�

μ̂(γ ) dP (γ )x (x ∈ H),
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where P is the spectral measure for U. We put S := Fμ = Eμ. Given x ∈ H ,
let λx be the measure on � defined by (2.7) and

E := {x ∈ H : supp λx is compact and supp λx ∩ S = ∅}.
By Lemma 2.2, E is linear. If x ∈ E, then as supp λx ∩ S = ∅, we have

sup
γ∈supp λx

|μ̂(γ )| := δ < 1.

It follows from the identity

‖Un
μx‖2 =

∫
supp λx

|μ̂(γ )|2n dλx(γ ) (2.9)

that ‖Un
μx‖2 ≤ δ2n‖x‖2, for all n ∈ N,

and so ∞∑
n=0

‖Un
μx‖ < ∞.

It remains to show that Uμx = x for all x ∈ E⊥. Firstly, let us show that
supp λx ⊆ S for all x ∈ E⊥. To see this, let x ∈ E⊥ and assume that the
Fourier transform of f ∈ L1(G) vanishes on S. We must show that f̂ vanishes
on supp λx . Since S is a set of synthesis, there exists a sequence {fn} in L1(G)

such that supp f̂n is compact, f̂n vanishes in a neighborhood On of S, and
‖fn − f ‖1 → 0. Let an arbitrary y ∈ H be given. By Lemma 2.2,

supp λUfn y ⊆ supp f̂n ∩ supp λy

and therefore supp λUfn y is compact. On the other hand, as supp f̂n ∩ S = ∅,
we have

supp λUfn y ∩ S = ∅.

Hence, Ufn
y ∈ E, so that 〈Ufn

y, x〉 = 0 or 〈y, U∗
fn

x〉 = 0 for all n and for all
y ∈ H . Consequently, U∗

fn
x = 0. Since Ufn

is a normal operator, Ufn
x = 0.

It follows from (2.8) that f̂n vanishes on supp λx for all n. Since f̂n → f̂

uniformly on �, f̂ vanishes on supp λx . Now since supp λx ⊆ S, we have

‖Uμx − x‖2 =
∫

S

|μ̂(γ ) − 1|2 dλx(γ ) = 0

and so Uμx = x.
(iii) is an immediate consequence of (i), (ii), and (2.5).
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Example 2.3. (a) There exists a power bounded measure μ ∈ M(G) with
norm > 1. To see this, let λ, ν be two probability measures on G such that
λ ∗ ν = 0 and μ := λ + ν. Then, ‖μ‖1 = 2 and as μn = λn + νn, we have
‖μn‖1 ≤ 2 for all n ∈ N.

(b) Let δn be the Dirac measure concentrated at n ∈ Z and let

μ = 1

2i
δ−1 − 1

2i
δ1.

Then, ‖μ‖1 = 1 and as μ̂(λ) = sin λ we have Fμ = {
π
2 + 2kπ : k ∈ Z} and

Eμ = {
π
2 + kπ : k ∈ Z}.

(c) If ν ∈ M(G) is power bounded and μ := 1
n

∑n−1
i=0 νi (n > 1), then μ is

power bounded and Fμ = Eμ (see the proof of Corollary 3.2 in [17]).

As a consequence of Theorem 2.1 and Example 2.3(c), we have the follow-
ing:

Corollary 2.4. Let ν ∈ M(G) be power bounded and μ := 1
k

∑k−1
i=0 νi ,

where k > 1 is a fixed integer. Then, the sequence {Un
μx} converges strongly

for all x ∈ H .

We will always denote by (�, �, m) a σ -finite positive measure space (the
Haar measure on G is σ -finite if and only if G is σ -compact). In the case when
� is a locally compact Hausdorff space, m will denote a regular Borel measure
on �. By L(�) we will denote the space of all measurable simple functions
on � that vanish outside of a set of finite measure.

Recall that an action � of G in (�, �, m) is a family � = {θg : g ∈ G} of
invertible measure preserving transformations of (�, �, m) satisfying:

(1) θ0 = id;

(2) θg+s = θgθs , for all g, s ∈ G;

(3) � is jointly measurable in the sense that the mapping G × � → �

defined by (g, ω) → θgω is measurable with respect to the product
σ -algebra �G × � in G × �.

If
lim
g→0

‖f ◦ θg − f ‖p = 0 for any 1 < p < ∞ and f ∈ Lp(�),

then the action � is called continuous. For example, if G is σ -compact and
Lp(�) (1 < p < ∞) is separable (this is the case if � is countably gen-
erated), then the assumption of joint measurability of � implies that � is
continuous (see [11] and references therein). We will assume the continuity of
� throughout in what follows.
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A continuous action � induces a continuous representation T = {Tg : g ∈
G} of G on Lp(�) (1 < p < ∞) by invertible isometries defined by

(Tgf )(ω) = f (θgω) (ω ∈ �).

Consequently, for any μ ∈ M(G), we can define a bounded linear operator
Tμ on Lp(�) by

(Tμf )(ω) =
∫

G

f (θ−1
g ω) dμ(g). (2.10)

The map μ �→ Tμ is an algebra homomorphism and

‖Tμf ‖p ≤ ‖μ‖1‖f ‖p, ∀f ∈ Lp(�).

It follows that if μ is power bounded, then so is Tμ;

sup
n≥0

‖Tn
μ‖p ≤ Cμ.

Definition 2.5. Let � be a locally compact Hausdorff space. We say that
an action � of G in (�, �, m) has the separation property if for any two
compact subsets K1, K2 of �, there exists a compact subset K of G such that
θgK1 ∩ K2 = ∅ for all g ∈ G \ K .

