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TRANSVERSALITY AND THE INVERSE IMAGE
OF A SUBMANIFOLD WITH CORNERS

LARS TYGE NIELSEN
1. Introduction.

It is a well-known theorem about usual differential manifolds that the in-
verse image of a submanifold by a map which intersects the submanifold
transversally is a submanifold of the same codimension. This paper generalizes
the theorem to the case where the manifolds are allowed to have corners
(Section 6). The key step in the proof is a generalization of the theorem about
local linearization of submersions (Section 5). It is assumed that the map
preserves local facets relatively to the submanifold. This property is defined in
Section 4. It is convenient to make extensive use of germs, and therefore some
notation related to germs is introduced in Section 2. Elementary facts about
manifolds with corners are reviewed in Section 3. Finally, the special case of
manifolds and submanifolds with boundary of codimension one is discussed in
Section 7.

2. Germs.

In this section X and Y are topological spaces, x € X, y € Y. The set of germs
at x of subsets A < X will be denoted SG (X, x). The germ of 4 at x will be
denoted [ X, 4, x]. If a,b € SG (X, x), define the inclusion ac b by a < b iff there
exist A € a and B € b such that A< B. Define the intersection aNb by aNb
=[X,ANB,x], where A €a and Beb. If f: (Y,y) —» (X,x) is a continuous
local map, let [ f,y] denote the germ of fat y. If F: (Y,y) — (X, x)is the germ at
y of a continuous local map, and a € SG (X, x), define F~!(a) € SG (Y,y) by
F~Y(a)=[f"'(A),y], where fe F and A € a.

3. Manifolds, submanifolds, and regular germs.

By a “manifold” we mean a manifold with corners in the sense of Cerf [1, ch.
1, pp. 241-246] (variété a bord géneralisée) or Mather [3 § 1, pp. 255-259].
Consult those papers for further details. If 0< p <m, put R}, =RP? x [0, co[™ 7.
If X is a manifold of class s 2 1 and of dimension m, then for every x € X there is
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a p and a local C® chart ¢: (X,x) — (R{}),0) such that im (¢) is open in R},
and ¢ maps dom (¢) C*-diffeomorphically onto im (). The number p does not
depend on the specific choice of ¢. It is called the index of x in X and denoted
ind (X, x). From now on X, Y, and Z are manifolds of class s=1 and of
dimension m, n, and k.

If0sqg<r<k<m+r—p, r<p, put

Ripiarig = REX[0,00[""x {0}P7" x [0,00[* ™" x {0} *" ¥~

Let AcX. A C° submanifold chart on (X, A; R(, R, . ) is a local C* chart
@: X — Ry, such that ¢(4Ndom (p))=im (9)NRF,., . We call 4 a k-
dimensional C* submanifold of X if A+ & and every x € A is contained in the
domain of a C* submanifold chart ¢ on (X, A4; RGy» Rip:q.r.1)) for some p,q,r
(dependent on x). This ¢ may be chosen such that ¢(x)=0. A germ
a € SG (X, x) is Cs-regular of dimension k and index q if it has a representative
A, which is a k-dimensional C° submanifold of X and such that ind (4, x)=g¢.

We write dima=k, inda=gq. For p=0,...,m put
0,X = {xeX: ind(X,x)=p} .

A connected component of 9,X is called a p-stratum of X. A subset of X, which
is a p-stratum of X for some p, is called a stratum of X. The set of strata of X
clearly form a partition of X. If x € X, let 0*X denote the stratum of X
containing x. Then 0*X is a C* submanifold of X of dimension ind (X, x). The
set X \J,,X is called the boundary of X and it is denoted bd X. If bd X =,
then X is a usual manifold or a manifold without boundary. If bd X =0,,_ X,
then X is a manifold with boundary. This is not equivalent to bd X # (¥ as the
term might suggest.

If aeSG(X,x) is C*regular and A4 € a, then the germ [X,0"X,x]Na
=[X,AN0*X,x] is C'-regular. If ¢: (X,x) - (R{,,0) is a C* submanifold
chart on (X,A4;R{,, RG. ., ), then the parameters have the following
significance: p=ind (X,x), ¢g=inda, r=dim[X,0"X,x]Na, k=dima, m
=dim X. Hence they are all uniquely determined. The parameters determine
the pair (X, da) up to the germ of a local C*-diffeomorphism.

