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CHARACTERISATIONS OF EXTREMELY
AMENABLE SEMIGROUPS

JAMES C. S. WONG!

1. Introduction.

Let S be a semigroup and m(S) the Banach space of all bounded functions on
S with supremum norm. Define A4"((S) to be the set of all f e m(S) such that
0 € norm (or weak) closure of the convex set M, (S)® f where M (S) consists of
all discrete probability measures on S and

nQf(s) = jf(ts)dﬂ(t), SES.

(In particular, if ¢, is the Dirac measure at a € S, ¢,© f=1,f, the left translate of
fby a). It is shown in Wong and Riazi [10] that the following conditions on S
are equivalent:

(@) m(S) has a left invariant mean (i.e., S is left amenable).

(b) A 4(S) is closed under addition.

() For any pu;,u; € Mo(S), d(py*xMy(S), pp* Mo(S))=inf {[|pty *p— piy *v|:
U v e My(S)} =0.

Here the operation * is the convolution of the measure algebra M (S) (S with
the discrete topology) which coincides with the semigroup algebra [, (S). (See
also Emerson [2] for the case of groups.)

The main purpose of this paper is to show that somewhat “similar” results
hold true for multiplicative left invariant means on m(S), with the set A4 ,(S)
replaced by the set A, (S) of all fe m(S) such that 0 € norm closure of
{l.f+ s € S} (which is no longer convex) and with M, (S) replaced by the Dirac
measures Mp(S)={¢,:a € S}. We also consider the situation where M,(S) is
replaced by the set M,(S) of all f e m(S) such that 0 € o(#,m(S)) closure of
{If:s € S} where . is the set of all multiplicative means on m(S). Some of our_
results are also valid for closed subalgebras of m(S). In any case, since the sets
{If:s € S} and Mp(S) are no longer convex, we have to employ a different
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approach than that in Wong and Riazi [10] and Emerson [2]. In fact, we make
use of Granirer’s results and arguments in [3] and [4]. Some interesting
consequences of our characterisations and their relation with known results
are also discussed.

2. Main results.

For notations and definitions on invariant and multiplicative invariant
means, the reader is referred to Day [1] and Granirer [3] and [4]. Let S be a
semigroup, m(S) the Banach algebra of all bounded real functions on S with
supremum norm and pointwise operations and Mp(S)={¢e,:a € S} the Dirac
measures on S. As in Granirer [4], let A be a norm closed left invariant
subalgebra of m(S) containing the constants. Define H , as the ideal ofallh € 4
of the form

h=7% flg-g) forf,gieAd aeS, 1<i<nn=12...
i=1

and A" (A) as the set of all fe A such that 0 € norm closure of the set
{l,f:s € S} in A. Note that #"(A) is closed under scalar multiplication and
AN (A)= A (A) since I (gHI<lgl ILfIl. If A has a multiplicative left
invariant mean and fe A, we say that f is A-multiplicative left almost
convergent (A-mlac) to g if m(f)=p for any multiplicative left invariant mean
mon A.

THEOREM 2.1. Let A be a norm closed left invariant subalgebra of m(S)
containing the constants. Consider the following statements
(1y A" (A) is closed under addition and A" |(A) contains H .
(2) A has a multiplicative left invariant mean.

In general (1) implies (2). If A=m(S), or AP (S), the strongly almost periodic
Sunctions on S, then (1) and (2) are equivalent. In this case, /" (A)={fe€ A: fis
A-mlac to 0} =H .

Proor. Suppose A47,(A) is closed under addition and .4",(4) contains H 4.
Then A4 =.4"(A) is an ideal in A with the following properties:

@) I,f—fe A& for any fe A,ae S and
(ii) fe 4 and inf{f(s):s € S} >0 implies f ¢ A"

