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HAUSDORFF DIMENSION OF LIMSUP SETS OF
RECTANGLES IN THE HEISENBERG GROUP

FREDRIK EKSTROM, ESA JARVENPAA and MAARIT JARVENPAA

Abstract

The almost sure value of the Hausdorff dimension of limsup sets generated by randomly distributed
rectangles in the Heisenberg group is computed in terms of directed singular value functions.

1. Introduction

Dimensional properties of subsets of Heisenberg groups have attained a lot of
interest recently. Due to the non-trivial relation between the Hausdorff dimen-
sions with respect to the Euclidean and the Heisenberg metrics [4], [5], one
cannot directly transfer dimensional results in Euclidean spaces into Heisen-
berg groups. Indeed, it turns out that some theorems concerning dimensions
have a special flavour or even an essentially different form in the Heisenberg
setting. These include, for example, dimensional properties of self-affine sets,
projections and slices.

In the Heisenberg group Hausdorff dimensions of self-similar and self-
affine sets have been studied e.g. in [1], [5], [6], [11]. Even though the class
of affine iterated function systems is quite restrictive — every such system is a
horizontal lift of an affine iterated function system on the plane — the dimension
calculations involve some subtleties. The behaviour of the Hausdorff dimen-
sion under projections and slicing transpires to be interesting, see [2], [3],
[19], [21]. There are two kinds of natural projections (and slices) in Heisen-
berg groups — the horizontal and vertical ones. The vertical projections possess
an exceptional feature: they are not Lipschitz continuous. This indicates that
the methods developed in the Euclidean setting cannot be utilised. For re-
lated questions concerning Sobolev maps and the foliations generated by the
horizontal subspaces, see [7].

In this paper, we initiate a new direction of research in Heisenberg groups
by investigating dimensions of limsup sets generated by rectangles. Let X be a
space and let (A,) be a sequence of subsets of X. The limsup set generated by
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the sequence (A, ) consists of those points of X which are covered by infinitely
many of the sets A, that is,

o o0
limsup A, = ﬂ U Ag.

n=1k=n

Limsup sets are encountered in many fields of mathematics — one of the earliest
appearances being the Borel-Cantelli lemma [9], [10]. They play a central role
in the study of Besicovitch-Eggleston sets concerning the k-adic expansions of
real numbers [8], [13] as well as in Diophantine approximation [22], [25]. For
more information on different aspects of limsup sets, we refer to [20] and the
references therein. For recent results regarding Diophantine approximation in
Heisenberg groups, see [30], [31], [32].

Dimensional properties of random limsup sets have been actively studied,
see for example [12], [15], [17], [18], [20], [23], [24], [26], [27], [29]. Combin-
ing the results of these papers, the almost sure value of dimension of random
limsup sets is known in the following cases:

— the underlying space X is a Riemann manifold, the generating sets (A,)
are Lebesgue measurable with positive density and the driving measure
determining the randomness is not singular with respect to the Lebesgue
measure,

— X is the Euclidean or the symbolic space, the generating sets (A,) are
balls and the driving measure has special properties like being a Gibbs
measure,

— X is an Ahlfors regular metric space, randomness is given by the natural
measure and (A,) is a sequence of balls.

In [14] a dimension formula for limsup sets generated by rectangles in products
of Ahlfors regular metric spaces is derived. In this paper, we address the prob-
lem of determining the Hausdorff dimension of random limsup sets generated
by rectangles in the first Heisenberg group (see Theorem 1.1 below). In [14]
the Lipschitz continuity of projections is utilised to a great extent, and because
of that, the same methods cannot be used in our setting. Instead, we will extend
some results known in the Euclidean setting to unimodular groups or to com-
pact metric spaces, and make calculations specific to the Heisenberg group to
complete the argument.

We proceed by introducing our notation. The Heisenberg group H is the set
R? with the non-commutative group operation

pp =@ +x,y+y, 247 +2(xy —yx')),
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where p = (x,y,z) and p’ = (x’, y’, Z’). The unit in H is (0, 0, 0) and the
inverse of pis p~! = (—x, —y, —z). There is a norm on H given by

1/4
Ipll = (> + y»? +22),

which gives rise to a left-invariant metric

1/4
da(p, p) = 1p7' Pl = (0= 4+ =02) + =z =20y =yx))?)

Both left and right translation in H move vertical lines to vertical lines
in such a way that the Euclidean distance between lines is preserved, and
the image of the Lebesgue measure on a vertical line under translation is the
Lebesgue measure on the image line. Thus Fubini’s theorem implies that the
Lebesgue measure on R? is invariant under translations in H. It is easy to
see that the Lebesgue measure of B(0, r) in H is proportional to *, and by
translation invariance the same is true for every ball of radius r. In particular,
the metric space (H, dy) has Hausdorff dimension 4.

