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REMARKS ON A C*DYNAMICAL SYSTEM

YOSHIKAZU KATAYAMA

0. Abstract.

Related to the crossed product of a C*-algebra 4 with a locally compact
abelian group G to a co-action & on it, we introduce the notion of &-
invariantness and using this, we define the essential spectrum I'(5) and show
that I'(@)=TI(5). When G is compact, we characterize the Connes spectrum
I'(&) by the co-action & where & is the bidual action of «. If « and f are exterior
equivalent, then I'(4) and I (/?) coincide.

We would like to thank Professors Y. Nakagami and O. Takenouchi for many
helpful discussions.

Now take a C*-algebra 4 and a locally compact group G with a fix left Haar
measure dg on G. Suppose that there is a homomorphism « of G into the group
Aut (4) of all *-automorphisms of 4 such that each function g+ a,(a) is
continuous for a € A. The triple (4, G,a) is called a C*-dynamical system.

Let (A4,G,a) be a C*-dynamical system and assume A< B(H) for some
Hilbert space H. We denote by K (G, A4) the space of continuous functions from
G to A with compact support. Define a faithful representation of K(G, 4) on
L*(G,H) by

(1.1) (x¢)(g) = L oy-1(x(g))s (h™"g) dh

for x € K(G,A) and ¢ € L*(G,H). We identify K(G,A) with its image in
B(L*(G, H)) and denote by G x , 4 the C*-algebra generated by K(G, 4). We
say that G x , A is a crossed product of G with A. We define a representation v
of G on L*(G,H) and a faithful representation 1 of 4 on L?(G, H) by

(v®E@R = Eh7g),  (1(E)(R) = -1 (0)E(h)

for h,g € G, x € A and ¢ € L*(G, H). We also use a unitary operator W (called
the Kac-Takesaki operator) on L%(G x G)

(Wo)(g,h) = &(g.gh)
for ¢ € L?(G x G) and we denote by A a left regular representation of G and by
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m(G) the von Neumann algebra generated by {A(g); g € G}. Then we define an
isomorphism J; of m(G) into m(G)®m(G) by 55(x)=W*(x® 1)Wfor x € m(G).

When 4 and B are C*-algebras, we denote by M (A) its multiplier algebra. If
A is a concrete C*-algebra, we may define M(4)={a e A”; ab+ca € A for
b,c € A} ([1]). We put

M (A®B) = {x e M(A)@M(b);
x(1®b)+ (1®c)x € A®B, L,(x) € A for b,ce B, ¢ € B*}
where L, is the left slice map of ¢ and the symbol ® means the spatial tensor

product.

ProrosiTioN 1.1. The map 0;

0x) = 1WHxRN)(1®W) for xe Gx, 4,
is a *-isomorphism of Gx ,A into M (G x ,A®C*(G)), where C¥(G) is the
reduced group C*-algebra of G. It satisfies the following relation,
(1.2)  6(v(g) = v(e®A(g), (g€ G), d(1(a) = 1(a)®], (a € A)
(1.3)  (6®i)d = (i®dg)d
where i’s are identity mappings of M(CX(G)) or M(G x , A).

Proor. We get (1.2) by an easy calculation. It follows from (1.1) and (1.2)
that

5(x) = j . (1(x(@)®1)(v(2)®i(g)) dg

for x € K(G, A). Since 1(A4) and v(G) are contained in M(G x , A) and A(G) is
contained in M(C*(G)), d(x) is an element of M(G x , A)@ M(C}*(G)), which
implies 6(G x ,A)= M (G x , A)QM (C*(G)).

If x € K(G, A), fe K(G)=K(G,C), we have

P

I

s(x)(1®4(f) (1(x(®)@1)(v(e)®L(R)(1®A(S)) dg

JG

= L Gf (h)(1(x(g))®1)(v(g)®4(gh)) dg dh

= ja . (1(f (g™ Wx(g)®1)(v(e)®A(h)) dg dh
where A(f)=|¢ f(h)A(h)dh, therefore 6(G x,A)(1®CH(G))=G x,ARC}(G).
Similarly we have (1QC*(G))d(G x , 4)<= (G x , A)Q@CX(G).
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Take x € K(G, A) and ¢ € CX¥(G)*, then

L,(6(x) = L¢<L (1(x(g))®1)(V(g)®i(g))dg>

L 1(x(g)e(A(g)v(g) dg
= L e(A(@)x()v(g)dg = ox,

where (px)(g)=p(A(g))x(g) € K(G, A). We have therefore
L,00(Gx,A) =« Gx,A for ¢ € C}HG)*,

because ||L,0] < o]
The relation (1.3) follows from (1.2) and d5(4(g))=A(g)®A(g) for g € G.