Notice that the regular action in G has the separation property. Indeed,
if K1, K2 are two compact subsets of G, then (g + K1) ∩ K2 = ∅ for all
g ∈ G \ (−K1 + K2).

Proposition 2.6. Let � be a locally compact Hausdorff space and let �

be a continuous action of G in (�, �, m) with the separation property. Then,
the function

k(g) :=
∫

�

f (θ−1
g ω)h(ω) dm(ω)

is in C0(G) for every f ∈ Lp(�) (1 < p < ∞) and h ∈ Lq(�) (1/p+1/q =
1).

Proof. Clearly, k is a bounded continuous function. Let A, B be two sets
in � with finite measure. If f = 1A and h = 1B , then∫

�

f (θ−1
g ω)h(ω) dm(ω) = m(θgA ∩ B).

Firstly, let us show that the function g → m(θgA ∩ B) is in C0(G). Let
ε > 0 be given. Since m is regular, there is a compact K1 ⊂ A such that
m(A) − m(K1) < ε/2 which implies

m(θgA) − m(θgK1) < ε/2, ∀g ∈ G.
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Similarly, there is a compact K2 ⊂ B such that m(B) − m(K2) < ε/2. Since

(θgA ∩ B) \ (θgK1 ∩ K2) ⊆ (θgA \ θgK1) ∪ (B \ K2),

we have

m(θgA ∩ B) − m(θgK1 ∩ K2) ≤ m(θgA) − m(θgK1) + m(B) − m(K2) < ε.

Since � has the separation property, there exists a compact subset K of G

such that θgK1 ∩ K2 = ∅ for all g ∈ G \ K . So we have

m(θgA ∩ B) < ε, ∀g ∈ G \ K.

This shows that the function g → m(θgA ∩ B) is in C0(G). Consequently,
if f and h is in L(�), then the corresponding function k is in C0(G). Now,
let an arbitrary f ∈ Lp(�) and h ∈ Lq(�) be given. Since m is σ -finite,
there exist sequences {fn} and {hn} in L(�) such that ‖fn − f ‖p → 0 and
‖hn − h‖q → 0. Since∫

�

fn(θ
−1
g ω)hn(ω) dm(ω) → k(g) uniformly in G,

we have that k ∈ C0(G).

The following result was proved in [17, Theorem 4.1].

Theorem 2.7. If μ ∈ M(G) is power bounded, then the limit

ν := w∗-lim
n→∞

1

n

n−1∑
i=0

μi

exists in the weak ∗-topology of M(G).

The measure ν obtained in this theorem will be called limit measure asso-
ciated with μ.

Proposition 2.8. Let � be a locally compact Hausdorff space and let �

be a continuous action of G in (�, �, m) with the separation property. If
μ ∈ M(G) is power bounded and 1 < p < ∞, then

1

n

n−1∑
i=0

Ti
μf → Tνf in Lp-norm, for every f ∈ Lp(�),

where ν is the limit measure associated with μ.
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Proof. If f ∈ Lp(�), then by the mean ergodic theorem,

1

n

n−1∑
i=0

Ti
μf → k in Lp-norm, for some k ∈ Lp(�).

On the other hand, by Theorem 2.7,

ν = w∗-lim
n→∞

1

n

n−1∑
i=0

μi.

If h ∈ Lq(�) (1/p + 1/q = 1), then by Proposition 2.6, the function

g →
∫

�

f (θ−1
g ω)h(ω) dm(ω)

is in C0(G). Consequently, we can write

〈k, h〉 = lim
n→∞

〈
1

n

n−1∑
i=0

Ti
μf, h

〉

= lim
n→∞

〈
1

n

n−1∑
i=0

μi,

∫
�

f (θ−1
g ω)h(ω) dm(ω)

〉

=
〈
ν,

∫
�

f (θ−1
g ω)h(ω) dm(ω)

〉

= 〈Tνf, h〉.
So we have k = Tνf .

Next, we have the following:

Theorem 2.9. Let � be a continuous action of G in (�, �, m) and let μ ∈
M(G) be power bounded. If Eμ = Fμ, then the sequence {Tn

μf } converges
in Lp-norm for every f ∈ Lp(�) (1 < p < ∞). Moreover, if � has the
separation property, then

Tn
μf → Tνf in Lp-norm,

where ν is the limit measure associated with μ.

Proof. If Eμ = Fμ, then by Theorem 2.1 the sequence {Tn
μf } converges

in L2-norm for every f ∈ L2(�). Hence, we may assume that p �= 2. Let
f ∈ L(�) be given. If ν ∈ M(G), then Tνf ∈ Lp(�) for all 1 ≤ p ≤ ∞. By
the Riesz-Thorin convexity theorem [8, Chapter VI, §10], α → log ‖Tνf ‖ 1

α
is
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a convex function on [0, 1]. Choose q such that q > p if p > 2 and 1 < q < p

if 1 < p < 2. If λ := 2q−2p

pq−2p
, then 0 < λ < 1 and 1

p
= 1−λ

q
+ λ

2 . Consequently,
we have ‖Tνf ‖p ≤ ‖Tνf ‖1−λ

q ‖Tνf ‖λ
2, ∀ν ∈ M(G).

Replacing ν byμn−μn+1 (n ∈ N) and taking into account that supn≥0 ‖Tn
μ‖p ≤

Cμ, we can write

‖Tn
μf − Tn+1

μ f ‖p ≤ ‖Tn
μf − Tn+1

μ f ‖1−λ
q ‖Tn

μf − Tn+1
μ f ‖λ

2

≤ (2Cμ‖f ‖q)
1−λ‖Tn

μf − Tn+1
μ f ‖λ

2 .