(Since || fl| Zinf{f(¢):t € S}). Therefore inf{h(s):s € S} <0 for any h e H,.
By Granirer [4, Theorem 2, p. 101], 4 has a multiplicative left invariant mean
and (1) implies (2). Observe that each f € .47,(A) is clearly 4-mlac to 0. Also if
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feA is A-mlac to 0, then fe Hj. Otherwise f¢ H; implies there is a
multiplicative left invariant mean m on A such that m(f)+0 by a standard
argument on maximal ideals of the commutative Banach algebra A4 as in
Granirer [4, Lemma 3, (d) implies (a) p. 99]. Therefore to show that (2) implies
(1), it is sufficient to show that H; < A#",(A). If A=m(S) has a multiplicative left
invariant mean, then by Granirer [3, Theorem 3, p. 187], every finite subset of
S has a common right zero. If h € H 4 is of the form h=3}_, g,(l, fi—f), a; € S,
g f;: € A, there is some b € S such that a;b=b, 1 Si<n. Therefore [,h=0 or
h € 4, (A) which is clearly norm closed. Hence

N(A) = {feA: fis A-mlac to 0} = H.

In particular A4",(A) is closed under addition for A=m(S). If A=AP (S) has a
multiplicative left invariant mean, then there is a net s, € S such that g, *¢
—g, — 0 in the topology a(AP (S)*, AP (S)) for each a € S. Hence for any
tes,

@) = .Z,l gl 1(eq*e5,— &) (r fi)l — O

(since AP (S) is right invariant). That is [ h — 0 pointwise hence in norm and
h € A ,(A). The proof now proceeds as before. This completes the proof.

RemMARKs. (1) In general, A47,(A4) does not satisfy condition (i) above. For if G
is a non-trivial group, then for any f € A=m(G), a,s, € G, we have ||[; (I,f—f)I
=||l,f—f1. Hence if I ,f—fe A4 (A), f must be constant, which is a
contradiction.

(2) If we define #"o(A)={f € A4 : 0 norm closure of My (s)O f}, then A"4(A)
satisfies both conditions (i) and (ii) above but unlike A4",(A4), 4"((A4) need not
be an ideal in the multiplicative semigroup of A.

THEOREM 2.2. The following statements are equivalent:

(1) m(S) has a multiplicative left invariant mean (Extreme Amenability)

(2) There is a net s, € S such that |e,*e,,—¢, | — O for each a € S (Strong
Extreme Amenability)

(3) For any a,b € S, there exists ¢ € S such that ac=bc=c (any two elements of
S have a common right zero)

(4) For any a,b € S, there exists ¢ € S such that ac=>bc and N (S) contains I f
—f for any s € S, f e m(S).

(5) For any a,b € S, there exist c,d € S such that ac=>bd and A" (S) contains I_f
—f for any s € S, f € m(S).

Proor. The equivalence of (1), (2) and (3) is due to Granirer [3, Theorem 3,
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p. 187]. Assume (3) and take s € S, fe m(S). There is ome ¢ € S such that st=t.
Hence [, (I, f—f)=0and I, f—f € 4",(S). Hence (3) implies (4). Clearly (4) implies
(5). Finally, assume (5). We show that 47,(S) is closed under addition. Take
f.g € /(S). For each n, there are some a,, b, € S such that ||, f||<1/n and
Il gl £1/n. By (5), there are c,,d, € S such that a,c,=b,d, Then

Mo, (f+ N = I, (L0, ) + 1, (1, 8)]
2
S Ik fl+1hbgl =~ —0

as n — oo. Hence f+g € A7(S). By Theorem 2.1, (5) implies (1) which is
equivalent to (3). This completes the proof.

REemMARks. (1) Let a,b € S be fixed. The condition that ac=bd for some
c,d € S is equivalent to |le,xe.—¢,*g,|=0. This in turn is equivalent to
lle,* e, —&p*¢, | — O for some nets s,,t, in S (since |le;—¢,]|=0 or 2 and is 0
iff s=t). That 1is, Oenorm closure of ¢,*Mp(S)—e,*Mp(S) or
d(e,*Mp(S),e,* Mp(S))=0 where d is the metric induced by the norm.
Similarly, the condition that ac=bc for some c € S is equivalent to 0 € norm
closure of (¢, —&,)*Mp(S) or d(0, (¢,—¢,) * M (S))=0. These are the kind of
conditions used in Wong and Riazi [10] and Emerson [2].

(2) It is known that the existence of a multiplicative left invariant mean on
m(S) is equivalent to S having the common fixed point property for action of S
on compacta (Granirer [3, Theorem 3]).

