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UNIVERSALLY WEAKLY INNER ONE-PARAMETER
AUTOMORPHISM GROUPS OF
SEPARABLE C*-ALGEBRAS

GEORGE A. ELLIOTT

Abstract.

A characterization of such automorphism groups in terms of approximation
by inner groups is obtained, and applied to show that such an automorphism
group can be lifted from a quotient of a separable C*-algebra. These results are
analogous to those obtained for smaller classes of automorphism groups by
Pedersen in [5] (the case of bounded spectrum) and by Olesen and Pedersen in
[3] (the case of semibounded spectrum).

1. Introduction.

It was shown by Sakai in [7], using results of Kadison and Kaplansky, that
if a unitary group determining a one-parameter automorphism group of a C*-
algebra of operators can be chosen to have a bounded generator then it can be
chosen to lie in the weak closure of the C*-algebra. Using this result, Borchers
showed in [1] that “bounded” may be replaced by “semibounded”. This is
sometimes expressed by saying that a one-parameter automorphism group
with semibounded spectrum is weakly inner.

In [3], Olesen and Pedersen showed that if a one-parameter automorphism
group of a separable C*-algebra has semibounded spectrum universally, that
is, in the universal representation, then it is a limit of inner automorphism
groups. By Borcher’s theorem, such an automorphism group is universally
weakly inner.

The main purpose of this paper is to show that an arbitrary universally
weakly inner one-parameter automorphism group of a separable C*-algebra is
a limit of inner automorphism groups.

While the basic strategy of the proof is similar to that followed in [3], the
monotone functional calculus so successfully used in [3] must here be replaced
by other techniques. Order-theoretic methods are still needed at one point in
the proof, however —see 2.3.
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Of course, not every limit of inner automorphism groups of a C*-algebra is
weakly inner. In [6], Powers and Sakai even suggest that any (continuous)
one-parameter automorphism group of an approximately finite-dimensional
separable C*-algebra may be such a limit. On the other hand, if the unitary
groups in the C*-algebra can be chosen so as to converge to a unitary group in
the weak closure, then the limit of the automorphism groups they determine
will clearly be weakly inner.

Since in this paper (just as in [3]) unitary groups are constructed which
converge strongly in the universal representation, in fact a characterization is
obtained of universally weakly inner one-parameter automorphism groups of
separable C*-algebras (2.1).

Much as in [3], this characterization leads to a solution of a lifting problem
for automorphism groups in this class — the problem of showing that such an
automorphism group of a quotient of a separable C*-algebra is induced by an
automorphism group of the C*-algebra itself. There are some differences here,
however. In [3], a characterization is given of the subclass of automorphism
groups with universally semibounded spectrum which permits a lifting within
the same class. The present construction, on the other hand, does not seem to
yield a universally weakly inner lifting. This is connected with the fact that a
slightly different construction is used in the characterization and in solving the
lifting problem (compare 2.1 and 2.5).

2. Approximation by inner automorphism groups.

2.1. THEOREM. Let A be a separable C*-algebra, and let « be a one-para-
meter automorphism group of A. Then o is universally weakly inner if and only
if there exists a net (h,) of selfadjoint elements of A such that:

() Nl (@)—exp (ith,)aexp (—ith,)| — O for each a € A, uniformly for t in
each compact subset of R;

(ii) the net ((h,+i)™") is Cauchy in the *-ultrastrong topology on Ac A**,

2.2. LemMa (cf. 3.1 of [3]). Let h be a selfadjoint operator, and let a be a
bounded operator leaving the domain of h invariant and such that the operator
[h,a], defined on the domain of h, is bounded. Then the Sfamily of operators
[h(1 4+ (eh)?)™ ', al, >0, is uniformly bounded, and

[h,a]l—[h(1+ (eh)?)1,a] — O strongly as ¢ — 0 .

