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A SMOOTHNESS CRITERION FOR COMPLEX SPACES
IN TERMS OF DIFFERENTIAL FORMS

HAKAN SAMUELSSON KALM and MARTIN SERA

Abstract

For a reduced pure dimensional complex space X, we show that if Barlet’s recently introduced
sheaf o ;( of holomorphic 1-forms or the sheaf of germs of weakly holomorphic 1-forms is locally

free, then X is smooth. Moreover, we discuss the connection to Barlet’s well-known sheaf w;.

1. Introduction

Let X be a reduced pure dimensional complex space. In presence of singu-
larities, there exist several natural concepts of holomorphic differential forms
on X. Beside of the well-known sheaf §2 )1( of Kihler differentials, the sheaf
2} /torsion of strongly holomorphic forms, and the so-called Barlet sheaf w},
we will consider the following two in this note. We say that a holomorphic
1-form ¢ on X, is weakly holomorphic if there is a resolution of singularities
7:X — X, with X smooth, such that 7*¢ extends holomorphically across
the exceptional set. By [6, §II], ¢ is weakly holomorphic if and only if for
any holomorphic curve C C X not contained in Xg,g, ¢ A @ is integrable
on the regular part of any small enough open subset in C. We will denote the
sheaf of germs of weakly holomorphic 1-forms by £2}; thus 2} = JT*.Q}(.

In [2, Section 3], Barlet introduces the coherent analytic subsheaf o )1( of fz;(
which is defined as follows. Using [12, Theorem 3.5] (cf. also [11, §2], [2,
Proposition 2.1.1]), we may assume that 7 is chosen such that 7*£21 /torsion
is locally free. On a small enough open set, let ¢y, ..., ¢y be holomorphic
1-forms generating £2};. Then, 7**£2} is the O'y-module sheaf on X generated
by m*¢1, ..., m*¢x modulo torsion, where 7 *¢; denotes the pullback as dif-
ferential form. o} is defined as the direct image sheaf 7, (7**£2}). We have
2} /torsion C oy C 9] + which are proper inclusions in general. Furthermore,
there is a pullback functor for ) (compatible with the pullback of strongly
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holomorphic forms) which cannot exist for weakly holomorphic forms. The
purpose of this note is to show

THEOREM 1.1. (i) X is smooth if and only if S}}( is a locally free Ox-module.
(ii) X is smooth if and only if ay, is a locally free Ox-module.

The “only if” parts are of course trivial. Our contribution is essentially the
observation that if £ y or ay is locally free, then X is normal and the tangent
sheaf, Iy, is locally free. That X then is smooth follows by an argument of van
Straten and Steenbrink, [14, §1.6], elaborated by Greb, Kebekus, Kovics, and
Peternell, [5, Theorem 6.1] which we outline for completeness (see Proposi-
tion 2.2). The (i)-part was already proven by Kersken with a different approach
in [7, Satz 3.1].

Obviously, Theorem 1.1 generalizes the classical smoothness criterion: if
the sheaf of Kihler differentials £2} or the strongly holomorphic 1-forms
2} /torsion is locally free, then X is smooth. It is a well-known problem
whether there is a smoothness criterion in terms of the sheaf w} introduced
by Barlet, [1, §1]. a)§( may be defined as the sheaf of d-closed currents on
X modulo the 3-closed currents with support in the singular set X, cf. [1,
Proposition 4]. Sections of w} over U \ A, where U C X is openand A C U
is an analytic set with codimy A > 2, extend across A and, moreover, w}(
is always torsion free, see [1, §1]. It follows that a)}( is reflexive if X is nor-
mal, see [1, §2]. In view of Theorem 1.1, a smoothness criterion in terms
of w} follows for spaces X such that 2} >~ wk. In general, 2} C w} and
the quotient w}/£2} is related to the s("-invariant of isolated singularities,
see [16]. However, Flenner’s main result in [3] implies that Q}( is reflexive
if X is normal and codimy X, > 3. If X has kit singularities, then S}}( is
reflexive as well, see [5, Theorem 1.4]. In both cases, we obtain that QL = w}(
since on a normal space a reflexive sheaf is uniquely determined by its restric-
tion to the regular part. Moreover, Pinkham and Wahl have shown that this
equality also holds if X is a surface with rational singularities, see, see [10,
Appendix] (cf. also [15, §§4-5]). We remark that this last result does not hold
in general in positive characteristic. Inspired by Pinkham, [10, Proposition 1,
Appendix], we get a sufficient cohomological condition ensuring the equality
2 )1( = a)§(, see Proposition 2.3 below, and we conclude the following corollary
of Theorem 1.1.

