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ON EXTENSIONS OF
LOCALLY COMPACT GROUPS AND
UNITARY GROUPS

ESBEN T. KEHLET

We construct a topological group G containing a given topological group K
as a closed normal subgroup with K\G a given topological group 0,
corresponding to a given cocycle (c,a), under the conditions that Q is locally
compact, K is isomorphic and homeomorphic to a subgroup of the unitary
group on a Hilbert space, and ¢ and a satisfy suitable conditions of
measurability in the sense of Lusin.

For discrete groups the construction is due to O. Schreier [14]. It generalizes
work of G. W. Mackey [10] (Q and K locally compact with countable basis
for the topology, K abelian), and M. A. Rieffel [13] (Q and K locally compact,
K abelian and o-compact), and is related to work of L. G. Brown [4](Qand K
polish).

We topologize G by means of the representation of G induced from the given
representation of K, or in other terms by the strong operator topology on the
twisted crossed product of (the von Neumann algebra spanned by) the image
of K with Q [15]. This is related to Varadarajan’s definition of Weil topology
[16, p. 48]. Although the construction is thus well known, 1 believe the
observation that it solves the extension problem is new.

In Section 2 we give some measurability results; in Section 3 we state and
prove our theorem; in Section 4 we introduce a notion of measurability of a
map between locally compact spaces, useful in the treatment in Section 5 of the
case where K is locally compact.

We use freely [1], [2], [3], [5].

All measures occurring will be positive Radon measures on locally compact
spaces. By measurable we mean measurable in the sense of Lusin (or Bourbaki
[1]). If A is a locally compact space, y a measure on A, and h a Hilbert space, a
map T:A-— ZL(h) is called scalarly measurable if q (T()&|n) is
measurable for all ¢, 1 € h, and a measurable field if g T (a)¢ is measurable
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for each ¢ € h. We denote by @(h, p) the set of bounded measurable fields T: A
— Z(h), for which T*: a + T(a)*¢ is also a measurable field, and by .# (h, W
the subset of fields also satisfying: for each compact subset L of 4 and & € h,
T(L)¢ and T(L)*{ are separable. Then @(h,u) and .#(h,u) are weakly
sequentially closed C* algebras in their natural representations on I?(A4, h). If T
is a bounded and scalarly measurable map, we denote by T (1) the operator on
L?*(it, h) defined by

(Twflg) = L (T(@)(f(@)|g@)du@), fge L (uh).

If Te O(h,p), then (T(Wf)(@)=T@(f (@), f& L2(uh), ae A. See [17], [9].
I'am indebted to Niels Vigand Pedersen for suggesting that the methods used
here might apply for non abelian and non locally compact K, cf. [4], [12].

2.

LEMMA 1. Assume given a compact space A, a measure p on A, a Hilbert space
h, and a map T € O(h, p). There exists a family (h, M));.,, where (h),.; is a SJamily
of pairwise orthogonal separable closed subspaces of h with Hilbert sum h, and
M, is a subset of A with u(M,)=0 for each i € I, such that h; is invariant under
T(a) and T(a)* for each a € ANM,.

Proor. Choose a map Se.#(h, p) and a family (h),; of pairwise
orthogonal separable closed subspaces of h with Hilbert sum h, such that
S(@h;ch,iel,ae A, and S(u)=T(u), cf. [9]. Choose M,= A4 with uM;)=0
such that S(a)é=T(a)¢ and S(a)*¢=T(a)*¢ for each ¢ in a dense countable
subset of h; and a € A\ M,.

ProPosITION 1. Assume given locally compact spaces A and B with measures u
and v resp., a Hilbert space h and a map D € O(h,u x v). Assume that D(-,b) is
scalarly measurable for each b € B and define D(u,b) as above. Then

D(u,") € O(hQL?(u),v) .

Proor. For the case h=C, see [8, Lemma 3]. Since

(D(u, b)E® o | n®Y) = L (D(a, b)¢ | n)g () (a) du(a)

is a measurable function of b by the theorem of Fubini when ¢,neh and
@, ¥ € A (A), we see that D(y, ) is scalarly measurable.
In the rest of the proof we may and shall assume that A and B are compact.
First assume that h is separable. Then D (u x v) belongs to the von Neumann
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tensor product £ (h)@L*(u)®L™(v) acting on h@L?(u)@L?(v). This tensor
product is of countable type, since . (h), L*(u) and L®(v) are, so its unit ball is
metrizable in the strong operator topology. By the density theorem of
Kaplansky D(uxv) can be approximated strongly by a bounded sequence
(Dy)nen Of operators in the algebraic tensor product, and we may even assume
that D,(a,b) — D(a,b) strongly uxv almost everywhere, by [5, Ch. II, § 2,
Prop. 4].