Since ‖Tn
μf − Tn+1

μ f ‖2 → 0, it follows that

lim
n→∞ ‖Tn

μf − Tn+1
μ f ‖p = 0, ∀f ∈ L(�).

Also since L(�) is dense in Lp(�), we get

lim
n→∞ ‖Tn

μ(I − Tμ)f ‖p = 0, ∀f ∈ Lp(�)

or
lim

n→∞ ‖Tn
μf ‖p = 0, ∀f ∈ (I − Tμ)Lp(�).

On the other hand, by the mean ergodic theorem,

Lp = ker(I − Tμ) ⊕ (I − Tμ)Lp.

It follows that the sequence {Tn
μf } converges in Lp-norm for every f ∈ Lp(�).

If � has the separation property, then by Proposition 2.8,

lim
n→∞ Tn

μf = lim
n→∞

1

n

n−1∑
i=0

Ti
μf = Tνf.

In L2(�), the representation T and the operator Tμ will be denoted by U
and Uμ, respectively.

Proposition 2.10. Let μ ∈ M(G) be power bounded and assume that
Fμ = Eμ. Then, the limit limn→∞(Un

μf )(ω) exists a.e. for every f in a dense
subspace of L2(�).

Proof. By Theorem 2.1, there exists a linear subspace E of L2(�) such
that

L2(�) = ker(I − Uμ) ⊕ E and
∞∑

n=0

‖Un
μf ‖2 < ∞, ∀f ∈ E.
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Since ker(I − Uμ) ⊕ E is dense in L2(�), it suffices to show that

(Un
μf )(ω) → 0 a.e. ∀f ∈ E.

Indeed, if f ∈ E then as

∞∑
n=0

‖Un
μf ‖2

2 < ∞,

we have ∞∑
n=0

∫
�

|(Un
μf )(ω)|2 dm(ω) < ∞.

By Beppo-Levi’s theorem, the series

∞∑
n=0

|(Un
μf )(ω)|2

converges almost everywhere. It follows that (Un
μf )(ω) → 0 a.e.

As a consequence of Proposition 2.10 and Example 2.3(c), we have the
following:

Corollary 2.11. Let ν ∈ M(G) be power bounded and μ := 1
k

∑k−1
i=0 νi ,

where k is a fixed integer > 1. Then, the limit limn→∞(Un
μf )(ω) exists a.e. for

every f in a dense subspace of L2(�).

Let T be a linear operator which is simultaneously defined and bounded on
L1(�) to itself and L∞(�) to itself. Moreover, if

‖Tf ‖1 ≤ ‖f ‖1, ∀f ∈ L1(�), and ‖Tf ‖∞ ≤ ‖f ‖∞, ∀f ∈ L∞(�),

then T is called Dunford-Schwartz operator. By the Riesz-Thorin convex-
ity theorem, Dunford-Schwartz operator can be extended to a contraction on
Lp(�) (1 < p < ∞). Notice that if ‖μ‖1 ≤ 1, then the operator Tμ defined
by (2.10) is a Dunford-Schwartz operator. The Dunford-Schwartz theorem [8,
Chapter VIII, §6] states that if T is a Dunford-Schwartz operator, f ∈ Lp(�)

(1 < p < ∞), and

f ∗(ω) := sup
n>1

∣∣∣∣1

n

n−1∑
k=0

(T kf )(ω)

∣∣∣∣,
then there exists a constant Cp > 0 such that

‖f ∗‖p ≤ Cp‖f ‖p, ∀f ∈ Lp(�). (2.11)
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It follows that the sequence
{

1
n

∑n−1
k=0(T

kf )(ω)
}

converges a.e. for every f ∈
Lp(�).

Corollary 2.12. Let μ ∈ M(G) be a symmetric measure with ‖μ‖1 ≤ 1.
If {γ ∈ � : μ̂(γ ) = −1} = ∅,

then the limit limn→∞(Un
μf )(ω) exists a.e. for every f ∈ L2(�).

Proof. As we have noted above, Uμ is a Dunford-Schwartz operator. Since
Uμ is a self-adjoint contraction, by the maximal ergodic theorem of Stein [22],
there exists a constant C > 0 such that∥∥sup

n≥1
|Un

μf |∥∥2 ≤ C‖f ‖2, ∀f ∈ L2(�).

It follows that

sup
n≥1

|(Un
μf )(ω)| < ∞ a.e. ∀f ∈ L2(�).

Since the function γ → μ̂(γ ) is real valued, the condition {γ ∈ � : μ̂(γ ) =
−1} = ∅ implies Fμ = Eμ. By Proposition 2.10, the limit limn→∞(Un

μf )(ω)

exists a.e. for every f in a dense subspace of L2(�). By the Banach prin-
ciple [13, Chapter 1, Theorem 7.2], the limit limn→∞(Un

μf )(ω) exists a.e. for
every f ∈ L2(�).

Let μ ∈ M(G) be power bounded and assume that

|1 − μ̂(γ )| ≤ C(1 − |μ̂(γ )|), for some C > 0 and for all γ ∈ �.

Notice that this is a quantitative generalization of the condition Fμ = Eμ. Next,
we will show that under this condition the limit limn→∞(Un

μf )(ω) exists a.e.
for every f ∈ L2(�).