COROLLARY 1.2. Let X be a reduced Stein space and M — X a resolution
of singularities with exceptional divisor E having normal crossings. If o' is
locally free and Hé (.Q[{,I (logE) ® O(—E)) = 0, then X is smooth.

In Corollary 2.5 below, we collect all cases discussed in this note where the
local freeness of @), implies X is smooth.
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Let us put this in the context of the Lipman-Zariski conjecture, [9, Introduc-
tion], which states that X is smooth if and only if Iy is locally free. Lipman [9,
Theorem 1] showed that if I is locally free, then X is at least normal. The
conjecture has been proved assuming a priori, e.g., that codimy Xn, > 3 or
that X is a kit space, see [14, §1.6], [3, Corollary], [S, Theorem 6.1], and the
references therein. On a normal space the Lipman-Zariski conjecture may be
reformulated in terms of w}. Since the dual sheaf 7}* and w}, are reflexive,
I~ a)}( if X is normal. Therefore, since Jy is reflexive (as the dual of the
Kéhler differentials), on a normal space X, the Lipman-Zariski conjecture is
equivalent to the statement that X is smooth if and only if @}, is locally free. We
conclude that the Lipman-Zariski conjecture holds for complex spaces satisfy-
ing the cohomology condition in Corollary 1.2, in particular, for surfaces with
rational singularities (the latter was proved also by Kersken, see [7, (3.3)]).

ACKNOWLEDGEMENTS. We would like to thank Jan Stevens for fruitful
discussions and suggestions and the anonymous referee for valuable comments
which helped to improve the paper.

2. Proofs

A crucial ingredient of the proof of Theorem 1.1 is the following proposition
which generalizes a result by the second author in [13, §4]:

PROPOSITION 2.1. If & is a locally free sheaf of positive rank on a reduced
complex space X such that there exist a proper modification w: Z — X with
Z normal and a coherent analytic sheaf & with t,% ~ &, then X is normal.

PrOOF. We only need to prove that X islocally irreducible. That X is normal
then follows from [13, Theorem 4.6].

Let x € Xjne and assume to get a contradiction that X is reducible at x.
Then, there is a connected neighbourhood U of x and a decomposition of U in
irreducible components Uy, .. ., U,,, m > 2. Since Z is normal, the preimages
V; =x~ ' (U;),i =1, ..., mare pairwise disjoint. Set V := 7 ~!(U). We may
assume that 0], >~ &y ~ m.Fy. Let ®: 0, — m,Fy be the composition of
these isomorphisms. Consider e; := (10 ... 0)7 € 0"(U) and g := ®(e)) €
. F (U) = F (V). We denote the restriction of g to V; by g; € F#(V;). Let
gi € (V) be the trivial extension of g;, which is well defined since all V;
and V \ V; are disjoint, open and closed. Then, g = )_ g; and, in particular,
ep =y ®~!(g;). We obtain that ®~!(g;) ise; on U; \ Xing and O on the other
irreducible components. This contradicts the fact that ®~!(g;) € 0" (U) is a
holomorphic function on the connected U completing the proof.

When X is normal, a coherent analytic sheaf .% is reflexive if and only if &
is torsion-free and sections of & extend across analytic sets of codimension
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at least 2. In particular, every section of a reflexive sheaf on the regular part of
X extends across the singular set.

PROPOSITION 2.2. Let X be a normal complex space, and & be a coherent
analytic subsheaf of 2 such that &, ~ .Q)](reg. If & is locally free, then X is
smooth.

reg

Proor. We get Jx,
morphism extends across the singular set and so, Iy >~ &* is locally free.