If A= X is a C* submanifold and x € 4, let T, 4 denote the tangent space to
A at x, and put T, A=T,0%4. If a € SG (X, x) is C*-regular and A € ais a C*
submanifold of X, put Ta=T,A and Ta=T, A4.If f: (Y,y) = (X, x) is a local C*
map or the germ at y of such amap, let T, f: T,Y — T,X denote the differential
of f at y. Note that (T,f)(T,Y)= T,X.

4. Local faces.

A p-face of X is the closure of a p-stratum of X. A subset of X which is a p-
face of X for some p is called a face of X. A face of X is not necessarily a
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submanifold of X. This leads to the following approach. If U is a convex open
neighborhood of 0 in R, then we can describe the faces of U as follows: If

ac{p+1,...,m}, put
Fio o ={xeRy : x,=0 forie{p+l, ..,mj\a}.

Then the g-faces of U are the sets F{, ,, N U, where p+card a=g. A local g-face
of X at x is a germ [X, F,x], where F is a g-face of the domain of a local C*
chart ¢: (X, x) — (R{;),0) such that im (¢) is convex (here p=ind (X, x)). Two
such local C* charts give rise to the same local g-faces of X at x. The local g-
faces of X at x are C*-regular of dimension ¢ and index p. A local face of X at
x is a local g-face of X at x for some q. The set of local faces of X at x, partially
ordered by the inclusion defined in Section 2, is a lattice. The intersection of
two local faces of X at x is a local face of X at x. If ¢: (X,x) — (R7},0)is a C*

(py
chart such that im (@) is convex, then the map
Fi Nim (9) = [X, 07 (F(, 4 N im (), x]

is an isomorphism from the lattice of faces of im (¢) to the lattice of local faces
of X at x. This isomorphism maps the intersection of two faces of im (¢) to the
intersection of the corresponding local faces of X at x. If a,b € SG (X, x) are
local faces of X at x, ach, and dim a = (dim b)— 1, then a is a local facet in b. A
local facet in [X, X, x] is called a local facet of X at x.

If G: (Z,z) — (X,x) is the germ of a continuous local map, define F; as the
smallest local face of X at x such that [Z,Z,z]=G~!(Fg). Put p=ind (X, x)
and recall that k=dim Z. Note that there are exactly (dim F;— p) local facets
in F; We say that G preserves local facets if there are (dim F ; — p) distinct local
facets F, i=1,...,(dim Fg—p), of Z at z, such that F;c G~ (F,) for all i, where
F, i=1,...,(dim F;—p), are the local facets in F; We want to give a
description of this property in local coordinates. Assume that g<r<k,p+k—r
<m. A local map f: (Rf,),0) — (R{y), 0) is said to satisfy condition (r) if f;(x)=0
for all x € dom (f), all i=p+k~r+1,...,m, and if x;=0 implies f;, ,_,(x)=0
for all x € dom (f), all j=r+1,...,k It is not too difficult to see that if
G: (RY,,0) > (R7),0) is the germ of a local map, then G preserves local facets
iff there are permutations S: Rf, — R{, of the coordinates q+1,...,k and
T: R{,, — R, of the coordinates p+1,...,m, and a representative g € G such
that the local map TgS™': (Rf,,0) — (R[}, 0) satisfies condition (r) with r=p
+k—dimFg.

If G:(Y,y)— (X,x) is the germ of continuous local map, and
a € SG (X, x) is C*-regular, then let F g , denote the smallest local face of X at
x, such thatac F(g 5 and [Y,Y,y] =G~ YF (G.a)- We say that G preserves local
Jacets relatively to a if the following condition is fulfilled: Let F,,...,F, be
those local facets in F g , that contain a. Then there are distinct local facets
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- Fyof Yaty, sothat FicG™Y(F), i=1,...,h If G: (Y,y) = (R;),0) is
the germ of a continuous local map, then G preserves local facets relatively to

[R:Il?)’ R;'jl:r, q,r, k) 0] iff
[P,01G : (Y,y)— (RGE,7750)

(r—q)

preserves local facets, where P: R{,) — R;"‘,t'q,“'"‘ is the projection on the
coordinates q+1,...,p; p+k—r+1,...,m. A local map f: (Y,y) = (X,x)
preserves local facets at y if [ f,y] preserves local facets. If f preserves local facets
at y for all y e dom (f) then f preserves local facets. Let AcX be a C°
submanifold, f: Y— X a local map, and y € dom (f). Then f preserves local
Jacets relatively to A at y if either f(y) ¢ A of f(y) € A and [ f, y] preserves local
facets relatively to [ X, A, f (y)]. If f preserves local facets relatively to A4 at y for

all y € dom (f), then f preserves local facets relatively to A.