Let � be a continuous action of G in (�, �, m) and let U be the induced
continuous unitary representation of G on L2(�). Recall that the Arveson
spectrum sp(U) of U [2] is defined as the hull in L1(G) of the ideal

IU := {f ∈ L1(G) : Uf = 0}.
It is easy to check that if U is a unitary operator on H , then σ(U) is theArveson
spectrum of the representation n �→ Un (n ∈ Z).

Proposition 2.13. Let μ ∈ M(G) be such that ‖μ‖1 ≤ 1. If S := Fμ = Eμ

and
Kμ := sup

γ∈sp(U)\S
|1 − μ̂(γ )|
1 − |μ̂(γ )| < ∞,

then the limit limn→∞(Un
μf )(ω) exists a.e. for every f ∈ L2(�).
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Proof. We basically follow the proof by Bellow-Jones-Rosenblatt [4]. For
f ∈ L2(�) we put

f ∗∗(ω) := sup
n≥1

|(T nf )(ω)|,

where T = Uμ. Since T is a Dunford-Schwartz operator, by (2.11) there exists
a constant L > 0 such that

‖f ∗‖2 ≤ L‖f ‖2, ∀f ∈ L2(�).

We refer to [4] for an argument showing the inequality

‖f ∗∗‖2 ≤ ‖f ∗‖2 +
( ∞∑

k=0

k
∥∥(T k+1 − T k)f

∥∥2
2

)1/2

.

If P is the spectral measure for U, then it follows from (2.8) that supp P =
sp(U). Since

T = Uμ =
∫

sp(U)

μ̂(γ ) dP (γ ),

we can write

∞∑
k=0

k
∥∥(T k+1 − T k)f

∥∥2
2 =

∫
sp(U)\S

( ∞∑
k=0

k|μ̂(γ )|2k

)
|1 − μ̂(γ )|2 dλf (γ )

=
∫

sp(U)\S
|μ̂(γ )|2

(1 + |μ̂(γ )|)2

( |1 − μ̂(γ )|
1 − |μ̂(γ )|

)2

dλf (γ )

≤ K2
μ‖f ‖2

2,

where λf is the measure on � defined by (2.7). So we have

‖f ∗∗‖2 ≤ (L + Kμ)‖f ‖2

which implies

sup
n≥1

|(Un
μf )(ω)| < ∞ a.e. ∀f ∈ L2(�).

By Proposition 2.10, the limit limn→∞(Un
μf )(ω) exists a.e. for every f in

a dense subspace of L2(�). Now, it follows from the Banach principle [13,
Chapter 1, Theorem 7.2] that the limit limn→∞(Un

μf )(ω) exists a.e. for every
f ∈ L2(�).

Below, we give an example of a measure which satisfies the hypotheses of
Proposition 2.13.
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If ν ∈ M(G) is power bounded, then |1 ± ν̂(γ )| ≤ 2 for all γ ∈ �. Assume
that

|1 + ν̂(γ )| ≤ 2C − 2

C
, for some C > 1 and for all γ ∈ �.

If μ := δ0+ν
2 , then μ is power bounded and Fμ = Eμ. Since 2−|1+ν̂(γ )| ≥ 2

C
,

we have

|1 − μ̂(γ )|
1 − |μ̂(γ )| =

∣∣1 − 1+ν̂(γ )

2

∣∣
1 − ∣∣ 1+ν̂(γ )

2

∣∣ = |1 − ν̂(γ )|
2 − |1 + ν̂(γ )| ≤ 2

2/C
= C.

Recall that a bounded linear operator T on a Banach space satisfies Ritt’s
condition if

sup
|λ|>1

|λ − 1|‖Rλ(T )‖ < ∞.

By the Nagy-Zemanek result [18], T satisfies Ritt’s condition if and only if T

is power bounded with

sup
n∈N

n‖T n − T n+1‖ < ∞.

Proposition 2.14. Assume that μ ∈ M(G) is power bounded and S :=
Eμ = Fμ. If

Kμ := sup
γ∈sp(U)\S

|1 − μ̂(γ )|
1 − |μ̂(γ )| < ∞,

then
lim

n→∞ n‖Un
μ − Un+1

μ ‖ ≤ Kμ

e
.

Proof. We can write

|μ̂(γ )n − μ̂(γ )n+1| = |μ̂(γ )|n|1 − μ̂(γ )|
≤ Kμ(|μ̂(γ )|n − |μ̂(γ )|n+1), ∀γ ∈ sp(U) \ S.

Since 0 ≤ |μ̂(γ )| ≤ 1 and

max
x∈[0,1]

(xn − xn+1) = nn

(n + 1)n+1
,

we have

n|μ̂(γ )n − μ̂(γ )n+1| ≤ Kμ

nn+1

(n + 1)n+1
, ∀γ ∈ sp(U) \ S.



CONVOLUTION OPERATORS IN BANACH SPACES 355

On the other hand, we know [15, p. 450] that

σ(Uμ) = μ̂(sp(U)).

Since Uμ is a normal operator, we get

n‖Un
μ − Un+1

μ ‖ = n sup
γ∈sp(U)\S

|μ̂(γ )n − μ̂(γ )n+1|

≤ Kμ

nn+1

(n + 1)n+1
= Kμ

1(
1 + 1

n

)n

n

n + 1
.

It follows that
lim

n→∞ n‖Un
μ − Un+1

μ ‖ ≤ Kμ

e
.

Let M0(G) be the set of all μ ∈ M(G) such that μ̂(∞) = 0. Then, M0(G)

is a closed ideal of M(G). Notice that if μ ∈ M0(G), then both Fμ and Eμ are
compact. If G is compact and μ ∈ M0(G), then both Fμ and Eμ are finite.