For each n € N we can define D,(u,b), and D,(u, -) is trivially a measurable
field. There exists a subset N of B with v(N)=0, such that D,(a, b) — D(a,b)
strongly u a.e. and hence D, (u,b) — D(u, b) strongly for b ¢ N. It follows that
D(y, -) is a measurable field.

D(p, -)* is treated the same way.

We now drop the assumption that h is separable. Choose by Lemma 1 a
family (h;, M;);c;, where (h);.; is a family of pairwise orthogonal closed
separable subspaces of h with Hilbert sum h, and for each i € I M, is a subset of
AxB with uxv(M)=0 and h; is invariant under D(a,b) and D(a,b)* for
(a,b) ¢ M;. Define D;(a,b)=D(a,b), (a,b) ¢ M,, and D,(a,b)=1, (a,b) e M,,
and Dy (a,b)=D;(a,b)|h;, (a,b)e AxB. Then Dy e Oh,uxv), and
Do (1, -) € O(h;®L**(u),v), and

Dio(u.b) = Di(p, b)| h; @ L? (p) .

Also D;(u, b)=D(u,b) for b outside a subset N, of B with v(N;)=0 chosen such
that D;(a,b)=D(a,b) for u almost all a € A when b ¢ N;. It follows that
D(u, ") € O(h®L? (), v).

The next proof is just a variation, written up for completeness, of the proof
that the regular representation of a locally compact group Q on the space of
Haar locally square integrable functions on Q is continuous.

LEMMA 2. Assume given a locally compact group Q with right Haar measure
and modular function A, a Hilbert space h and a bounded measurable map f: Q
— h. For each compact subset M of Q, the map

g JM 1./ (ar)—=f )11 du(r)

is continuous.

Proor. It is enough to prove continuity at e. Assume a compact subset M of
Q and &> 0 given. Choose a compact neighbourhood L of e in Q, and choose a
compact subset N of LM such that (LM \ N)<e¢ and f|N is continuous.
Choose a neighbourhood P L of e in Q such that || f(qr)—f(r)|> <& for g € P
and re MNNNg 'N. Then
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J 1/ (@) =f () du(r) < eu(M)+4 sup £ (s)I*(1+sup A(r))e .
M selM rel

3.

Let Q be a locally compact group with right Haar measure u. Let h be a
Hilbert space, and U (h) the topological group of unitary operators on h with
strong operator topology. Let K be a topological group, and v an isomorphism
and homeomorphism of K with a subgroup of U (h).

Let Aut (K) denote the group of topological automorphisms of K. For fe K
let In (f) denote the inner automorphism k — fkf =1, k e K.

By a cocycle on Q we mean a pair (c,a), where c is a map Q@xQ — Kand a
is a map Q — Aut (K), satisfying:

Vg,re Q: a(ga(r) = In(c(g,M)a(gr), and

Va,rs € Q: alg)(c(r,s)e(q,rs) = c(g,r)e(gr,s), and
a(e) = e, and

cle,e) = e.

Then c(g,e)=c(e,q)=e for all g € Q.

We shall say that « is continuous at e € K almost uniformly over compact
subsets of @, if to each compact subset L of Q and ¢>0 and neighbourhood N
of e in K there exist a compact subset M of L and a neighbourhood P of e in K
such that u(L\ M)<¢ and a(M)(P)< N. To obtain this it is enough to assume
that to each compact subset L of Q and ¢>0 and ¢ € h there exist a compact
subset M of L and a neighbourhood P of e in K, such that u(L\ M)<e¢ and

lo(a(@k)E—& <1 for ge M, ke P.

Similar remarks apply to a™!: (k,q) — a(q) ! (k).

By an extension we understand a triple (G, i,p), where G is a topological
group, i is an isomorphism and homeomorphism of K with a subgroup of G,
and p is a continuous open homomorphism of G onto Q with kernel i(K). If g is
a cross section for p with g(e)=e, then (c, ) defined by

c(g,r) = i"[a(q)a(r)e(qr.)“] and
a(g)(k) = i '[e(gli(ke(@)™'], gqreQ kekK,

is a cocycle, which we shall say corresponds to g. We say that a cocycle (c, ) is
associated to (G, i,p), if it corresponds to some cross section ¢ for p with g(e)

=e.