Proor. The conclusion follows immediately from the identity
[h,a]l—[h(1+k*)"!,a]
= [h,alk*(1+k*) "'+ h(1 +k?) "L (k[k, a] + [k, alk) (1 + [

valid“for k a polynomial in h, by setting k =¢h.
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2.3. LEMMA. Let A be a C*-algebra, a an ultraweakly continuous one-
parameter automorphism group of A**, k a selfadjoint element of A**, and
f1s- - -» f, continuous complex-valued functions on R with compact support. Then
there exists a bounded net (k;) of selfadjoint elements of A such that

k—kj, ja,(k~k,.)fl(t)dt,. .., ja,(k—kj)fp(t)dt

all converge ultrastrongly to 0.

Proor. We may suppose that f;,. . ., f,20. Then by Dini’s theorem the set of
all selfadjoint elements of A** satisfying the conclusion in place of k is
monotone closed. Hence by work of Kadison and Pedersen (see, for example,
[4, page 956, the first two paragraphs]), this is the set of all selfadjoint elements
of A**.

2.4. ProoF of 2.1. By Lemma 2 of [2], condition (ii) is equivalent to the
ultrastrong convergence of the net (exp (ith,)) in A**, uniformly on compact
subsets of R. Therefore conditions (i) and (i) are sufficient for a« to be
universally weakly inner.

Suppose that o is universally weakly inner, and choose a selfadjoint operator
h affiliated with A** such that o, =Adexp (ith), t € R.

If a=[o,(b)f(t)dt with b € A and f a smooth complex-valued function with
compact support, then it is well known that a and h satisfy the hypotheses of
2.2, and that the closure of [ih,a] is —{o,(b)f"(t)dt. (This can be verified by
showing that if ¢ is in the domain of h then the derivative of s > exp (ish)a¢ at
0 is e, (b)(ih&f (1) — &' (1) L) :

Each b € A lies in the norm closure of the elements [ a,(b)f(¢) dt, f a smooth
complex-valued function with compact support. (Although t — a,(b) is not
explicitly assumed to be norm-continuous, it is ultraweakly continuous in 4**
and thus weakly continuous in A. This implies that b lies in the weak closure in
A of the above elements, which is equal to the norm closure as they form a
subspace.) Hence we may choose a norm-dense sequence (a,) in 4 consisting of
elements of this form.

Fix a smooth real-valued function f with compact support and with integral
1. We shall construct a sequence (k,) of selfadjoint elements of 4 such that with
h,={a,(k,) f (t)dt we have for each n=1,2,...:

@@ Ilh—h,a]l =n7Y, p=1...n

(b) ([h—h,h )l =07, p=1...,n-1;
© IhhJl =n

IA
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For each £>0, by 2.3 with k=h(1 + (¢h)?) ™!, f, =fand f, =f’ we obtain a net
(k%) of selfadjoint elements of A such that in the ultrastrong topology of A**:

foz,(k V() dt — h(1+ (eh)?)~!

j o, (k) f'(t)dt — 0 .

Hence by 2.2 with a=a,, there exists a net (k") of selfadjoint elements of 4
such that in the weak topology of A:

[J‘a,(k?’)f(t) dt,al] — closure [h,a,];

closure [h, ja,(k}“)f(t)dt] = —i Ja,(k?’)f’(t) dt - 0.

Setting a suitable convex combination of k{'’s equal to k,, and {o,(k,)f (t)dt
equal to h,, we have (a) and (c) with n=1.

Similarly, by 2.2 with a=a,,a, and h,, there exists a net (k{?) of selfadjoint
element of 4 such that, in the weak topology of A4:

I:[ o (kP f (1) dt, a] — closure[h,a]l, a=ay,a,h,;

closure [h, fa,(k?’)f(t) dt] —0.

Setting a suitable convex combination of k{*"s equal to k,, and [ a,(k,)f (t)dt
equal to h,, we have (a), (b) and (c) with n=2.

It is possible to continue in this way to obtain the desired sequence (k,).

By [3, Lemma 5], (a) and (c) imply (i). To ensure (ii) we must now instead of
the sequence (h,) construct a net.

Let V be a fixed *-ultrastrong neighbourhood of (h+i)~! in A**. We shall
now revise slightly the choice of the sequence (k,) so that all (h,+i)”! belong to
(h+i)~ '+ V.