Let

LO)={p' :x'=y"=0} and H(©O)={p :7 =0}

be the vertical line and horizontal plane through the origin, respectively. For
p € H, define

L(p) =pL(0) and H(p)= pH(0).
Then L(p) is the vertical line through p and
H(p)={p': 7 =z+2xy — yx")}

is the plane through p that has slope 0 in the direction (x, y) and slope 2(x? +
y?)!/2 in the orthogonal direction (—y, x). Note that
’ ’ 2 ’ 2\1/2

du(p, p) = (' =)+ (' = »7) "7,
with equality if and only if p’ € H(p). It follows that the distance to L(p’)
from any point on L(p) equals the Euclidean distance from (x, y) to (x/, y’),
and vice versa by symmetry. Thus vertical lines are parallel in the Heisenberg
metric, and the distance between them is the same as the Euclidean distance.
The symmetry of the metric implies that p’ € H(p) if and only if p € H(p')
and, by definition, pH (p") = H(pp'). If p’ € L(p) then H(p’) is parallel in
the Euclidean sense to H (p).
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A closed rectangle in H centred at 0 is
RO, r)={p :x*+y?<r], 1ZI =13},
and, in general, a closed rectangle centred at p is a set of the form

R(p,r) = pR(O, 1)
={p =)+ = =<ri | —z =20y —yx)| <73},

where r = (7, r»). This is the set of points that can be reached from p by
moving “horizontally” in H(p) a distance at most r; and then vertically a
distance at most r;, or by moving first vertically a distance at most r, and then
horizontally a distance at most ry.

Let p = (pn) be a sequence of points in H and let r = (r,,) be a bounded
sequence of pairs of positive numbers, and define

E,(p) = lim sup R(py, r).

The purpose of this article is to give a formula for the Hausdorff dimension
of such a set when the centres of the rectangles are chosen randomly. Let A
be the Lebesgue measure on H and let W be a bounded open subset of H.
Let Ay = A(W)~!'Alw and define the probability space (2, P) by @ = HN
and P = A?‘V. Then w — E,(w) can be considered as a random set defined
on (2, P). The directed singular value function is defined as follows: for
r=_(@,r),ifri <r,let

) rs, ift € [0, 2],
o (r) = t—2.2 .
ryry, iftel2,4],
and if r; > rp, let
. ri, ift € [0, 3],
O (r) =
P it e [3,4)
The minimum of two numbers a, b € R is denoted by a A b.

THEOREM 1.1. With the above notation,
dimy E, = iant DY D) < oo} A4

P-almost surely.
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Let X be a metric space. The #-dimensional Hausdor{f content of a subset
A of X is defined by

HL(A) = {Z [C,|" : {C,} is a cover ofA},

where the diameter of a set C is denoted by |C|. If x is a Borel measure on X
and ¢ > 0, the t-energy of 1 is defined by

IL(p) = // d(x, y) " du(y) du(x).

The t-capacity of a Borel subset A of X is defined by

Cap,(A) { ! € .@(A)}
ap = sup v )
! I ()
where 2 (A) denotes the set of Borel probability measures on X that give full
measure to A. It can be shown that

Cap,(A) < HL(A) 1.1

always holds (see [20, Remark 3.3]).

The proof of Theorem 1.1 is based on estimating the Hausdorff content and
capacity of rectangles in the Heisenberg group. The following proposition is
proved in Section 4.

ProposiTiON 1.2. For all t € (0,4) \ {1, 2, 3}, there is a constant c; such

that _ —
¢, ' (R(x,r)) < ®'(r) < ¢, Cap,(R(x, 1))

for every x and r.

This immediately implies that if ) ®'(r,) < oo then #"(E,(w)) = 0 for
every w, since every tail of the sequence of rectangles is a cover of E, (w). The
almost sure lower bound for dimpy E, then follows from the estimate of the
capacity of a rectangle together with Theorem 1.3 below.

A Borel measure p on a metric space X is (c, d)-regular if

c'r! < u(B(x,r)) <cr?

for every x € X and r € [0, | X|]. A locally compact group G is unimodular
if the left-invariant Haar measure is also right invariant, or equivalently, if it is
invariant under inversion. For example, the Heisenberg group is (c, 4)-regular
for some ¢ and unimodular.
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Theorem 1.3 is a variant of [20, Theorem 1.1(b)] and [26, Theorem 1]. We
give a somewhat different proof even though the main philosophy follows the
same lines as the proofs in [20], [26].

THEOREM 1.3. Let G be a unimodular group with left-invariant metric and
(c, d)-regular Haar measure X, and let W be a bounded open subset of G
such that M(W) = 1. Define the probability space (2, P) by Q = G" and
P = (\|lw)N. Let (V,,) be a bounded sequence of open subsets of G (bounded
meaning that there is a ball in G that contains V,, for every n). For w = (w,) €

Q, let
E(w) = lim sup(w, V,).

Ift € (0,d) and ), Cap,(V,) = oo, then there exists g € G so that almost
every w is such that 7' (U N E(w)) = oo for every open subset U of Wg.

The assumption that A(W) = 1 makes the proof slightly easier to read, but
is not essential since a constant multiple of a (c, d)-regular Haar measure is a
(c’, d)-regular Haar measure for some ¢’.

The proof of Theorem 1.3 is based on the following deterministic lemma
(compare [16, Lemma 7], [20, Proposition 4.6] and [28, Theorem 1]), which
is proved in Section 2. If X is a locally compact metric space, the weak-*
topology on the space of Radon measures on X is the topology generated by the
maps {4 — (@)}, where ¢ ranges over the continuous compactly supported
functions X — R. It is not difficult to see that lim,,_, o, it, = u in the weak-*
topology if and only if lim,,, o, 1, (¢) = (@) for every continuous compactly
supported function ¢. Naturally, this also defines the weak-* topology in the
case X is compact.