Remark 1. Let (G,i,p) be an extension. Assume there exist a faithful
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continuous unitary representation V of G on a Hilbert space H and a cross
section @ for p with g(e)=e, such that Veg e O(H,pu). Let (c,x) be the
corresponding cocycle. Then Veioc € O(H, ux p), Veioc(+,r) € O(H, p) for each
re@Q, and Voi(a(-)(k))e O(H,u) for each ke K. If also Voi is a
homeomorphism, then « and o ™' are continuous at e € K almost uniformly
over compact subsets of Q; indeed to L compact in Q, £ € H and £¢>0 we can
choose a compact subset M of L, such that u(L\ M)<e and Vog(-)" !¢ is
continuous on M and Veg(-)Vog(q,e)~'¢ is continuous on M for each g, € M;
for g, € M we have

[Veo(g)Veoi(k)Vop(g) ™ ¢ —¢|
< [Vea(q) ™' —Voo(ge) "Ell +II[Veoi(k)—1]Vog(ge) L& +
+I[Vo0(q)—Voo(go)]Veolgo) *Ell < 1

when g € M is close to g, and k is close to e; the result for a follows by
compactness of M, and a~! is treated similarly.

THEOREM 1. Assume given a locally compact group Q, a topological group K, a
Hilbert space h and an isomorphism and homeomorphism v of K with a subgroup
of U(h), and a cocycle (c,x) on Q. Assume that

voc € O(h,ux p), and
v(c(+,r)) € O(h,p) for each r € Q, and
v(a(-)(k)) € O(h, p) for each k € K, and

1

o and a~ ' are continuous at e € K almost

uniformly over compact subsets of Q.

Then there exists an extension (G, i, p) such that (c,«) is an associated cocycle.

There exists an isomorphic and homeomorphic unitary representation V of G
on a Hilbert space H and a cross section g for p with g(e)=e, such that (c,a) is
the corresponding cocycle and Vog € O(H, p).

ProoF. Let G denote K x Q organized as a group under the product

(k1,q1) k3, q2) = (kya(qy)(k3)e(dy,92),9192) -

Define i(k)= (k,e), p(k,q)=¢, and g(q)= (e, q); then (G,i,p) is an extension of
the underlying (discrete) groups of K and Q, o is a cross section for p, and (c, @)
is the corresponding cocycle [14], [4].

Let H denote the Hilbert space L?(Q, h), identified with h® L?(Q) whenever
convenient. We define a homomorphism V: G — U(H) by
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(Vky,9)1)q) = v(a(q)ky)e(g,9.)(f(4qy)) -

It is easy to see that V-i is continuous; in fact it is enough to show that given
¢ € hand y € A'(Q) there exists a neighbourhood L of e in K such that k e L
implies

fQ loe(@) (k) = &1 (@) dulg) < 1,

and for this it is enough to choose a compact subset P of supp ¢ and L such
that

4II§IIZJ V() du(g) < % and
suppy \ P

lo(e@®)E—&l v, < §

forge Pand ke L.

We next show that Vei is open and injective. Assume given a neighbourhood
L of e in K; we show the existence of a neighbourhood W of e in U (H) such that
k ¢ L implies V (i(k)) ¢ W.

Choose a compact set M in Q of positive measure, and a neighbourhood P of
e in K such that a(M)~!(P)< L, then choose ¢1,&5,- .., &, € h such that

(ke K| llok)e,—¢, < 1, v=1,2,...,.n} < P.
Define

W= {we vH | Y uwé.®1M—év®1M||2<u(M)}.
v=1
Then k ¢ L implies that a(g)(k) ¢ P and so
S Io(@@@)E,~&I2 2 1 for cach q e M;
v=1

thus

Y Vi), @1y —&, @12

v=1
=X . lo(e(@(K)E, — &1 144 (q)* du(q) = u(M)
v=1

and Voi(k) ¢ W. :

We now show that the kernel of V is contained in i(K) and that po V! is
‘continuous. Let a neighbourhood N of e in Q be given. Choose a compact
neighbourhood P of e in Q with P7'PZN and a unit vector ¢ e h; let W
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denote {w e U(H) I [WE@1p—E®@1p|><u(P)}. When r e O\NN and ke K,
then

IV (ke )E®Lp—E@ 1,2
= L , lo(a(g)k)e(q, r))éllzdu(qHL I1€1% du(q)

= 2u(P),

so Vi(k,r) ¢ W. Since Voi is injective, V is injective.

We topologize G by defining the family of open sets in G as the family of
counter images under ¥ of open sets in U(H). Then V is an isomorphism and
homeomorphism of G with a subgroup of U(H), G is a Hausdorff topological
group, i is an isomorphism and homeomorphism of K with a subgroup of G,
and p is a continuous homomorphism of G on Q with kernel i(K).

Define R e O(H,u) by (R(1f)(9)=f(gr); then Vog(q)=c(u,q)R(g). As
voc(u, *) € O(H, ) by Proposition 1, Vog € O(H, p).

We complete the proof of Theorem 1 by showing that p is open.