With Jx and & locally free and & C QL. we obtain the smoothness of X
in the same way as in the proof of Theorem 6.1 in [5]:

To get a contradiction we assume that X is not smooth. Let x € X be
a singular point of X. By shrinking X to a small neighbourhood of x, we
may assume that Jx and & are free. There exists a resolution of singular-
ities, px: R(X) — X with simple normal crossing exceptional divisor. We
may assume that p is functorial with respect to smooth morphisms (flat sub-
mersions), see, e.g., Theorem 3.45 in [8]. Let us shortly recall the notion of
submersion: For pure dimensional complex spaces X and Y, a holomorphic
morphism f: X — Y is a submersion if the relative .Q)lm, is locally free of
rank dim X — dim Y (which is the case if and only if f can be seen locally
as a projection). The functorial property means that if f: X — Y is a smooth
morphism, then we can lift f to the resolutions, i.e., there exists a smooth
morphism R(f): R(X) — R(Y) suchthat f o px = py o R(f). Let E denote
the exceptional divisor of p := px in R := R(X) which is not empty (since X
is not smooth). Since Jy is free, there is a frame of sections 0y, ..., 6, which
generates Jy on X. Since the singular set of X is invariant under any (local)
automorphism and p is functorial, Corollary 4.7 in [4] gives us

reg

~ (2L ) ~ & . Since I is reflexive, this iso-
Xreg Xreg

Tx = psIg(—log E),

where I (—log E) denotes the logarithmic tangent sheaf (i.e., vector fields
which are tangent to E in smooth points of E; Jx(—log E) is the dual of
the logarithmic differential forms 2 }e (log E)). Hence, (we are in the special
situation that) we may lift the vector fields 6; to logarithmic vector fields

6; € H*(R, Jg(—log E)) C H*(R, Ty). 2.1

Since & >~ J,', there is a dual frame w;, ..., 0, € & C S}}( of 61,...,6,.
Since Q}( = p.82}, w; is given by holomorphic forms @i,...,®, €
HO(R, 9113) on R.On R\ E, we have cf)i(é,») = w;(0;) = §;;. These equalities
extend to E by continuity. In particular, 51 p),..., 5,, (p) are linear independ-
ent for every point p € E. We obtain a contradiction since all §; (p) are in T,E
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(because of (2.1)) with dimT,E = n — 1 for p € Eg. This completes the
proof.

ProOF OF THEOREM 1.1. As already mentioned, we of course only need to
prove that local freeness of §£2x or o) implies X is smooth: since 2 V=),
and o := 7, (7**2}), the assumption implies X is normal by Proposition 2.1.
The smoothness of X follows now by Proposition 2.2.

Corollary 1.2 follows from Theorem 1.1 and the following proposition
which is a generalization of a result of Pinkham (see [10, Proposition 1, Ap-
pendix]).

PrOPOSITION 2.3. Let X be a reduced Stein space, m: M — X a resolution
of singularities with E as exceptional divisor having normal crossings. If

Hp(22,,(log E) ® O(—E)) =0, (2.2)

then - |
2y = wy.

Thereby, £2},(log E) denotes the logarithmic differential forms. Pinkham
proved that

HL(2y(logE)) = 0= H(M, 2y(log E) ® OF) (2.3)

implies (2.2). Additionally, J. Wahl proved that if X is a surface with rational
singularities, then (2.2) is satisfied, too (see [10, Théoréme (Wahl)], using [15,
§§4-51).
The condition (2.2) does not imply that &} =~ w}: By [2, §6.2], we have
Q;k/torsion = aék c [}ék = a)ék
for the surface S; := {(x,y,z):xy = zX} in C3. Yet, S; has rational singu-

larities so that (2.2) is satisfied for a resolution of singularities of S (see [10,
Théoreme (Wahl)]).

ProOF OF ProposiTION 2.3. To shorten the notation, let us define
R4 (—E +1ogE) := £2,,(log E) ® O(—E).