LEMMA 1.4. Let v be a finite Borel measure on a compact metric space X
and let (¢,)2 | be a sequence of non-negative continuous functions on X such
that lim,,_, o, @, dv = v in the weak-* topology and lim inf,,_, . I, (¢, p dv) <
I;(p dv) whenever p is a product of finitely many of the functions {¢,}. Then
foreveryt > 0,

X 2
Cap, (supp v N lim sup(supp (p,,)) > vl(( )) .
n t(V

Notation and conventions

All measures appearing below are Radon measures, but this will not be expli-
citly stated. Thus “measure” below means “Radon measure”. If X is a metric
space with a measure p and ¢ is a non-negative continuous function on X,
then I, (¢) means I,(¢ du). Similarly, if A is a Borel subset of X then I,(A)
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means I, (] 4). If X is a locally compact metric space, then the space of Radon
measures on X is considered as a topological space under the weak-* topology.

2. Proof of Lemma 1.4

Let Y be a topological space. A function f:Y — (—o00, oo] is lower semicon-
tinuous if f ‘1((a, oo]) is open for every a € R, or equivalently if f(yy) <
liminf,_,, f(y) for every yg € Y. The following lemma is well known, but a
proof is included for the convenience of the reader.

LEMMA 2.1. Let X be a compact metric space andlett > 0. Then pu +— I, ()
is lower semicontinuous.

ProOOF. Let #(X) be the space of finite measures on X. It will first be
shown that the map A (X) — M (X) x M(X), u — p X u is continuous. Let
n be a continuous function on X x X and let uy € 4 (X). It suffices to show
that for every ¢ > 0, the set

A={pe X)) |(nx ) — (mo x mo)(m| < 3e}

contains an open neighbourhood of 1.

Let K > uo(X). By Stone-Weierstrass’ theorem, there are functions {n;}7_,
of the form n; = n;1 X n;2, where n; ; are continuous, such that ||n —
> millo < &/K?. The set

V= {M € MX) (e x w)(mi) — (o % o) (i)l

< ¢ for every i and u(X) < K}
n
is open since (1 x ) (n;) = (i) (mi2), and o € V. If o € V then

[(ee x ) () = (o X po) (M| < (e x ) () — (1 X u)(Z m)‘

i=1

+ ) 1w x @) () = (o X 120) (1)

i=I
n

(o x m)(Z m) — (mo % Mo)(’?)‘

i=1

+

< 3¢,

so that V is a subset of A.
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Define
1 = [[ deon A ane) e,

Let a € R and let (4o be a measure in . (X) such that ,(u¢) > a. Then there
exists M such that ItM (o) > a,and the set {u : I,M (u) > a}is open, contains
o and is contained in {u : I, () > a}.

ProoOF OF LEMMA 1.4. Let ¢ € (0, v(X)) and let (g;) be a sequence of
positive numbers such that ), &x < &. Define recursively a sequence (n)72
of natural numbers as follows, using the notation py = ¢, - ... - ¢,, with the
convention pg = 1. For k > 1, assume that nq, ..., ny_; are defined. Then
since limy,—, oo V(@n 0k—1) = v(0x—1) and

liminf 1, (¢, k1) < I;(pr—1),
n—o0
it is possible to find n; > ny_; such that

v(pk) = v(pr—1) — &

and
I (or) < It (pk—1) + &k.

Let u be an accumulation point of the sequence of measures (o, dv); there
is a strictly increasing sequence (k;) such that u = lim;_, » px, dv. Thus
u(X) = lim v(pg) = liminf v(p) = v(X) = > & = v(X) —&,
i—00 k—o00 X

and by Lemma 2.1,

I(w) < liminf 1,(py,) < limsup I, (o) < L) + ) ex < L(v) +e.
1—>00

k— o0 X
Moreover,

supp i C suppv N ﬂ SuUpp @, C supp v N lim sup(supp ¢,)
k n

and thus

. wX)* - wX) —e)?
Cap, (supp vN hmnsup(supp gon)) > A > Lo)re

Letting ¢ — 0 concludes the proof.
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3. Proof of Theorem 1.3

The proof of Theorem 1.3 is based on constructing a sequence (¢<’) of random
continuous functions supported on a compact neighbourhood of W, satisfying
the hypothesis of Lemma 1.4, such that

lim sup(supp ¢,’) C lim sup(w,V,,).

A few lemmas are needed. The first one is used in the proofs of Lemma 3.2
and Theorem 1.3.

LEMMA 3.1. Let (X, A) be a complete (c, d)-regular space and lett € (0, d).
Then there is a constant C such that for every x € X andr > 0,

L(B(x,r)) < Cr¥.
PRrROOF. If ¢ is a non-negative Borel function on X then

/(pdk:/ Mze X :o(z) > yldy,
0

since both sides equal the (A x £ eb)-measure of the set {(z, u) € X x [0, o0] :
u € (0, 9(z2))} (note that the boundary of this set has measure 0). Thus for
y e X,

/ d(y,2)™" dr(z) =/ Mz e Bx,r):d(y, 27" > y}dy
B(x,r) 0

= / )»(B(x, r)n B()’, J/fl/t)) d)/ < c/ min(rd, yfd/t) d)/
0 0

t

r- e’} d
=c/ rddy—i—c/ y Ydy = ¢ rét
0 ot d—t

and thus

2
cd _ c-d
pd=t < 2

L(B(x,r) < M(BGx.r) - ———r'™ < ——

—t

The next lemma is a variant of [20, Proposition 3.8].