We now deduce some interesting consequences from the preceeding
Theorem. By definition, a semigroup S is of class = if every element of S has a
right zero (Ljapin [8]). In [3, p. 188], Granirer mentioned that each extremely
left amenable semigroup is of class = but the converse is false. Here, we have
found the missing link:

CoROLLARY 2.3. Let S be a semigroup of class =, then S is extremely left
amenable iff for any a,b € S, there are some c,d € S, such that ac=bd.

PRrOOF. Let s € S, f € m(S). Then there is some ¢t € S such that st=¢ and so
L ==l f-1Lf=0 or I, f—fe 4 (S). The Corollary now follows from
Theorem 2.2. (Of course, a direct proof is also quite simple).

The condition that for any a,b € S, ac=bd for some c,d € S is always
satisfied if S is commutative. Therefore we have

COROLLARY 2.4. A commutative semigroup is extremely (left) amenable iff
N'1(S) contains I,f—f for any s € S and f € m(S).
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Proor. Trivial.

It follows that each commutative semigroup of class 7 is always extremely
amenable.
Theorem 2.2 has its counterpart for A=AP (S).

THEOREM 2.5. The following statements are equivalent:

(1) AP (S) has a multiplicative left invariant means.

(2) There is a net s,€S such that eg,*e,—e, — O in the topology
o (AP (S)*, AP (8)) for each a € S.

(3) For any a,b e S, there is a net s, € S such that (g,—¢,)*e;, — 0 in the
topology a(AP (S)*, AP (S)) and A" ,(AP (S)) contains I.f—f for any s € S,
fe AP (S).

(4) For any a,b € S, there are nets s,,t, € S such that ¢,xe, —¢e,*¢, — 0 in the
topology (AP (S)*, AP (S)) and N ",(AP (S)) comtains I f—f for any s € S,
fe AP (S).

Proor. It is well-known that (1) and (2) are equivalent. To show that (2)
implies (3), let s, be a net in § such that ¢,xe, —¢, — 0 in the topology
o(AP (S)*, AP (S)) for any a € S. Then (g,—&,) %€, =&, %8, —S, +S,— &, %&, — 0
in the same topology. Moreover, for each t € S,

ls,(lsf_f) = (83*8su—8s,)(rtf) -0

since r fe AP (S). That is I (I,f—f) — 0 pointwise, hence in norm or [ f
—fe /(AP (S)). Clearly (3) implies (4). Finally, assume (4). We want to show
that A",(AP (S)) is closed under addition. Take f}, f, € 4" ,(AP (S)). There are
nets (even sequences) a(m), b(m), (m € D) such that

”la(m)fl | — 0, ”lb(m)fZ | —0.
By assumption, for each m € D, there are nets s(m, n), t(m,n), (n € E,) such that
Eatm) * Es(m, n) — Ebm) *Exm,my — O With respect to n,

in the topology o(AP (S)*,AP (S)). Define, for each (m, f) in the product
directed set D x[T{E,, : m € D}, R(m, f)=(m, f(m)) and put

S(m’ n) = a(m)s(m,n)fZ - lb(m)t(m,n)fZ’ me D’ ne Em .
Since

(la(m)s(m,n) fZ - Ib(m)t(m,n)fZ)(x) = (Ea(m) *Ss(m, n) 8b(m) * st(m,n)) (rxfz) s 0

for each x € § and m e D, it follows that lim,S(m,n)=0 in the pointwise
topology of AP (S). Therefore, the double limit
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limlimS(m,n) = 0,

in the same topology. By Kelley [6, Theorem 4, p. 69],

lim SoR(m, f) = 0
(m, f)

in the pointwise topology of AP (S). In other words
(Iinfl) Lagmysom, £empS2 = lomeem, sempS2 = 0 pointwise .
But

“ la(m)s(m, f(m))fl “ é ” la(m)fl H ’ “ lb(m)t(m, f(m))f2 " é “ lb(m)fZ " .

Hence
M Lgsm, renpfs = 0 and  lim lyym, sy f2 = 0
(m, f) (m, f)

both in norm hence pointwise. Consequently,
la(rn)S(M.f (m))(f 1 +f 2)

= lLymysim, rempS1 + loompecm, rempS2 +

+Lagmystm, smpS2 = logmyecm, romy f2 2215 0

pointwise, hence in norm (since f; +f, € AP (S)). That is f; +f, € A4 ,(AP (5)).
By Theorem 2.1, (4) implies (1). This completes the proof.