We will introduce the essential spectrum of a co-action following Y.
Nakagami [7] and Y. Nakagami—M. Takesaki [8]. To do this we first recall
some definitions.

A co-action 6 of G on a C*-algebra A is an isomorphism of A into
M (A®CX(G)) satisfying (6®1)d = (i®J;)d. Then we define 6, by

d,(a) = L,od(a) for ueB,(G), ae 4,

where B, (G) is defined in [3] to be regular ring, and we identify B,(G) with the
dual space CX(G)* of CX(G). It follows from (1.3) that §,.,=96, 6, for

u,v € B,(G).
We set
Sp; (a) = {g € G; u(g)=0 for J,(a)=0, u € B,(G)},
Sp(®) = {geG, u(g)=0 for 4,=0, u € B,(G)}
and

r@ = N {Sp©|B); Be #*°4)},

where #%(A) is the family of non-zero hereditary C*-subalgebras B of 4 such
that §,(B)<B for u € B,(G), which is called é-invariant. Let E be a closed
subset of G, we set

A%(E) = {a€ A; Sps;(a)<E} .

Lemma 1.2. If g € G, then g € Sp (9) if and only if A*(V)+{0} for every
compact neighbourhood V of g.
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Proor. Let V be a compact neighbourhood of g with 4°(V)={0}. Take an
element g, € ¥ and v € B,(G) with (the support of v) N V= f and v(g,)=1. If
u € B,(G) with (the support of uyc V and u(g)=1, then

8,0,a) =6,,a)=0 foraecd,

which implies g, ¢ Sp; (d,(a)) that is J,(a) € A°(V). Therefore 6,(a)=0 for all
ae A. As u(g)+0, we see g ¢ Sp (9).

Suppose that g ¢ Sp(d). Take a compact neighbourhood V of g with
VNSp (8)=F and take a € 4°(V), then it follows from Sp,(a)<=Sp () that
Sp; (a)= . Since

I, = {ue B,(G), 5,(a)=0}

is a closed ideal of B,(G) with {g € G; u(g)=0forallu € I,} = and B,(G)is a
regular ring ([3]), I, contains the Fourier algebra 4(G) of G because it contains
K(G) ([3]). For w € A*, we have

0 = (d,(a),w) = {b6(a),o®u) for ue A(G) < B,(G).

Since, by [1, Proposition 2.4], the algebraic tensor product A*© A(G) of A*
and A(G) is dense in (M(A)@M (C}*(G)))* with respect to the w*-topology of
M(A)®M (C¥*(G)), we have §(a)=0, that is a=0. We have therefore 4°(V)=0.

LemMA 1.3. Let E; be a compact set in G (i=1,2), then A*(E,)A%(E,)
< A% (E,E,).

This lemma is proved by a usual arguement (See [8, IV, Lemma 1.2]), and
we leave its verification to the reader.

PROPOSITION 1.4. T'(d) is a closed subgroup of G.

Proor. Since Sp (9) is a closed set, I'(9) is a closed set of G. We want to see
that Sp (8)I'(8)=Sp (8). Take g, € Sp(d), g, € I'(6) and compact neigh-
bourhoods V, V,, and V, of g,8,, 8;, and g,, respectively such that V,V,cV.
For a, € A%(V,), a;+0, B denote the smallest é-invariant hereditary C*-
subalgebra generated by {d,(a;); u € B,(G)}. Then we can find an
a, € BNA*(V,), a;+0. Let I be the closed linear span of {ad,(a,); a € 4,
u € B,(G)}, then I is a closed left ideal of A such that B=I*NI. Therefore if
d,(a;)a, =0 for any u € B,(G), it implies B a, =0 that is a,=0. Hence there is a
u € B,(G) such that §,(a,)a, +0. By Lemma 1.3,

0+ d,(ay)a; € A(V)A(V,) < AV, V) « A%(V).
By Lemma 1.2, we conclude from this that Sp (6)I" (§) = Sp (9). As this is true for
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4| B in place of 8, we see that I'(5) is a semi-group and it is easy to prove I'(d)
=TI(8)"1. Therefore I'(d) is a closed subgroup of G.