Proposition 2.15. Let μ ∈ M0(G) be power bounded and assume that
S := Fμ = Eμ. If S is a clopen subset of �, then there exists a closed
subspace E of H with the properties:

(i) H = ker(I − Uμ) ⊕ E;

(ii)
∑∞

n=0 ‖Un
μx‖ < ∞, for all x ∈ E;

(iii) E = (I − Uμ)H and consequently (I − Uμ)H is closed.

Proof. Let
E := {x ∈ H : supp λx ⊆ � \ S},

where λx is the measure on � defined by (2.7). Since � \ S is closed, by
Lemma 2.2, E is a closed subspace of H . Let x ∈ E be given. Let us show
that

∑∞
n=0 ‖Un

μx‖ < ∞. Since μ ∈ M0(G), there is a compact subset K of �

such that
sup{|μ̂(γ )| : γ ∈ � \ K} := δ1 < 1

which implies

sup{|μ̂(γ )| : γ ∈ supp λx ∩ � \ K} ≤ δ1.

Also since |μ̂(γ )| < 1 for all γ ∈ supp λx , we have

sup{|μ̂(γ )| : γ ∈ supp λx ∩ K} := δ2 < 1.

Hence,
sup{|μ̂(γ )| : γ ∈ supp λx} ≤ max{δ1, δ2} := δ < 1.
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It follows from (2.9) that

‖Un
μx‖ ≤ δn‖x‖, for all n ∈ N

and so ∞∑
n=0

‖Un
μx‖ < ∞.

If x ∈ E⊥, then as in the proof of Theorem 2.1, we can see that supp λx ⊆ S

and therefore,

‖Uμx − x‖2 =
∫

S

|μ̂(γ ) − 1|2 dλx(γ ) = 0.

To show (iii), let x ∈ E and

y =
∞∑

n=0

Un
μx.

Then as (I − Uμ)y = x, we have E ⊆ (I − Uμ)H . On the other hand, since
E is closed, by (2.6) we get

(I − Uμ)H = E ⊆ (I − Uμ)H.

Notice that under the hypotheses of Proposition 2.15, the operator Uμ is
uniformly mean ergodic. Consequently by (2.5),

1

n

n−1∑
i=0

Ui
μ → P(Fμ) in operator norm.

We have the following two corollaries.

Corollary 2.16. Let μ ∈ M0(G) be power bounded and assume that
S := Fμ = Eμ. If S is a clopen subset of �, then the limit limn→∞(Un

μf )(ω)

exists a.e. for every f ∈ L2(�).

Corollary 2.17. Let G be a compact and let μ ∈ M0(G) be power
bounded. If Fμ = Eμ, then the limit limn→∞(Un

μf )(ω) exists a.e. for every
f ∈ L2(�).

3. Banach space operators

In this section, we study strong and almost everywhere convergence of iterates
of convolution operators in Banach spaces.
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Let X be a complex Banach space. Recall that an operator T ∈ B(X) is
called mean ergodic if the

lim
n→∞

1

n

n−1∑
i=0

T ix exists in norm for all x ∈ X.

It can be seen that the condition ‖T nx‖/n → 0 (∀x ∈ X) is necessary for the
mean ergodicity of T (it is satisfied when T is power bounded). Now, assume
that T is power bounded. Then, T is mean ergodic if and only if we have the
decomposition

X = ker(I − T ) ⊕ (I − T )X (3.1)

[13, Chapter 2, Theorem 1.2 ]. On the other hand, it is easy to check that

(I − T )X =
{
x ∈ X : lim

n→∞

∥∥∥∥1

n

n−1∑
i=0

T ix

∥∥∥∥ = 0

}
. (3.2)

If X is reflexive, then T is mean ergodic [13, Chapter 2, Theorem 1.3].
Let T = {Tg : g ∈ G} be a bounded and (strongly) continuous representa-

tion of G on X (by passing to an equivalent norm T becomes representation
by invertible isometries). For each μ ∈ M(G), we can define a bounded linear
operator Tμ on X by

Tμx =
∫

G

T −1
g x dμ(g), x ∈ X.

The map μ �→ Tμ is a continuous algebra homomorphism. It follows that if μ

is power bounded, then so is Tμ;

sup
n≥0

‖Tn
μ‖ ≤ Cμ sup

g∈G

‖Tg‖.

Furthermore, it is easy to verify that

span{Tf x : f ∈ L1(G), x ∈ X} = X. (3.3)

Proposition 3.1. Let G be a compact abelian group. If μ ∈ M(G) is power
bounded, then the operator Tμ is mean ergodic, that is,

1

n

n−1∑
i=0

Ti
μx → Tνx strongly for every x ∈ X,

where ν is the limit measure associated with μ.



358 H. MUSTAFAYEV

Proof. By the mean ergodic theorem, it suffices to show that

1

n

n−1∑
i=0

Ti
μx → Tνx weakly for every x ∈ X.

Let x ∈ X and ϕ ∈ X∗. Since

w∗-lim
n→∞

1

n

n−1∑
i=0

μi = ν,

we can write〈
ϕ,

1

n

n−1∑
i=0

Ti
μx

〉
=

〈
1

n

n−1∑
i=0

μi, ϕ(T −1
g x)

〉
→ 〈ν, ϕ(T −1

g x)〉 = 〈ϕ, Tνx〉.

This shows that 1
n

∑n−1
i=0 T i

μx → Tνx weakly.