5. Local linearization.

The following theorem is a strong version of the usual theorem about local
linearization of submersions.

THEOREM 1. Let f: (Z,2) — (X, x) be a local C° map. Assume that
(a) f preserves local facets at z,
(b) (TNNT2)=T.X,
© (T.NT.2)=T.X.
Then for every local C* chart y: (X,x) — (R}, 0) there is a permutation T: R,
— R7, of the coordinates p+1,...,m and a local C* chart ¢: (Z,z) — (RE,),0)

such that dom (¢)=dom (f), f(dom (¢))=dom (), and

TYf@™' () = G153 Yi-mipt1o-- Y for y eim(g).
Here p=ind (X, x) and q=ind (Z, 2).

Proor. Let ¢: (Z,2) — (R{‘q), 0) be a local C* chart. Since the local map
¥f@ ™! preserves local facets at 0, there are permutations S: R, — R, of the
coordinates g +1,. . .,k and T: Rf;, — R{, of the coordinates p+1,...,m, such
that g=Tyf® 'S~ ! satisfies condition (r) near 0, where r=k+p—dim Fy; o
The matrix Dg(0) looks like this:

q r—q k-r

P A B C
k—r 0 0 D

m—p+r—k 0 0 0

D is a diagonal matrix with diagonal elements 2 0. It follows from assumption



TRANSVERSALITY AND THE INVERSE IMAGE ... 215

(b) that the rank of Dg(0) is m, so that D is regular, its diagonal elements are
>(1, and m—p+r—k=0. It follows from assumption (c) that (T,g)(T,R{,)
= ToR{,), so that the rank of 4 is p. Hence there is a permutation P: Rf) — Rf,
of the coordinates 1,.. .,q, such that D(gP)(0) looks like this:

p q-p r—q k-r
p A A, B C
m—p |0 0O 0 D

where A, is regular. Since gP satisfies condition (r) near 0, and

0(gP);
@R 0)> 0 for j=p+l,...m),
6xj——m+k
there is a local C* extension g: (R¥,0) — (R™,0) of gP at 0, such that £;(x) and
X;_m+ have the same sign for x € dom (g), j=p+1,...,m. Define a local C*

map h: (Rf),0) — (R*0) by choosing dom (h) small enough and putting
g:(x) for i=1,...,p
hi(x) =4y x; for i=p+1,...,r
l Eikim(x) for i=r+1,... k.

Now Dh(0) looks as follows:
p q-p r—q k-—r
P A, A, B C
q—p 0 E 0 0
r—q 0 0 E 0
k—r 0 0 0 D

This shows that the rank of Dh(0) is k, and that

ihi(()) >0 for i=q+1,...,k.

0x;

Furthermore, x,=0 implies h;(x)=0 for x near 0 in R i=q+1,...,k
Hence assuming that dom (h) is chosen small enough, h is a local C° map
(R¥),0) — (R¥),0), and

h(bd RE, Ndom (k) = bdR¥, .

It follows from the version of the inverse function theorem mentioned in
Mather [3, § 1, pp. 255-259] that we may assume that h is a local C*-
difffomorphism. Choose an open neighborhood U of z in dom (¢) Ndom (f),
such that f(U)cdom (), P~ 'S¢ (U)=dom (h), and put ¢ =hP " 'S¢ If
y € im (@), then there is x € P~'S@(U), such that h(x)=y, which implies
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gP(x) =y, fori=1,...,p,
and
gP(X) = Yiyy-m fori=p+1,....m.
Thus
Tyfe~'(y) = TYfe 'ST'Ph™'(y)
gP(X) = (V15 - sVps Vpthomttoe - > Vi) -

6. Transversality and the inverse image.

Let G: (Y,y) — (X, x) be the germ of a local C! map and let a € SG (X, x) be
C'-regular. Then G is transversal to a if (TG)(T,Y)+ Ta=T.X, and G is
stratum transversal to a if (TG)(f’y )+ Ta=T.X.