As first step, we will prove that the inclusion HO(M, £ }{4) — HY(M*, 111/1)
induced by the restriction - |y« is surjective with M* := M\ E: The short exact
sequence

0— 24 (—E +10g E)|p — 2},(—E +10g E) = 2},.(—~E +10g E) — 0
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gives us a long exact sequence of cohomology whose first H'-term vanishes
by our assumption (2.2). Hence, the restriction map

H'(M, 2),(~E +1og E)) — H(M*, 2},(—E + log E))
is surjective. Since it is already an inclusion of sets, we get

H°(M, 2,,(—E +1og E)) = H'(M*, 2},(—E +log E))

= H'(M*, 2)). 49

Let us consider a point p in M and coordinates xy, ..., x, of M on a neigh-
bourhood of p suchthat E = {x;-...-x; = 0}. Thendx,/xy, ..., dx;/x; and
dx;y1,...,dx, give us a basis of .Q}W(log E),. Furthermore, {x; - ... X; ... -
Xedxi}_ Uflxg-. .. -xfdxj};‘:ﬂrl is a basis for QI{,I(—E +log E),,, in particu-
lar Q}W(—E +logE), C £2 j,, C obtain the following chain of inclusions,
which then have to be equalities:

HOM*, 2)) & HOM, 2),(—E +1og E)) C H'(M, 21,)

c HY(M*, 2;,).

As second step, we want to use the global extension property proven in the

first step to obtain the local extension: Since w} is coherent and X is Stein,

Cartan’s Theorem A implies that there exists an epimorphism of sheaves

Oy — oy, (fip)ili = Z fip - Pip
i

(on the whole X) given by sections ¢y, ..., ¢y € cu;((X) c HO(M*, .Q]{J). In
the first step, we proved that ¢; can be extended to sections in H*(M, 2),) =
HO(X, Q}l{). If n, is a germ in w§( ,» then there exist holomorphi~c germs
fl,p7 ey fN,p € @X,p such that Nnp = Zle fi,p(Pi,p- Since Qi.p € Q)l(,p’ we
get that n,, can be considered as a germ of fz;( , as claimed.

If codim X, is at least 2, then w§( = i*Q}(mg [1, end of §2] (where
i: Xreg <> X). This is not so for codim X,s = 1 in general. However, we
obtain the following corollary of Proposition 2.3 by slight modifications of the
proof.

COROLLARY 2.4. Let X be a reduced complex space, m: M — X aresolution
of singularities with E as exceptional divisor having normal crossings.

(a) If X is Stein, 1'*.(2)1&‘cg is coherent, and

H(2),(logE) ® O(—E)) =0, or
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(b) if for all small enough open sets U C X,
Hp(2; 1, (I0g E) ® O(=E)) =0,

then

Q) =l =i,92; (2.5)

reg

ProoF. We follow the same arguments as in the proof of Proposition 2.3.
In case the conditions of (a) are satisfied, we obtain in a first step the global
extension property:

H(X, 23) = H'(M, 2y) = H'(M*, 2})) = H*(Xreg, 2x,)-

Replacing wy, by i..£2 }(mg in the second step of the proof above, we get the local
extension property (2.5).

Only using the first step of the proof of Proposition 2.3, we obtain that the
condition (b) implies that the inclusion H%(zx~'(U), £2!, w) =
H(7x~"(U)\E, .Q;_I(U)) is surjective for all small enough open sets U C X,
ie, 2L(U) = i*'Q)l(mg (U). This implies that the inclusions 2} C ) C

i.$2)  are equalities as claimed.
reg

We conclude this work with collecting cases where local freeness of w}
implies smoothness of X. We get the following corollary of Theorem 1.1 and
the above mentioned results.

COROLLARY 2.5. Let X be a reduced complex space such that one of the
following conditions is satisfied:
(i) X is normal and codim Xne > 3.
(1) X is normal and has kit singularities.
(i) X is a surface with rational singularities, or more general
(iv) X is Stein and satisfies (2.3), or more general
(v) X satisfies the assumptions in Corollary 2.3, or
(vi) X satisfies the conditions (a) or (b) of Corollary 2.4.

Then X is smooth if a)§( is locally free (or Ix is locally free).
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