Lemma 3.2. Let μ ∈ M(G) be power bounded and assume that Fμ = Eμ.
Then, ν := w∗-limn→∞ μn exists and ν is the limit measure associated with
μ.

Proof. Let ν1 be a w∗-cluster point of the sequence {μn};
ν1 = w∗-lim

i
μni ,

where {μni }i is a subnet of {μn}. Using the identity

〈ν, f̂ 〉 =
∫

�

ν̂(γ )f (γ ) dγ

which is valid for an arbitrary ν ∈ M(G) and f ∈ L1(�), we can write

〈ν1, f̂ 〉 = lim
i

〈μni , f̂ 〉 = lim
i

∫
�

μ̂(γ )ni f (γ ) dγ

= lim
i

∫
Fμ

μ̂(γ )ni f (γ ) dγ + lim
i

∫
�\Eμ

μ̂(γ )ni f (γ ) dγ

=
∫

Fμ

f (γ ) dγ, ∀f ∈ L1(�).

If ν2 is another w∗-cluster point of the sequence {μn}, similarly we have

〈ν2, f̂ 〉 =
∫

Fμ

f (γ ) dγ, ∀f ∈ L1(�).
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Hence,
〈ν1, f̂ 〉 = 〈ν2, f̂ 〉, ∀f ∈ L1(�).

Since {f̂ : f ∈ L1(�)} is dense in C0(G), we obtain ν1 = ν2. This shows
that the sequence {μn} has only one w∗-cluster point and therefore, ν :=
w∗-limn→∞ μn exists. Further, we have

ν = w∗-lim
n→∞ μn = w∗-lim

n→∞
1

n

n−1∑
i=0

μi.

Next, we have the following:

Proposition 3.3. Let G be a compact abelian group and let μ ∈ M(G)

be power bounded. If Fμ = Eμ, then Tn
μx → Tνx strongly for every x ∈ X,

where ν is the limit measure associated with μ.

Proof. By Lemma 3.2, ν = w∗-limn→∞ μn. If ϕ ∈ X∗ and x ∈ X, then
we can write

〈ϕ, Tn
μx〉 = 〈μn, ϕ(T −1

g x)〉 → 〈ν, ϕ(T −1
g x)〉 = 〈ϕ, Tνx〉.

This shows that Tn
μx → Tνx weakly. Let K be the norm closure of the absolute

convex hull of {Tgx : g ∈ G}. Since {Tgx : g ∈ G} is compact, so is K . On
the other hand, {(1/Cμ)Tn

μx : n ∈ N} is contained in K and therefore the
sequence {Tn

μx} is relatively compact. This clearly implies that Tn
μx → Tνx

strongly.

Let A be a complex commutative Banach algebra and let �A be its Gelfand
space equipped with the weak∗ topology. The Gelfand transform of a ∈ A

will be denoted by â. Recall that the algebra A is said to be regular if given a
closed subset S of �A and φ ∈ �A \S, there exists an element a ∈ A such that
â(S) = {0} and â(φ) �= 0. It is well known that if G is a locally compact abelian
group, then the measure algebra M(G) is a commutative semisimple Banach
algebra with identity, but M(G) fails to be regular, in general. However, there
exists a largest closed regular subalgebra of M(G) which we will denote by
Mreg(G). Since the algebra L1(G) and the discrete measure algebra Md(G)

are regular subalgebras of M(G), we have L1(G)⊕Md(G) ⊆ Mreg(G), but in
general, L1(G) ⊕ Md(G) �= Mreg(G) [15, Example 4.3.11]. This shows that
the algebra Mreg(G) is remarkably large.

The proof of the following lemma is based on the standard Banach algebra
techniques and therefore is omitted.
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Lemma 3.4. Let A be a commutative, semisimple, and regular Banach al-
gebra and let {Iλ}λ∈� be a collection of the closed ideals of A. Then,

hull

(⋂
λ∈�

Iλ

)
=

⋃
λ∈�

hull(Iλ)
w∗

.

We have the following:

Theorem 3.5. Let T be a bounded and continuous representation of G on
a Banach space X and let μ ∈ Mreg(G) be power bounded. If Fμ = Eμ, then
there exists a (not necessarily closed) linear subspace E of X such that:

(i) E = (I − Tμ)X and
∑∞

n=0 ‖Tn
μx‖ < ∞, for all x ∈ E;

(ii) if Tμ is mean ergodic (or if X is reflexive), then X = ker(I − Tμ) ⊕ E;

(iii) if Tμ is mean ergodic (or if X is reflexive), then the sequence {Tn
μx}

converges strongly for every x ∈ X.

For the proof, we need some preliminary results.
Let T be a bounded and continuous representation of G on a Banach space

X. The Arveson spectrum sp(T) of T [2] is defined as the hull in L1(G) of the
ideal

IT := {f ∈ L1(G) : Tf = 0}.
It is easy to check that if T ∈ B(X) is doubly power bounded, that is,

sup
n∈Z

‖T n‖ < ∞,

then σ(T ) is the Arveson spectrum of the representation n �→ T n (n ∈ Z).
By [15, Proposition 4.12.12], every measure μ ∈ Mreg(G) has the spectral

mapping property, that is,

σ(Tμ) = μ̂(sp(T)).