COROLLARY 2.6. If S is commutative, then AP (S) has a multiplicative left
invariant mean iff A (AP (S)) contains I,f—f for amy s € S, f € AP (S).

CoroLLARY 2.7. If S is of class m, then AP (S) has a multiplicative left invariant
mean iff for any a,b € S, there are nets s,,t, in S such that ¢,*e;, —g,*g, — 0 in
the topology a(AP (S)*, AP (S)).

RMaARK. It is also known that AP (S) has a multiplicative left invariant mean
iff S has the common fixed point property for equicontinuous actions of S on
compacta (Lau [7, Theorem 3.6]).

3. A second approach.

DeriniTION 3.1. Again, let A be a norm closed left invariant subalgebra of m(S)
containing the constants. Define .#,(S) as the set of all f € 4 for which there is a
net s, in § such that m(l; f) — 0 for any m in the set .4 of all multiplicative
means on A. That is, f € .#,(A) iff 0 € o(#, A) closure of the set {I.f:s e S}.
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Clearly .#,(A)> A" ,(A). Moreover, the set . ,(A), like .#",(4) has the following
properties:

(i) #,(A) is closed under scalar multiplication,
(i) AH(A)M,(A) (since Im(, ()| =Im(L /) Im(gI < £ Im(l(@) for any
m € #) and
(iii) fe A, inf{f(s): s € S} >0 implies [ ¢ #,(A) (since m(l,f)
zinf {f(t) : t € S} for any m € .#).

The algebra A is called multiplicative left introverted (left M-introverted) in
m(S) if the function s — m(l,f) always belongs to A for any f € A4, and any
multiplicative mean m on A. (See Mitchell [9]). For such A4, we have

THEOREM 3.2. Let A be a multiplicative left introverted norm closed left
invariant subalgebra of m(S) containing the constants. The following statements
are equivalent :

(1) A ,(A) is closed under addition and .#,(A) contains H 4.
(2) A has a multiplicative left invariant mean.
In this case, #,(A)={f€ A: fis A-mlac to 0}=H .

PRrOOF. As in the proof of Theorem 2.1, (1) implies (2). Conversely assume
(2). We have #,(A)c{fe A: fis A-mlac to 0} = H. We need only show that
Hj = #,(A). Let s, be a net in S such that for each a € S,

g,*&,—&, — 0

a

in the topology a(A*, A). If f€ H, is of the form

h = ';1 gi(la.-.f;'_fi) )

a; €8S, f,g € A. Then for any multiplicative mean m on A4, we have

Im(l b)) = ; Im (L8] | (&g, * &5, — &) (M (S))]

A

Z ”g:” ' I(ga, * &, gs,) (ml(.f;))‘
i=1

where m;(f))(s)=m(l,f), s € S. Hence m(l; h) — O since m;(f)) € 4, 1si<n, by
multiplicative left introvertedness of A. That is, H,<.#,(A) which is norm
closed. (For example, use the double limit argument in the proof of Theorem
2.5). Consequently, #,(4)={fe A : fis A-mlac to 0} = H; which is certainly
closed under addition. This completes the proof.
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REMARKS. (1) Theorem 3.2 is stronger than Theorem 2.1. However, it is only
valid for any multiplicative left introverted norm closed left invariant
subalgebras 4 of m(S) containing the constants, including 4 =m(S) or AP (S).
For A= AP (S), there is nothing new since A",(4)=.#,(A). For if f € AP (S), the
topology o (#, A) coincides with the norm topology on {I;f: s € S}~ (closure
in norm topology). However, we are unable to obtain a version of Theorem 3.2
with #,(S) in place of A47(S). On the other hand, if m(S) has a multiplicative
left invariant mean, then A";(S)=.#,(S), because they both coincide with H~
by Theorems 2.1 and 3.2.

(2) There are many other multiplicative left introverted norm closed left
invariant subalgebras of m(S) which contain the constants. For example, the
weakly periodic functions WAP (S), the left uniformly continuous functions
LUC (S) and the left multiplicatively continuous functions LMC (S) of a
topological semigroup S (see Mitchell [9]).
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