Choose a *-ultrastrong neighbourhood U of 0 in A** such that U+ UcV,
We may restrict attention to &>0 sufficiently small that (h(1+ (¢h)?)~!
+i)"' e (h+i)"'+ U. For each £>0, we may restrict attention to a final
subnet of (k%) such that f a,(k)f (t)dt is ultrastrongly close to h(1+ (eh)?)~! for
all k in the convex hull of the k%s—close enough that

(.[fyz,(k)f(t)dt+t'>—1 € ((h(1+ (D) +i) ' +U
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(see [2, Lemma 2]). Now if (k,) is chosen as above, then for all n=1,2,...,
d) (h,+i)" e+ +V.

For each *-ultrastrong neighbourhood V of 0 in 4**, choose a sequence (h,)
of selfadjoint elements of 4 as above satisfying (a), (b) and (c) and, moreover,
for all n, (h,+i)~" € (h+i)~' + V. Denote this sequence by (h,_ y).

With (m, U) < (n, V) understood to mean that m<n and U > V, we now have
a net (h, ).

From (a) and (c) (which hold for h,=h, , with V arbitrary) we deduce (i) (by
[3, Lemma 5]). From (d) (which holds for h,=h,_ , with n arbitrary) we deduce
(ii). (b) we shall use in 2.5 which follows.

2.5. THEOREM. Let A be a separable C*-algebra, and let o be a universally
weakly inner one-parameter automorphism group of A. Denote by 6 the generator
of a—the closed densely defined derivation of A such that a,=exptd, t € R. Let
(a,) be a dense sequence in the domain of 9. Then there exists a sequence (h,) of
selfadjoint elements of A such that:

(@) [ih,a,] > 6(a,), p=12,...;
(i) [hph,]—0 (as m,n — 00).

Proor. Choose h, as in the proof of 2.1 satisfying (a), (b) and (c),n=1,2,.. ..
Then (a) implies (i), and by the triangle inequality (b) and (c) imply (ii).

3. A lifting theorem.

3.1. THEOREM. Let A be a separahle C*-algebra, let I be a closed two-sided
ideal of A, and let o be a continuous one-parameter automorphism group of the
quotient C*-algebra A/l such that for some dense sequence (a,) in the domain of
the generator & of a, the conclusion of 2.5 (with A/I in place of A) holds for é.
Then there exists a continuous one-parameter automorphism group of A leaving 1
invariant and inducing o in the quotient.

Proor. Since the quotient map 4 — A/I is open there is a dense sequence
(b,) in A4 such that a,=b,+1, p=1,2,....

Let (h,) be a sequence of selfadjoint elements of A/I such that 2.5 (i) and
2.5 (ii) hold. Passing to a subsequence we may suppose that:

(i)l “[hn+l~hmap]” < 2_"’ P 1,..-,";
Q) Chpss—hwh,dl < 277  p=1,...,n.

By [5] there exists an approximate unit (u;) for I which is also a central
sequence for A, that is, [u;,a] — O for all a € A. Let (g,) be any sequence in A
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such that g,+F=h,, n=1,2,.... In much the same way as in [5] and [3] we
shall replace the sequence (g,) by a sequence (k,), changing each g, only by an
element of I, so that (i) and (ii) hold with (k,) in place of (h,) and (b,) in place
of (a,).

Let g, =k, and, in view of (i) for n=1, set

ky+(1—u)(g,—81) = ky
where i, is large enough that for b=b,k,,

01 —w;,, b1(g2 — gl + 1 (1 —u; )[g,— g4, ]I < 271,
so that |[k,—k,,b]|| <27 '. Continue in this way, setting

Kt (L= 14) 8y 1 —8) = Ko »

where i, is large enough that (i) and (i) hold with (k,) in place of (h,) and (b,)
in place of (a,).
It follows by the triangle inequality that for each p=1,2,..., as m,n — oo,

[km—kn’_ap] -0 »
(kms kn — 0 .