THEOREM 2. Let G: (Y,y) — (X,x) be the germ of a local C* map and let
a € SG (X, x) be C*-regular. Put p=ind (X, x), g=ind a, r=dim[X,0*X,x] Na,
k=dima, b=ind (Y,y). Let P:R{, — RGY""97% be the projection on the
coordinates q+1,...,p; p+k—r+1,...,m. Then i) and ii) below are equivalent.

i) a) G preserves local facets relatively to a, and

b) G is transversal to a, and
¢) G is stratum transversal to a.

ii) Let ge G be a C° representative, A€ a, and y: (X,x) = R(,,0) a
C* submanifold chart on (X, A; R{, RG,. , . 1) Then there is a permutation T:
R() — R{y of the coordinates p+k~r+1,...,m and a local C* chart ¢:
(Y,y) = (RGy,0), such that dom (¢)c=dom (g), g(dom (¢))=dom (y), and the
local map

PTygo™' : (RG),0) — (RG51750)

isgivenby y = (i, sVp—g5 Yn-m4psk=r+ 15+ - -»Yn) fOr y € im (o). It is assumed
that p—qsbsn—-m+p+k—r.
Furthermore, i) or ii) imply
iii) a) G™!(a) is C*-regular,
b) dim Y-dim G~ !(a)=dim X —dimg,
¢) ind (Y,y)—ind G~ !(a)=ind (X, x)—ind q,
d) dim ([Y,0"Y,y]1N G~ !(a))—ind (Y,y)
=dim ([ X, 0*X,x] Na)—ind (X, x).

PRrooF. i) implies ii): Put f=yg. Since G preserves local facets relatively to a,

[V, x]G preserves local facets relatively to [RGy Rp; a.r.1 0], and therefore Pf

preserves local facets at 0. i) ¢) implies that
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(T, MNT,Y)+ {0} x RIx {0}""% = {0} x RP x {0}~ P,
Using T,P we get
{0} x RP=Ox {0} 7725 = (T,P)({0} x R? x {0}"~7)

= (LPHT,Y) +(ToP) ({0} x R x {0} %) = (T,(PA)(T,Y).
Hence (T,(PA)(T,Y)=T,R%"" ;97 and in particular
M {0} x R™-4x {0}"~* = (T,(PH)T,Y).
i) b) implies that
(T, /)T, Y)+ {0} x R" x {0}2 =" x R¥™" x {Q}m~P=k+r — {0} x R™
Using T,P we get
{0} x R™+7=47% = (T, P)({0} x R™)
= (T,(PO)T,Y)+ (ToP)({0} x R x {0}7~" x RE~" x {0}m=p=k+r)
= (T,(PNT,Y)+{0} x R4x {0}"~* = (T,(P)(T,Y),
where the last equality follows from (I). Hence

(Ty(PANT,Y) = TRGE4*.

(r—a
Thus all the assumptions of Theorem 1 are fulfilled by Pf, and therefore there is
a permutation T: R[*" 797k — R7*" 47k of the coordinates p—q+1,...,m+r
—q—k, and a local C® chart ¢: (Y,y) — (Rf,), 0), such that dom (¢) =dom (Pf)
(which implies that dom (¢) =dom (g) and g(dom (¢)) =dom (¥)), and

TPf(p_l(y) = ()’1’~ . -»yp—q; yn—m+p+k—r+1" . "yn) fOI' y € ]m ((P) .

Let T: R{, — R, be the permutation of the coordinates p+k—r+1,...,m
corresponding to T, so that PT=TP. Then T and ¢ are as claimed in ii).

i) implies i): Choose g, 4, ¥, T, and ¢ as in ii). Clearly PTyigp ! preserves
local facets at 0. Hence Tygp ~! preserves local facets relatively to R&: ar 1y at
0, and therefore G preserves local facets relatively to a. Moreover,