For T ∈ B(X) and x ∈ X, we define ρT (x) to be the set of all λ ∈
C for which there exists a neighborhood Uλ of λ with u(z) analytic on Uλ

having values in X such that (zI − T )u(z) = x for all z ∈ Uλ. This set is
open and contains the resolvent set ρ(T ) of T . The local spectrum of T at
x ∈ X, denoted by σT (x) is the complement of ρT (x), so it is a compact
subset of σ(T ). This object is most tractable if the operator T has the single-
valued extension property (SVEP), i.e., for every open set U in C, the only
analytic function u: U → X for which the equation (zI − T )u(z) = 0 holds
is the constant function u ≡ 0. If T has SVEP, then σT (x) �= ∅, whenever
x ∈ X \ {0} [15, Proposition 1.2.16]. For example, if μ ∈ Mreg(G), then
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the operator Tμ is decomposable [15, Proposition 4.12.3] and therefore it has
SVEP [15, Chapter 1].

Given an operator T ∈ B(X) and x ∈ X, the quantity

rT (x) := lim
n→∞ ‖T nx‖ 1

n

is called the local spectral radius of T at x. If T has SVEP, then

rT (x) = sup{|λ| : λ ∈ σT (x)}
[15, Proposition 3.3.13]. The local Arveson spectrum spT(x) of x ∈ X [2] is
defined as the hull in L1(G) of the ideal

IT(x) := {f ∈ L1(G) : Tf x = 0}.
Clearly, spT(x) ⊆ sp(T) for allx ∈ X. Since IT = ⋂

x∈X IT(x), by Lemma 3.4,

sp(T) =
⋃
x∈X

spT(x)
w∗

.

By [15, Proposition 4.12.12], every measure μ ∈ Mreg(G) has the local spec-
tral mapping property, that is,

σTμ
(x) = μ̂(spT(x)), ∀x ∈ X.

Lemma 3.6. Under the above notations we have:

(a) spT(x + y) ⊆ spT(x) ∪ spT(y), ∀x, y ∈ X;

(b) spT(Tf x) ⊆ supp f̂ ∩ spT(x), ∀f ∈ L1(G), ∀x ∈ X;

(c) if S is a closed subset of �, then {x ∈ X : spT(x) ⊆ S} is a closed
subspace of X.

Proof. (a) Since IT(x) ∩ IT(y) ⊆ IT(x + y), by Lemma 3.4,

spT(x + y) = hull IT(x + y) ⊆ hull[IT(x) ∩ IT(y)]

= hull IT(x) ∪ hull IT(y) = spT(x) ∪ spT(y).

(b) Clearly, IT(x) ⊆ IT(Tf x) which implies spT(Tf x) ⊆ spT(x). It remains
to show that spT(Tf x) ⊆ supp f̂ . If h ∈ Isupp f̂ , then as ĥf̂ = 0 we have
h ∗ f = 0 and so ThTf x = 0. Hence, h ∈ IT(Tf x). So we have

Isupp f̂ ⊆ IT(Tf x)

which implies

spT(Tf x) = hull IT(Tf x) ⊆ hull(Isupp f̂ ) = supp f̂ .
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(c) By (a), the set {x ∈ X : spT(x) ⊆ S} is linear. Let {xn} be a sequence in
X such that spT(xn) ⊆ S for all n and xn → x. We must show that spT(x) ⊆ S.
Since ∞⋂

n=1

IT(xn) ⊆ IT(x),

by Lemma 3.4,

spT(x) = hull IT(x) ⊆
∞⋃

n=1

hull IT(xn)

w∗

=
∞⋃

n=1

spT(xn)

w∗

⊆ S.

Now, we are in a position to prove Theorem 3.5.

Proof of Theorem 3.5. (i) Let S := Fμ = Eμ and

E := {
x ∈ X : spT(x) is compact and spT(x) ∩ S = ∅}

.

By Lemma 3.6, E is linear. As we have noted above, the operator Tμ has SVEP
and therefore,

lim
n→∞‖Tn

μx‖ 1
n = sup{|λ| : λ ∈ σTμ

(x)}, ∀x ∈ X.

On the other hand, the local spectral mapping property holds, that is,

σTμ
(x) = μ̂(spT(x)).

Hence, we have

lim
n→∞‖Tn

μx‖ 1
n = sup{|μ̂(λ)| : λ ∈ spT(x)}, ∀x ∈ X.

Let x ∈ E be given. Since spT(x) is compact and spT(x) ∩ S = ∅, we have

sup{|μ̂(λ)| : λ ∈ spT(x)} < 1.

Now, since
lim

n→∞‖Tn
μx‖ 1

n < 1,

there is 0 < δ < 1 such that for sufficiently large n, ‖Tn
μx‖ ≤ δn. So we have

∞∑
n=0

‖Tn
μx‖ < ∞, ∀x ∈ E.
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It remains to show that E = (I − Tμ)X. If x ∈ E, then as ‖Tn
μx‖ → 0,

by (3.2), x ∈ (I − Tμ)X and therefore E ⊆ (I − Tμ)X. For the reverse
inclusion, let ϕ ∈ E⊥ be given. Since[

(I − Tμ)X
]⊥ = {ϕ ∈ X∗ : T∗

μϕ = ϕ},
it suffices to show that T∗

μϕ = ϕ.
Assume that the Fourier transform of f ∈ L1(G) vanishes on S. Since S

is a set of synthesis, there is a sequence {fn} in L1(G) such that supp f̂n is
compact, f̂n vanishes in a neighborhood On of S, and ‖fn − f ‖1 → 0. Let an
arbitrary x ∈ X be given. By Lemma 3.6,

spT(Tfn
x) ⊆ supp f̂n ∩ spT(x)

and therefore spT(Tfn
x) is compact. On the other hand, as supp f̂n ∩ S = ∅,

we have
spT(Tfn

x) ∩ S = ∅.