LEMMA 3.2. Let (X, A) be a locally compact (c, d)-regular space and let 0
be a finite compactly supported measure on X. Then there is a sequence (¢,)
of non-negative continuous compactly supported functions on X such that
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lim,,—, o @ dA = 0 (in the weak-x topology) and lim sup,,_, . I;(¢,) < I;(0)
foreveryt € (0, d).

Proor. For each n, let {x,;} be a maximal (finite or countable) 1/n-
separated subset of X. Then {B(x, ;, 1/2n)} are disjoint and {B(x,;, 1/n)}
isacover of X. Let O, ; be the set of points x in X for which i is the first index
such that d(x, x, ;) = min; d(x, x,_ ;), that is,

Oni= {x € X:d(x,x,;) <d(x,x,j)forj=1,...,i —1and
d(x, x,;) <d(x,x, ;) for j=i,...,N,}.

Then, for each n, {Q,;} is a partition of X into Borel sets and

1 1
B(-xn,ia _) C Qn,i C B('xn,ia _>
2n n

for every i.
For each i, let

@ni(X) = a,; max(0, 1 — 4nd(x, x, ),

where a, ; is such that A(¢, ;) = 1. Then ¢, ; is supported on E(x,,,i, 1/4n),
and a,; <23 cn? since

1 1
/ (1 —4nd(x, x,,)) di(x) > —A(B <x,,,,», —))
B(xu,1/(4n)) 2 8n

> o~ (43d) ~1 ) —~d

Let
$n = Z H(Qn,i)(pn,i .

Note that, for every x, there are only finitely many non-zero terms in the sum
defining ¢, . Further, ¢, is compactly supported since 6 has a compact support.

Let 1 be a continuous compactly supported function on X and let ¢ > 0.
Then 7 is uniformly continuous and there is some n( such that

£
n(x) —n(x,)| < m

whenever n > ng and x € Q, ;. Then for n > ny,

160(1n) — (@, dA) ()]

§Z</Q 11— 1) 46 + 6(Q,)

i

|77(xn,i) - 77|(pn,i CU‘«) <eg,
Qn.i
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using that (¢, ; dA)(Q,.;) = 1 foreveryi. Thuslim,_, - ¢, dA = 6. It remains
to show that limsup,,_, ., I;(¢,) < I;(0), and for this it may be assumed that
1,(0) < .

Let n be a natural number and @ > 1, and if v; and ¥, are continuous
compactly supported functions on X, let

i1, Yn) = // d(x, y) " (0¥ (y) da(x) da(y).

Then
Li(@) =81+ 8+ 83,

where
Si= Y 0(Qu)0Qu ) (i ),

d(Xp i Xn j)>0t/n

= Y 0(Qu)0Qu )i (Puir P,
d(Xp,isXn,j)<a/n

i#]
Ss= Y. 0(Qn) i(gn).
If x € supp @, ; and y € supp ¢, ; and d(x, ;, x, ;) > o/n, then

1 d n,isn,j
|d(x’ y) _d(xn,i’ xn.j)| <-= M’
o

S

so that
a—1 - d(x,y) <oz—i—l.

o a d(xn,i’xn,j) o o

Thus for i, j appearing in S|,

o
—1

< (” ]> f/ d(x, y)™ dO(x) (),
oa—1 i X On.j

1 t
Sls(‘” )L(@).
a—1

Q(Qn,i)e(Qn,j)Jt(wn,ia (pn,j) = ( > Q(Qn,i)e(Qn,j)d(xn,ia xn,j)it

IS

and it follows that

If x € suppg,; and y € supp ¢, ; theni # j implies that d(x, y) > 1/2n
andifx € Q,;andy € Q, ; thend(x, ;, x, ;) < a/n implies that d(x, y) <
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(@ +2)/n. Thus

$<20 Y 0(Qu)0(Q
d(Xp i, xn j)<ct/n
i#]
2@+ Y [ awyraweo
i )<a/n ¥ Qnix Onj

< 2M(a +2) ff d(x,y)""dO(x)do(y).
d(x,y)<(a+2)/n

By Lemma 3.1 there is a constant C such that
I(B(x,r)) < Cr

for every x € X and r > 0. It follows that

1
It(gpn,i) S aﬁllt (B (-xn,i’ _>> S C/ntv
’ 4n

where C' = 41134:2C 50 that

si=C 0@ <20y [[ 0 dwyav o)
i i n.iXQn,i

SZ’C’// d(x,y) "dO(x)db(y).
d(x,y)<2/n

Given ¢ > 0 it is possible to choose o large enough so that §; < ,(0) + ¢,
and then n large enough so that S, + S5 < ¢ for every n > ny. It follows that
limsup,_, o 1 (@) < I;(0) + 2¢, and letting ¢ — 0 concludes the proof.

The following lemma is a modification of the argument from [20, p. 1580].