From now on, G is supposed to be abelian and we study relations between
the co-action § on G x, 4 and the dual action & of the dual group I" of G on
Gx,A (See [11]).

ProrosiTioN 1.5. Let (A,G,a) be a C*-dynamical system and B is a C*-

subalgebra of G x , A. Then B is é-invariant if and only if B is d,-invariant for
y € I' (I'-invariant).

Proor. Take &, € K(I') and x € K(G, A),

'[r ¢y, (x) dy

=\ ¢om (v)&y( I 1x(@)v(g) dg) dy
r G

= JG E@m(x(@)v(g)le, v) dy

. <L Emm<e > dv)l(X(g))V(g) dg
= . Exii(—gh(x(g)v(g) dg ,

(Y

where £ is the inverse Fourier transform of ¢ and the symbol * means the
convolution in L!(G). On the other hand, set

o&nx) = &7, for x e CXG)
where 7°(g)=1#(—g), then we have

o n(A@®) = AL = L E(h—g)i(—hydh = Exii(—g).

Then we have,

= L (& m (4@ (x(g)v(g) dg

= 60“'")(.[6 l(x(g))v(g)dg) = e, n(X) .
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Therefore
(1.9 J.r EMB)E,(X)dy = Oy, p(x) for xe Gx, 4.

The set {w(&n); &ne K(IN} is dense in (C*(G)* with respect to
o(C*(G)*, M(C}*(G)))-topology and the map

¢ € (CHO)* - 3,() € Gx, A

is norm continuous with respect to o ((C}*(G))*, M (C*(G)))-topology for each
x € Gx ,A. Hence if B is I-invariant, then B is d-invariant.

Conversely suppose that B is d-invariant. Take y € I', the positive definite
function {-,y) is an element of B,(G). Then by an easy calculation, we have
0¢.,;y=a_, therefore B is I'-invariant.

Given ‘a C*-dynamical system (4, G,a), we denote by 3#*(A) the family of
non-zero, G-invariant, hereditary C*-subalgebra of 4. The Connes spectrum
(o) of o is defined as

I'@) = () {Sp(«|B), Be #*(4)},
of. [9].

THEOREM 1.6. Let (A, G,«) be a C*-dynamical system with an abelian group G.
Starting from this, we have a C*-dynamical system (G x ,A,I',&) and a dual
system (G x , A,9). Then I'(6) and I (d) coincide.

PROOF. At first we prove A%(V)= A%(— V) for every compact neighbourhood
V of g € G, where A%(V)={x € Gx, A4, Sps(x)=V}. Take x € A%(V), g, ¢ V
and compact neighbourhood V, of g, with V,N V=¥, we can find & n K(I')

with Zx7j(go)=1 and Z+7j=0 on V. The inverse Fourier transform of &(y)(y)
is Z##, so

Ouien(X) = L EMWE,(x)dy = 0, as x e A*(V).

As (& n)(A(—go)) =E ii(go) =1, We have —go € Sp&(x) that is Sp, (x)= — V.
Conversely, take x € A°(—V), g, ¢ V and a compact neighbourhood V, of
go With ¥, N (— V)=, and take £, n € K(I') as above. Put y=4,,, ,(x), then

we have Sp; (y) = &, since Sp;, (9, (y)) < (the support of u) N Sp, (v), hence we get
y=0. By (1.4) we have

L Em()a,(x)dy = 0,
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which implies g, ¢ Sp; (x) that is Sp; (x)= V. As g € Sp (&) if and only if A%(V)
%+ {0} for each compact neighbourhood V of g (See [9]), by Lemma 1.2, we
have Sp (&)= —Sp (6). We conclude that I'(&)=TI"(J).

2. C*-dynamical system with the action of a compact group.

Throughout this section, we assume that G is compact and dg is the
normalized Haar measure on G. Let (4, G, a) be a dynamical system and G be
the space of isomorphism classes of all irreducible representation of G. If = € G,
we denote by y, the associated “modified character” x,(g)= (dim n) ! Tr (n(g)),
and u(i,j,n) the associated “coordinate functions” u(i,j,n)(g)=<{n(g)¢;, <),
where {&;} is a normalized orthogonal basis for H,. By definition = € Sp («),
iff a(x,)(A)=* {0}, where

a(xo)(a) = ‘[ . X-(8)2g(a)dg for ae A,
([2)), and (@)= {Sp (x| B); B € #*(A)}.