(ToP)((To(Tge ™)) (ToRE,) = ToRM I 4=k

and

(ToP)(To(Tyge ) (ToRl) = ToRGLT4TH,
so that

(To(TYgo™ 1))(T0R?,,)) + TORY;; arnk = TOR?;)
and

(To(TYge ™ W ToR) + ToRM: o1 = ToRT, .
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This implies i) b) and i) c).
ii) implies iii): Choose g, 4, ¥, T, and ¢ as in ii). For y € im (¢) we have

y € ¢(g”'(4) N dom (9))

iff Ygo™' () € RG; 4ry

iff TYge ™' () € RG, 411y

iff PTyge ™" (y) € [0,00["~#x {0}P~" x {O}m~P~**"

iff y e [0,00[""%x {0}P~"x R”“’*“x [0, co[""bm*tprkory (Qymmp Tkt

Let S: R{,, — R{, be a permutation of the coordinates 1,...,b, which places
the coordinates p—q+1,...,b in the spaces 1,...,b—p+gq, the coordinates
1,...,r—q in the spaces b—p+q+1,...,b—p+r, and the coordinates r —q
+1,...,p—q in the spaces b—p+r+1,...,b. Then for y € S(im (¢)) we have

y € Sp(g~'(4) N dom (¢))

lff ye Rb—p+q X [0, Oo[r-—q X {O}p—r X [0, Oo[n—b—-m+p+k-r x {0}m—p—k+r

— R"
= "™Mb;b-p+q,b—p+r,n—m+k) *

Hence S¢ is a C* submanifold chart on

(Y, g~ '(A4); Ry Rip; b-p+a,b-p+rn-m+k) >

and this implies iii).

Let f: Y— X be alocal C! map, and A< X a C! submanifold. Then we say
that f intersects A transversally at y, y € dom (f), if either f(y) ¢ A or f(y) € A
and [ f,y] is transversal to [ X, 4, f(y)]. If fintersects A transversally at y for all
y € dom (f), then fintersects A transversally. We say that fintersects A stratum
transversally at y, y € dom (f), if either f(y)¢é 4 or f(y) € A and [fy] is
stratum transversal to [ X, 4, f(y)]. If f intersects 4 stratum transversally at y
for all y € dom (f), then f intersects A stratum transversally.

THEOREM 3. Let A= X be a C° submanifold, and f: Y— X a local C° map,
which preserves local facets relatively to A and intersets A transversally and
stratum transversally. Then either f ~'(A)=J, or

a) f~1(A) is a C* submanifold of Y, and

b) dim Y—dim f~!(4)=dim X —dim A4, and
¢) ind (Y,y)~ind (f (), ) =ind (X, f(y)) ~ind (4, £ 4)
for all y € f~1(A), and
d) dim ([Y, f~1(4) N &Y, y]) —ind (¥,5)=
dim ([X,AN VX, f(»)])—ind (X, f(y)) for all y e f~(A).
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Proor. This theorem follows easily from Theorem 2.

Note that if Y, X, and 4 are manifolds without boundary, then Theorem 3
expresses the well-known theorem. The following examples show that it is not
possible to cancel the assumptions in Theorem 3 that f intersects A4
transversally, that f intersects A stratum transversally. and that f preserves
local facets relatively to A.

ExampLE 1. Put X=R?, Y=Rx]-00,0], A=Rx[0,00[, and define f:
Y— X by
fxy) = (uy+x?).

Here f preserves local facets relatively to 4, and fintersects A transversally, but
f does not intersect 4 stratum transversally at (0,0), and f~!(4) is not a
submanifold of Y.

ExampLE 2. Define a C* map g: R — R by
g(x) = exp(—1/x¥)sin(1/x) if x+0, and g©0) =0.
Put X=Y=R x[0,00[, 4=R x {0}, and define f: Y > X by
fxy) = (xE0)).

Clearly f preserves local facets relatively to 4 and intersects A stratum
transversally, but f does not intersect A transversally at (0,0). This explains the
fact that f ~!(4)=R x g~*({0}) is not a submanifold of Y.

ExampLE 3. Let X, Y, 4, and g be as in Example 2. Define f: Y — X by
F6y) = (x, (8(x)* +y) .

Clearly f intersects A transversally and stratum transversally, but f does not
preserve local facets relatively to A, and f~!(4)=g~*({0})x {0} is not a
submanifold of Y.

7. A special case: Boundary of codimension one.

M. Hirsch states an inverse image theorem for manifolds with boundary in
[2, p. 31]. We are going to take a closer look at this theorem. First we give an
example, which shows that Theorem 3 cannot be stated so nicely when
attention is restricted to manifolds with boundary.
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ExaMpLE 4. Put Y=R x[0,00[, X=R2, A={x € R?: |x| <1}, and let f:
Y — X be the inclusion map. Here X, Y, and A4 are manifolds with boundary,
f preserves local facets relatively to 4, and f intersects 4 transversally and
stratum transversally, but f ~!(4) is not a manifold with boundary.