LEMMA 3.3. Let (X, 1) be a complete (c, d)-regular space and let (V,,) be a
sequence of open subsets of an open ball B in X such that ), Cap,(V,) = oo.
Then there is a strictly increasing sequence (n;) of natural numbers, a sequence
(V) of non-empty open subsets of X and x € X such that

(i) V, C V,, foreveryi,
(ii) lim;_, o |V/| = lim;_, o dist(x, V/) = 0, and
(iii) ), Cap, (V) = oo.
ProoF. Let By = {x € X : d(x, B) < 1} and for each n, let u, be a
probability measure on V, such that I,(u,) < 2Capt(Vn)_1. Consider any
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re O landlet A, = {x € X : u,(B(x,r)) > 0}, and for x € A,, let
Wy = wa(B(x, r))*lu,,lg(x,,). Using Cauchy-Schwartz’ inequality, Fubini’s
theorem and then that B(y,r) C B; for p,-almost every y for every n, we
have

\%

1 2
/B B0 ) = m( /B (B r))de))

1 2 szrzd
= //\(Bl NB(y.r) dun(y)) > :
A(B)) A(B1)

Thus for any natural number a,

)

. 1
> Cap (VN B i@ = [ 3 o di

1 n=qa By n>a
X€A,

0]

1
= Z I (n)

n=a

I (B(x, r))? dA(x)
BiNA,

o0

-3

n=a

[ (B(x, r)* dA(x)

It(,un) B

= OQ.

It follows that Z:ia Cap,(V, N B(x, r)) is unbounded as a function of x, and
hence there exist x € B; and a natural number b such that

b
> " Cap,(V, N B(x.7)) = 1.

n=a

It is now possible to recursively define a strictly increasing sequence (1)
of natural numbers and a sequence (x;) of points in By, such that m; = 1 and

for every k,
Myy1—1

> Cap,(Vu N B(x, 279) = 1.

n=my

Let (k;) be a subsequence of the natural numbers such that (x;,) converges to
apoint x in X, and let (n;) be the increasing enumeration of the set

U{n smy, <n < my4 and V, N B(xy,, 27k #* @}.
J
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Then the sequence (V) defined by
‘/i/ = Vn,’ m B('xkj’ 2_kj)7
where k; is such that my, < n; < my, 1, has the properties (i)—(iii).

LEMMA 3.4. Let (b,,) be a sequence of positive numbers bounded away from
0, such that ), b, ' = 0o. Then there are non-negative numbers (@n. i )n ke
such that

(1) (an.x)k has finite support for every n and lim min{k : a, ; # 0} = oo,
n—oo

(i) Yy ani = 1 foreverynandy_, ,ar, < oo, and

(iii) limyu—oo Yy an b = 0.

Proor. Let L.
a,b,", ifM, <k <N,,
an k = .
0, otherwise,
where 1
n = A, -1
k=M, by

Since ), b, ! = oo it is possible to choose (M,) and (N,) such that (i) holds
and ), a, < oo. Then clearly ), a, , = 1 for every n, and

Zaﬁ,k < BZ(“"Z“’“") = BZan < 00,
n,k n k n

where B = sup, b,jl. Finally,

N, —
az bk _ Zk:M,I bk !

bk = ——— 5
(k2w b ')

which converges to 0 when n — oo.

_anv

k

LEMMA 3.5. Let u be a probability measure on a compact metric space X,
and define the probability space (2, P) by Q = XN and P = uN. Let (a, ;) be
non-negative numbers such that ), a, = 1 for everyn and ), , aﬁ,k < 0.

For w € Q, let
,U,Z) = Zan,kawk-
k

Then almost surely lim,_, o, L = W
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PRrROOF. Let 1 be a continuous function on X. Then for every &,

E n(wy) = n(n)

and 5 ) 5
Var n(wr) = @) — pnm” < Inlls,
and hence "
E(w, (m) = u(mn)
and

Var(uy(m) = Y _ay, Var (o) < [nl3, Y an .
k k
Let ¢ > 0. Then by Chebyshev’s inequality,

2 2
PR ATHOEITOIESESY 115 2 i < oo,

&2
n

so that Borel-Cantelli’s lemma implies that

limsup [ () — p(n)] < &
n—o0
almost surely. Since the space of continuous functions on X is separable, it
follows that lim,_, o 1)) = p almost surely.

LEMMA 3.6. Let (§,) be a sequence of independent random variables. Then
almost surely

liminf &, < liminf E&,.
n—>oo n—oo

ProOOF. By taking a subsequence it may be assumed that lim,_, -, E &, ex-
ists. Let (g,) be a sequence of positive numbers converging to 0, such that

&n
Zl+8n:oo

n

By Markov’s inequality,

PG, = +e)E§) =1-PE > +e)EE)
-1 E &, _ &n .
- (I+e)EE  1+4e,
Then by Borel-Cantelli’s lemma there is almost surely a strictly increasing

sequence (ny) of natural numbers such that &,, < (1 + ¢,,) E&,, for every &,
and thus

liminf §, <liminf§, <liminfE§, <limsupE§, =liminfE§,.
n—00 k—00 k—o00 n— 00 n— 00
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ProoOF oF THEOREM 1.3. By Lemma 3.3 it may be assumed that V,, is

non-empty for every n and
nlgglo [Vul = nlgglo dist(g, V,) =0 3.1)
for some g € G.