Repeating the above construction with the modification that k,, , is defined
to be k,+ (1 —u; )(g,+1—8,)(1 —u;)* (for suitably large i,), we have that each k,
is selfadjoint.

Hence by [3, Lemma 5], the sequence

(exp (itk,)bexp (—itk,))

is Cauchy, first for b=b,, p=1,2,. .., and therefore for any b € 4, uniformly
for t in any compact subset of R. The limit defines a continuous one-parameter
automorphism group which clearly leaves any closed two-sided ideal of A
invariant, and in the quotient by I induces the given one-parameter group «
(since, again by [3, Lemma 5], o is the simple limit of the inner groups
determined by expith,=expitk,+1, n=1,2,...).

3.2. RemArk. While 3.1 shows that a universally weakly inner one-parameter
automorphism group of a quotient of a separable C*-algebra can be lifted to a
continuous one-parameter group, it does not show that it can be lifted to be
universally weakly inner. (In [3], an automorphism group of the class
considered was lifted to another group in the same class.)

A slight modification of the proof of 3.1 shows, though, that if the given
group is norm-continuous then it can be lifted to a norm-continuous group.
This gives an elementary proof of the lifting theorem in [5]. First, by [7] such a
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one-parameter group « is universally weakly inner, and if the C*-algebra is
separable then Kaplansky’s density theorem together with the Hahn-Banach

theorem yields a bounded sequence (h,) in the C*-algebra such that for every
element a,

[ihn’ a] - 5(a) ’

where a,=exptd, t € R. (One shows this first for all a in a dense sequence (a,),
by taking convex combinations of elements h such that [ih,a,] converges
weakly to é(a,) for finite sets of p. Hence by boundedness, convergence in norm
holds for all elements a of the C*-algebra.) If this holds in the quotient A/I of
the separable C*-algebra 4 by the closed two-sided ideal I, then choose a
dense sequence (a,) in A4, choose a subsequence of (h,) which in place of (h,)
satisfies

Ilhns1 =hpa,+111 < 277 p=1,....n,

and choose a sequence (g,) in A with (g, +I)= (h,). As in the proof of 3.1, set g,
=k,, and set

ki+(1—u;)(g,—g) = k,

where (u;) is an approximate unit for I which is also a central sequence for 4,
and i, is sufficiently large that

L —u;) (g —gihadll < 27"
Continuing in this way, set
kn+ (l —ui,.)(gn+l —gn) = kn+1 )

where i, is large enough that
ILA = )(8nsy —8adapdl < 27" p=1...,n.
Then
Ikn+1 —kmaplll < 27" p=1,....n,

so for every p=1,2,.. ., the sequence ([k,,a,]) is Cauchy.

To show that ad ik, converges simply to a bounded derivation of A4 lifting 9, it
is now enough to show that the sequence (k,) is bounded. For this purpose, we
assume that 0=<u; <1 for all i. We suppose also that h, and g, are selfadjoint for
all n, and that ||g,|| = ||h,| so that the sequence (g,) is bounded, say by 1. We
may choose i, so that u} almost commutes with k, and (1 —u; )t almost
commutes with g,,, —k, (and also

"[(1 _ui,)(gn-fl'_kn)vap]“ < 2_"’ pP= l" . '9n) )

Math. Scand. 45 — 10
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so that if, say, ||k,|| <2 then also k,+ (1 —u;)(g,+, —k,) has norm <2, since it is
almost equal to

uiknu?,: +(1- “.‘,,)*SH (1= “i,,)& s
which lies strictly between +2(u; + (1 —u,))=

3.3. ProBLEM. Let 4 be a C*-algebra and let § be a densely defined
derivation in A. Suppose that (cf. 2.5, 3.1) there exists a sequence (h,) of
selfadjoint element of 4 such that:

(1) [ih,,a] — 6(a), a e domainé;
(i) [hph,] — 0 (as m,n — 00).

Then by [3, Lemma 5], Adexpith, converges to a contmuous one-parameter
automorphlsm group a of A. Is the generator of a the closure of §?
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