LEMMA 2.1, If nt ¢ I'(«), then there is a non-zero closed ideal I of G x , A such
that

M Oui,jy) N1 = {0},

where 'V ; 0, () denotes the closed ideal of Gx,A generated by
6"(i,j,”)(1), i,j= 1, 2,- .oy dim T.

Proor. If n ¢ I'(9), there is a B € #*(A) such that a(y,)(B)={0}. Take a

non-zero G-invariant positive element b of B and put a non-zero element
y=[c1(b)v(g)dg € G x , A, then we have, for ae 4, g € G,

5u(i, jn (y)l (a)v (g)y
= Jf u(i, j, m)(h)1(ba, (a)b)v (hgk) dk dh
GxG
= j 1<f u(i, j, ) (h)a, (bab) dh)v(k) dk ,
G G
put

z = I u(i, j, ®)(h)o, (bab) dh .
G

Since B is hereditary, the element bab is in B. Therefore we have «(x,)(bab)=0.
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By the relation a(u(i, j, m))[ (u(k, I, ®))(c)] = a(u(i, j, ©) *u(k, L, m))(c) for any c in A
and the orthogonality relations for compact groups, a(x,)(c)=0 is equivalent
to

J u(i, j, my(ha,(c)ydh = 0, for i,j=1,2,...,dim=.
G

Therefore z=0 and so 6,4, ; .,(»)1(a)v(g)y=0, that is
Oui jm(G %, Ay = {0}, for i,j=1,2,.. ., dim= .

Let I be the non-zero closed ideal of G x,A generated by y. By easy
calculation, we have V ; ;0,, ; o()NI={0}.

We use the definition of the crossed product G x ;(G x , A) with the co-
action &, the dual action § of 8, and Takesaki’s duality (See [5], [6], and [8]).

LEMMA 2.2. If there is a non-zero closed ideal I of Gx,A such that
V i ;6ui. i) NI={0}, then m does not belong to I'(4) where & is the bidual
action of a (See [8] or [6]).

Proor. Take a non-zero positive element y in I. For o€ G, put z
=56 (1®u(i, j,0))5(x)d(y) for x € G x ,A. We then have

j 1(8)3,(2) dg
G

= L 12(2)3 (V) (1®u(, j, 0))3(x)0(y) dg

dimeo

L 1:8)00) Y ulk,i,0)(8)(8ym, j, ) (xy)(1@u(k, m, 6))dg

k,m=1

dimo

Xn(g)u (k’ i9 0)(g) dgé(y(su(m,j, ﬂ)(xy))(l ®u(k1 m, 0'))

kkm=1 JG
0, when n#g, by [4, Theorem 27.19],
0, when =0, by yd,4nj q(xy) = 0.

Then we get [gx.(8)4,(6(v)ad(y)dg=0 for ae Gx,(Gx,A) because the
vector space generated by {(1®u(i,j,0)d(x); x € Gx,A, ¢ € G} is norm-
dense in G x ;(G x,A). Let B be the non-zero hereditary C*-subalgebra of
Gx;(Gx,A) generated by (y). Then B is d -invariant for each ge G
because 4,(6(y))=5(y), therefore

f @B = (0},

which implies 7 ¢ I'(d).

Math. Scand. 49 - 17
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THEOREM 2.3. Let (A4, G,a) be a C*-dynamical system, then

r@é ={neG, \/ 6, I NI+{0}, for each non-zero ideal I of G x , A}
i, J
and T () > T (4).

Proor. By Takesaki’s duality (See [6]), G x4 (G x 5 (G x , A)) is isomorphic
to (G x , A)®C(L*(G)), therefore each closed ideal I' of (G x , A)@C(L%(G)) is
of the form I®C(L*(G)), where I is a closed ideal of G x , A, moreover

v Suiim) = \/ buism(DBC(LA(G) .

LJ

Hence, if 7 ¢ I'(&), we have a non-zero closed ideal I of G x , A4 such that

V Su i NI = {0}

LJ

by Lemma 2.1.

REMARK 2.4. Let (4,G,a) and (4, G, f) be a C*-dynamical system. If « are
exterior equivalent to f (See [10, 4.2]), then I'(&) =T (ﬁ), but I'(x) is not always
equal to I'(f) (See [2]).
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