Define a sequence (¢;’) of random continuous functions on G in the fol-
lowing way. For each n, there is a probability measure 6, on V, such that
I,(6,) < 2Cap,(V,,)‘1, and an open subset A, of V, such thatd(A,, V) > 0
and 6,(A,) > 1/2. By Lemma 3.2 there is then a non-negative continuous
function v, on G such that (¢, dA)(A,) > 60,(A,)/2 > 1/4 and I,(Y)) <
21,(6,) < 4Cap,(V,)~!. Let ¢/ be a continuous function on G such that
Xa, < ¥, < xv, and let ¥, = c,¥,,/, where ¢, is such that ¥, dX is a

n°

probability measure. Then ¢, < 4 and hence

L) < e2l(y) < 64Cap, (V,) ™",

so that the hypothesis of the theorem implies that Y 1,(,)~' = oo. Let
(ay k) be as in Lemma 3.4 with respect to b, = I, ({,) (= |V,|™"), and let

o0 = ani¥y,

k

where ¥ (x) = Y (w; 'x).
_ Property (ii) of Lemma 3.4 together with Lemma 3.5 applied in the space
(W, Alw) and the right invariance of A imply that for almost every w,

Tim. Xk:an,kawkg = Alwg- (3.2)

Consider an arbitrary non-negative continuous function n on G such that
suppn C Wg and let v = ndA (specific choices for n will be made later).
By (3.1), it follows for all w satisfying (3.2) that lim,,_.», ¢, dA = A|w, and

thus
lim ¢, dv = ndA|w, = v.

n—oo

Let p be a continuous function on G with compact support. Using that
¥ (x) and wj?“ (v) are independent for i # j,

ElL(gepdv) = a? EL(pdv)
k

+ D dnidn, f f d(x. y) " EYE@EyL(5)p@p () dvx)dv(y).
i#]
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Since I; (Y p dv) < ||p ||gO ||r]||§olt(1/fk), it follows from property (iii) of Lem-
ma 3.4 that the first sum converges to 0 when n — oo. Next,

Eyf(x) = / ¥ (@; ' x) dAw(w;) < / Yi(w; ' x) dh(@) = A(¥) = 1,

using that A is invariant under right translation and inversion. Thus the integral
in the second sum is less than or equal to 1, (p dv) and it follows by property (ii)
in Lemma 3.4 that the second sum is less than or equal to I;(p dv) as well.
Thus by Lemma 3.6, almost surely

liminf 7, (¢, p dv) < I;(p dv).
n—o0

Lemma 1.4 applied in the space (W g, v) together with (1.1) and property (i)
of Lemma 3.4 now imply that almost surely

2
7' (supp 1 E(@)) = 20

I ()

Form = 1,2, ..., let %, be a maximal collection of disjoint open balls in
Wg of radius 2. For each B €  J,, B, let np be a non-negative continuous
function on G such that x 1p <N < xB, Where %B is the ball concentric with
B having half the radius. Since | J,, %, is countable, almost every w is such
that whenever B € %,, then

2
A(nB) S Cp-tm

H'(BNE
( (w)) = Ts) =

’

where the last inequality holds by Lemma 3.1 for some constant C that is
independent of m.

Let w be such and let % be an open subset of Wg. Since (G, A) is d-regular,
there is a positive constant C’ and some m such that if m > mg then

#{BeRB,:BCU>C2m
Thus for m > my,

H'UNE@W) = Y ' (BNE@w)=CC2e4m

Be%,
BCU

and letting m — oo shows that /(% N E(w)) = oo.
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4. Hausdorff content and energy of rectangles in H

The purpose of this section is to estimate the Hausdorff content and energy
of a rectangle R(x, r) in the Heisenberg group, up to multiplicative constants.
Only upper bounds are provided, but it follows from (1.1) that they are the best
possible ones. The multiplicative constants will mostly be implicit, using the
following notation. If ¢; and e; are expressions depending on some parameters,
then e; < e, means that there is a positive constant C such thate; < Ce; forall
parameter values. Often some of the parameters in e; and e, will be considered
as constants — then C may depend on those parameters. For example, the
implicit constants always depend on .

4.1. Upper bound for the Hausdorff content of a rectangle
LEMMA 4.1. Forall t € [0, 4],
(RO, 1)) < @'(r),
where the implicit constant depends on t but not on r.
PrROOF. Let R = R(0, r). Itis enough to show that if | < r,, then
rs, ifr € [0, 2],
Hoo(R) < { oy
ry " ry, ift e[2,4],
and if r{ > r,, then
PR < {r{, ifr € [0, 3],
FUUT A ey e [3, 4],
Fort > 0,
ry, ifry <,

H(R) < |R|" < max(rj, r5) =
ry, ifrp >nr.