Hence, Tfn
x ∈ E for all n. Since Tfn

x → Tf x in norm, Tf x ∈ E and
therefore, 〈T∗

f ϕ, x〉 = 〈ϕ, Tf x〉 = 0.

Thus, we have shown that if the Fourier transform of f ∈ L1(G) vanishes
on S, then 〈T∗

f ϕ, x〉 = 0 for all x ∈ X. Further, since μ̂ = 1 on S, the
Fourier transform of (μ − δ0) ∗ f vanishes on S for all f ∈ L1(G). Hence,
〈(T∗

μ −I )T∗
f ϕ, x〉 = 0 or 〈(T∗

μ −I )ϕ, Tf x〉 = 0 for all x ∈ X and f ∈ L1(G).
By (3.3) we have T∗

μϕ = ϕ.
(ii) follows from (i) and (3.1).
(iii) is an immediate consequence of (i) and (ii).

Let us show that the condition “Fμ = Eμ” in Theorem 3.5 is the best pos-
sible, in general. To see this, let G be a compact abelian group, T be the regular
representation of G on L1(G), and let Tμf = μ∗f be the corresponding con-
volution operator. If μ ∈ M(G) is power bounded, then by Proposition 3.1, Tμ

is mean ergodic. Now, assume that the sequence {μn ∗ f } converges strongly
for every f ∈ L1(G). Then,

lim
n→∞ ‖μn ∗ f − μn+1 ∗ f ‖1 = 0, ∀f ∈ L1(G).

As we have seen above, this is the case if and only if Fμ = Eμ.
Recall that a representation T = {Tg : g ∈ G} of G on a Banach space is

called uniformly continuous if

lim
g→0

‖Tg − I‖ = 0.
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A bounded representation T is uniformly continuous if and only if sp(T) is
compact [2, Theorem 2.13]. If T is bounded and uniformly continuous, then
the spectral mapping property σ(Tμ) = μ̂(sp(T)) and the local spectral map-
ping property σTμ

(x) = μ̂(spT(x)) hold for all μ ∈ M(G) and x ∈ X [15,
Proposition 4.12.12].

The proof of the following theorem is similar to the proof of Theorem 3.5.

Theorem 3.7. Let T be a bounded and uniformly continuous representation
of G on a Banach space X and let μ ∈ M(G) be power bounded. If Fμ = Eμ,
then there exists a (not necessarily closed) linear subspace E of X with the
properties:

(i) E = (I − Tμ)X and
∑∞

n=0 ‖Tn
μx‖ < ∞, for all x ∈ E;

(ii) if Tμ is mean ergodic (or if X is reflexive), then X = ker(I − Tμ) ⊕ E;

(iii) if Tμ is mean ergodic (or if X is reflexive), then the sequence {Tn
μx}

converges strongly for every x ∈ X.

Given μ ∈ M(G), let Tμ be the corresponding operator defined by (2.10).

Proposition 3.8. Let μ ∈ Mreg(G) be power bounded and assume that
Fμ = Eμ. Then, the limit limn→∞(Tn

μf )(ω) exists a.e. for every f in a dense
subspace of Lp(�) (1 < p < ∞).

Proof. By Theorem 3.5, there exists a subspace E of Lp(�) such that

Lp(�) = ker(I − Tμ) ⊕ E and
∞∑

n=0

‖Tn
μf ‖p < ∞, ∀f ∈ E.

Since ker(I − Tμ) ⊕ E is dense in Lp(�), it suffices to show that

(Tn
μf )(ω) → 0 a.e. ∀f ∈ E.

Indeed, if f ∈ E then as

∞∑
n=0

‖Tn
μf ‖p

p < ∞,

we have ∞∑
n=0

∫
�

|(Tn
μf )(ω)|p dm(ω) < ∞.

By Beppo-Levi’s theorem, the series

∞∑
n=0

|(Tn
μf )(ω)|p
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converges almost everywhere. It follows that (Tn
μf )(ω) → 0 a.e.

As a consequence of Proposition 3.8 and Example 2.3(c), we have the
following:

Corollary 3.9. Let ν ∈ Mreg(G) be power bounded and μ := 1
k

∑k−1
i=0 νi ,

where k is a fixed integer > 1. Then, the limit limn→∞(Tn
μf )(ω) exists a.e. for

every f in a dense subspace of Lp(�) (1 < p < ∞).

Corollary 3.10. Let μ ∈ Mreg(G) be a symmetric measure with ‖μ‖1 ≤ 1.
If {γ ∈ � : μ̂(γ ) = −1} = ∅, then the limit limn→∞(Tn

μf )(ω) exists a.e. for
every f ∈ Lp(�) (1 < p < ∞).

Proof. Since Tμ is a self-adjoint contraction on L2(�), by the maximal
ergodic theorem of Stein [22], there exists a constant Cp > 0 such that

‖ sup
n≥1

|Tn
μf |‖p ≤ Cp‖f ‖p, ∀f ∈ Lp(�).

It follows that

sup
n≥1

|(Tn
μf )(ω)| < ∞ a.e. ∀f ∈ Lp(�).

On the other hand, the condition {γ ∈ � : μ̂(γ ) = −1} = ∅ implies Fμ = Eμ.
By Proposition 3.8, the limit limn→∞(Tn

μf )(ω) exists a.e. for everyf in a dense
subspace of Lp(�). By the Banach principle [13, Chapter 1, Theorem 7.2],
the limit limn→∞(Tn

μf )(ω) exists a.e. for every f ∈ Lp(�).
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