In the remainder of this paper X and Y are manifolds with boundary. Hirsch
defines a neat C* submanifold in such a way that 4 < X is a neat C* submanifold
of X iff

1) A is a C* submanifold of X,

2) A is a manifold with boundary,

3) bdA=ANbd X,

4) T, A¢ T, (bd X) for all x e bd A (cf. [2, pp. 30-31]).

LemMMA 1. Let A<= X be a neat C° submanifold, x € A. Then

a) ind (4,x)=dim([X, 4 N¢*X, x])

b) (T.X)N(T,A)=T.A

¢) ind (X, x)+dim A=ind (4, x) +dim X

d) Every continuous local map f: Y — X preserves local facets relatively to A.

Proor. We may assume that X =R{,, 4=R(,. ., ), and x=0. Since bd 4
=ANbd X, we have g=r, and this implies a) and b). c) is equivalent to p+k —r
=m. If this were not true, then 4 =bd X, contradicting 4) in the definition.
Since p+k—r=m, the only local face of X at x containing [X, 4,x] is

[X, X, x]. This proves d).

The following theorem is a restatement of Hirsch [2, Theorem 4.2 p. 31].
Recall that X and Y are manifolds with boundary.

THEOREM. Let A< X be a C*® submanifold with boundary. Suppose that a) A is
neat,orb) AcX\bd X,orc)Acbd X.If f: Y— X is a C° map such that both f
and fresba v) intersect A transversally, then f~'(A) is a C° submanifold (with
boundary) of Y, and bd f ! (A)=f "!(bd A).

We shall comment successively on the cases a), b), and c¢) of this Theorem.

a) It is not generally true that bd f~'(4)=f"'(bd A). The proper
conclusion is that f ~!(A4) is a C* submanifold (with boundary) of Y (if f ~*(A)
+ ), and that bd f "1 (4)=f"1(4)Nbd Y.

PrOOF. Since f and fies g v) intersect A transversally,

(T,NT,Y)+ T, X forallyef '(A).
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Since (T,/)(T,Y)=T,X, it follows that
TipX = (TN + (T, X) N (TypA)

and by b) of Lemma 1 this is equal to (T, f )(TyY) + T,(y)A. Hence fintersects A
stratum transversally, and Theorem 3 applies. Let y € f ~*(4). Formulae c) and
d) of Theorem 3 and c) of Lemma 1 yield

dim Y—ind (Y,y) = dim f~!(4)—ind (f ~1(A4).y) .

Hence f~!'(4) is a manifold with boundary, and yebdf~'(4) iff
ye (bd Y)N £1(A).

COUNTEREXAMPLE 5. Put X =Y=R x [0,00[, A={0} x [0, oo[, and define f:
Y — X by f(x,y)=(x,y+1). The assumptions of the a) version of the theorem
are satisfied, but

bd f71(4) = {(0,0)} + & = f7'({(0,0)}) = f~'(bd 4).
b) This is not true.

COUNTEREXAMPLE 6. Let X, Y, 4, f be as in Example 1. The assumptions of
the b) version of the theorem are satisfied, but f ~!(A4) is not a submanifold of Y.

¢) The proper conclusion is that f~!(4)= .

ProOF. Suppose y € f ~'(A4). Then
(TNT,PY)+TyyA < Ty (bd X) E Tr)X .

If yebd?, this contradicts the assumption that fe pqy) intersects A4
transversally, and if y € Y\ bd Y it contradicts the assumption that f intersects
A transversally.

REFERENCES

1. 1. Cerf, Topologie de certains espaces de plongements, Ch. 1, Bull. Soc. Math. France 89 (1961),
227-380.

2. M. W. Hirsch, Differential topology (Graduate Texts in Mathematics 33), Springer-Verlag,
Berlin - Heidelberg - New York, 1976.

3. J. Mather, Stability of C*® mappings 11: Infinitesimal stability implies stability, § 1, Ann. of Math.
89 (1969), 254-291.

MATEMATISK INSTITUT
KOBENHAVNS UNIVERSITET
UNIVERSITETSPARKEN 5
2100 KOBENHAVN O
DENMARK