The vertical segment S = {0} x [—r22, r22] is r;-dense in R, and

2 2
_ N ) 3
o =foaris=| 2] 4]

is ri-dense in S — thus D is 2rj-dense in R. If r; < rp then #D < r22/r12, and
hence

2
r
t 2 t _ =22
H(R) < r—z-r1 =rr.
1
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It remains to show that #7 (R) < rff’rzz(r%) forr; > rpand ¢t € [3,4].
This is done by estimating the Hausdorff content of annuli of the form

2
Ay, = {(x,y,z> (4% —p| < ;—; 2] < r2}.

Let
C, = {(x, y,0) :x? 432 = ,02}.
SUBLEMMA. For p > ry, the set C,, is ﬁrzz/,o-dense inA,.
Proor. Let p = (p, 0, 0) and let
S={(x,y,2):x >0, z=2py}

this is the part of the plane H(p) defined in the introduction where the x-
coordinate is non-negative. Let ¢ = (x, y, z) be a pointin A, N S. Then

2

ry |z| r
x<p+—= and = — < =,
<p 2 Iyl 2 =2p
and 22
x2+y22 (p——z) ,
2p
so that

2\ 2 1/2 282 2N\ 2\ 172
= ((-5) ) = ((-5) ()
P o o

2
=P -z p-2
0

(the last inequality is proved by squaring both sides and using that p > r).
Thus

2 2
du(p,q) = ((x — p)* +?)"? < V2max(x — pl, Iy]) < */;’"2.

Let R, be the rotation by « around the vertical axis {0} x R. The statement
follows since dy is invariant under R, and

Co=|JRu(p) and A, =|]JRu(A,NS).
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SUBLEMMA. Let € > 0. The set
ke? ~ (ke? 4 p?
o= (o) on(5p) o) =0 [

is e-dense in C),.
Proor. The points p = (p, 0,0) and g = (p cos «, p sin , 0) satisfy

I
du(p,q) = p(((l — cos a)? + sin’ a)2 + (2sin oz)2>
=2"*p(1 —cosa)"/* < p|2a|'/?,

using that cos @ > 1 — «?/2. The same bound holds for any pair of points p, g

on C, making an angle «, and taking & = £%/2p? gives du(p, q) < ¢.
PROOF OF LEMMA 4.1 (continued). Take & = r3/p in the definition of D,,.

Then for p > r, the set D, is 3r22/p—dense inA,and#D, < ,04/r§, and thus

p* r22 ' 2—4 4
ra <2 () <
rs 0

Let py = rzﬁ. Then
rn 1”22

k+1 1
Pk+1 — Pk =12 —du < — = —,
" /k 2/u 2k 2pk
so that A, and A, overlap. Thus
[(1/r2)*]
RCRO, (n.r)U | A,
k=1
It follows that
[(1/r2)*] [(r1/r)]
HL(R)srh+ Y ol = r;<1 + > k(‘”)/z)
k=1

k=1

r 6—t _
(o)
r
using in the last step that (r;/r,)%~" > 1. This completes the proof of Lem-

ma4.1.



LIMSUP SETS IN THE HEISENBERG GROUP 249

4.2. Upper bound for the energy of a rectangle
LEmMMA 4.2. Forallt € (0,4)\ {1, 2,3},

®'(r) < Cap,(R(x, 1)),

where the implicit constant depends on t but not on r.

PrOOF. Let R = R(0, r). Since

Can (k) = B
WA =T Ry

it is enough to show that if r; < r;, then

rArdt ifr e (0, 2),
LR <]’
072, it e (2,4),
and if r; > ry, then
i, ifr €(0,3)\ {1},
L(R) <
rirRT0 ifre (3,4).
Let
R/(p) =de(p,q)’ di(g),
R
so that

I(R) :/RRz(p) di(p).

Since R, dy and A are invariant under rotation around the vertical axis, the
integral defining R,(p) does not depend on the angle of p in the horizontal
plane. To estimate R,(p) it is therefore enough to consider p of the form
p = (p, 0, z0). Assume that p € [0, ;] and z € [—r22, r22], so that p € R.
Let
fox, y, 2) = max(|x|, |yl, |z — 2py]"/?).

Then for ¢ = (x, y, 2),
5 "2 2 1/4
dn(p. @) = (= * +9°) + @ —20=2097) % fy(x = p.v,2=20).

Define the Euclidean rectangles

A = [=2r,2r] x [=2ry, 2r1] x [=2r3, 2r3],
A" = (p,0,z0) + A,
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where + means Euclidean translation, and let B(a) = {g : f,(g) < a}. Since
RCA,

R:(p) < /A du(p,q)™" dk(q)sf fox —p,y,z2—20)"dr(x, y,2)
, "

= /A folx,y, 207 dA(x, y, 2) =/0 MgeA: f(@)”" = y}dy

o0

oo
= / MANBy Vh)dy ~ / AMA N B(a))a "V da.
0 0
4.1)
To estimate R,(p) it is useful to have an upper bound for A(A N B(a)).

The set B(a) is the intersection of the vertical cylinder [—a, a] X [—a, a] xR
with the set of points having vertical Euclidean distance at most a? to the plane
z = 2py. Inparticular, the projection of B(a) to the yz-plane is the intersection
of the strips

Si={.:—a<y<al, S$={0,2):20y—d’ <z<2py+d’}.
The projection of A to the yz-plane is the intersection of the strips

Sy ={(y,z): =2r1 <y <2r}, Si={(2):—-2r7 <z<2r3}.

In the computations below we use thatif u # —1l and 0 < v < w < o0,
then w
/ a"da < max(v*t!, wth, 4.2)

v

with the convention that 1/0 = oo, and where the implicit constant depends
on u but not on v, w.
SUBLEMMA. A(A N B(a)) < min(a®, ria®, rir3) holds.

PRrROOF. The projection of A N B(a) to the yz-plane is contained in each of
the parallelograms

SiNS, S3N84,  S$HN8;.
The first two have area 4a> and 16773, respectively, and the third has vertices
(_zrl’_4prlia2)’ (2r174pr1ia2)a

and hence area 8rya®. The extension of A in the x-direction is 4r; and the
extension of B(a) in the x-direction is 2a. Thus

*(A N B(a)) < min(a?, r1r22, ria®) - min(ry, a) < min(a®, rlzaz, r12r22).
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PrOOF OF LEMMA 4.2 (continued). The case ri < r,. Lett € (0,4) \ {2}.
Using (4.1), the sublemma and (4.2),

o0
R;(p) S,/ min(a*, ria?, rir})a" "V da
0

r r o0
< / a>da —}—/ ria' " da —{—/ riria= " da
0 ri r

max(r4 ’ r]2r22 H

It follows that

I,(R) < MR) - max(r4 ’ ;"12r22 N = max(r6 'r3, rfr;1 )

riryt, ift e (0,2),
872, it e (2,4).

SUBLEMMA. A(A N B(a)) < min(a*, r22a3/,o, rlrza T r2) holds.

ProoOFE. The projection of A N B(a) to the yz-plane is contained in each of
the parallelograms

SINS2, S3N8, S$HNS.

The first two have area 4a> and 16r1r22, respectively, and the third has vertices

—2r22 + az’ —2r22 ’ 21’22 + 42 ’ 2r22 ’
2p 2p
and hence area 4r2a’/p. The extension of A in the x-direction is 4r; and the

extension of B(a) in the x-direction is 2a. Thus

2>
MANB(a) < min<a3, rlrf, 2—) -min(ry, a)
0

24
< min(a4, 2, nria, rir3 ).
p

PROOF OF LEMMA 4.2 (continued). The case r; > r,. Again, R,(p) can be
estimated using (4.1), the sublemma and (4.2), but the estimate now depends
on p € [0, r{], the first component of the point p. Let ¢ € (0, 4) \ {1, 3}. Then
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for every p,

oo
R.(p) 5/ min(a4, riria, r12r22>a—(t+1) da
0

(rirH)!3 r o0
< / a"da —1—/ rirja~" da —1—/ riria="Y da
0

(rrH'3 r

< max((rlrzz)(4_’)/3, rlz_'rzz)

ri2, ifr € (0, 1),
(rr)@DB3, ifr e (1,4)\ {3}.
4.3)
Fort € (1,4)\ {3} and p > (r5/r1)"/3, the estimate can be made sharper.
For such p, the interval [r22 /p, s/pr1] is non-empty, and when a lies in this
interval the minimum in the expression given by the sublemma is achieved by
the second option. Thus

00 r2a3
R:(p) 5/ min<a4, 2= riria, r12r22>a_(t+1) da
0 1Y

r3/p /P 12 421
< / a*'da —l—/ 2 da
0 r3/p P

r o0
—J,—/ rlrzza_’ da—l—/ rlzrzza_(“rl) da
P T

< max(r22(47’)p‘_4, r](3ft)/2r22p(1—z)/2’ r]2—tr22)

L [rOT2p 002 i e (1, 3),
- { rs 4 pt4, ift € (3,4).
Denoting the options in the maximum by O, O, and O3,
012 B <r1p3)t—3 022 B (rl)t—l
o; \rns) 7 03 \p)
and the equality * follows using that the expressions in parentheses are greater

than or equal to 1.
Let g/(p) = sup,, R;(p) where p = (p, 0, z9). Then

r
Ir(R)SrzZ/ gi(p)pdp.
0



LIMSUP SETS IN THE HEISENBERG GROUP 253

For ¢t € (0, 1), the estimate (4.3) gives
r
L(R) ,erZ/ Ulripdp A~
0

Fort € (1,4)\ {3}, the first part of the integral for' g:(p)p dp is again estimated
using (4.3). Let

r2/rt 4 2-1/3.2(11-1)/3
— —t —t
I = r%/ (r1r22)( ’)/3,0 dp ~r, r; .
0
Then for ¢ € (1, 3),

LR S Do [T ~ d 4t s,
0

using that Iy ~ (2 n/3 22(5 t)/zrg‘ <r{7'r}. Fort € (3,4),

r
204—1) ¢— 2 2
It(R)SI()-i-rzz/ r2( t),Oth,O I—i—rlz 5- t)Niz 5- t)’
0

(2 1)/3 4(t 2)/3 2(5 t) <r

using that [y & i 2r22 G~ This completes the proof

of Lemma 4.2.

Combining Lemmas 4.1 and 4.2 proves Proposition 1.2.

5. Proof of Theorem 1.1
Itis clear that dimy E,(w) < dimyg H =4. Lett € (0,4) \ {1, 2, 3}.
For every w and ny,

o0

E () C | R(@n, ),

n=n

and by Lemma 4.1, % (R(w,, ,)) < ®'(r,). Thus for every n

H(Ep (@) S Y D' (ry).

n=nq

It follows thatif ) ©, ®'(r,) < oo then # (E,(w)) = Osothatdimy E,(w) <
t.

By Lemma 4.2, Cap,(R(0, r,,)) = ®'(r,). Thus if }_, ®(r,) = oo then
Theorem 1.3 with A replaced by A(W)~!A implies that dimy E, (w) > t for
almost every w.
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