So assume given a neighbourhood S of e in G; choose ¢,8,,. . €, ehand

V¥, .., ¥, € A (Q) such that
{ka)e G| |VkgE®¥Y,~E®Y, <1, v=1,2,....n}  §.

Choose a compact subset M of Q with positive measure. Choose by Lemma2a
neighbourhood L of e in Q, such that

Vge LVve{l,2,...,n}:

j 1V (e,r)*E, @Y, —V (e, qr)*¢, @Y, 1> du(r) < n™'u(M);
M

then with
AQ) = {re M| |[V(e,N*:,®@y,~V(e,qr)*E,®y,12 21}

we have p(A4,(q))<n™'u(M) and u(U"_, 4,(q)<pu(M) for q € L; so

VgeLireMVve {1,2,...,n}:

[V(e,)*¢, @Y, — Ve, qr)*¢, @y, < 1.
From (c(g,r)™", g)(e,r)= (e, qr) we get
ViegnV(er)™ = V(cig,n '.q),
so with k=c(q,r)"! we have
VgeL3ike KVve{l1,2,...,n}: |V(kq)E,®Y,—EQY, < 1.

This shows that L<p(S).
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REMARK 2. Assume given Q, K, h and v as in Theorem 1. If (c,a) is a cocycle
on Q, and voc € A (h, ux p) [9], and v(a(-)(k)) € O(h, u) for each k € K, then
voc(-,r) € M (h, ) for each r e Q.

Proor (cf. [8, p. 129]). Without lack of generality we assume Q is 6-compact.
Assume first that h is separable. Then vec is a measurable map into U (h).
Define

Qo = {re Q| vle(-.r) e Mihw)} .
Then Q, is a subgroup of Q because
c(g,rs) = a(g)(c(r,s)"")e(g, r)e(gr,s) and
clg.r™) = a(@(ctr™"M)elgr=',n7",

and u(Q\ Qo)=0 by the theorem of Fubini, so Q,=0.

In the general case there exists a family (h;);; of pairwise orthogonal closed
separable subspaces of h invariant under v(c(q,r)), g,r € Q, with h=®,h,.
Then also

v(a(g)(cr,s))h; = b, i€l qrseQ.

By the first part of the proof voc(:,r)|h; € M (h,u) for each iel so
voc(+,r) € M (h,p), r € Q.

4.

In this section we assume given a locally compact space T and a measure v
on T. Let a be a map of T into a locally compact space S. We say that a is D
measurable, if a satisfies the conditions

A. For each compact subset L of T, a(L) is contained in a o-compact set, and
1. For each Baire set [7, § 51] B in S,a™'(B) is measurable.

and we say that a is F measurable if a satisfies 1. and

B. To.each compact subset L of T there exists a subset N of L with v(N)=0
such that a(L\ N) is contained in a o-compact set.

Condition 1 is equivalent to

2. For each fe #(S), foa is measurable.

LeEMMA 3. Let S be a locally compact space and a an F measurable map T — S.
" Then a satisfies ‘

C. To each compact subset L of T there exists a sequence N,L,,L,,... of
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measurable subsets of L with L=U%, L,UN, such that v(N)=0 and a(L)) is
relatively compact for i=1,2,. .., and

3. For each continuous map f of S into a metrizable space, fea is measurable,
and

4. For each Hilbert space h and strongly continuous map [:8— ZLh), feais
a measurable field.

Proor. Condition C is satisfied because each compact set in S is contained in
a compact Baire set.

Now let f'be a continuous complex function on S, and L a compact subset of
T. Choose N,L,,L,,... according to Condition C. For each n choose
@, € A (S) such that ¢,|a(L,)=f|a(L,). Then for each open subset U of C

(e @) N L = U (@0 (U) N1 L) U (o) (V) N N)

is measurable, so foa is measurable.
Conditions 3 and 4 now follow from [1, Chap. IV, § 5, Théoréme 4].

PrOPOSITION 2. Assume given a locally compact group G, a faithful strongly
continuous unitary representation v of G on a Hilbert space h, and a map a: T
— G. Assume vea is scalarly measurable. If v tends to zero at infinity in weak
operator topology and vea is a measurable field, or if v is a homeomorphism with
v(G) and a satisfies Condition B, or if a satisfies Condition C, then a is F
measurable. If v tends to zero at infinity and vea € M (h,v), then a is D
measurable.

PrRrOF. The set R of bounded continuous complex functions f on G with fea
measurable is a C* algebra with unit, separating points in G since v is faithful.
By the Stone-Weierstrass theorem, for each compact subset M of G,

{fIM]| feR} = C(M),

and if v tends to zero at infinity R2Cy(G).

If a satisfies Condition C, we can proceed as in the proof of Lemma 3 to
show that a is F measurable, utilizing R in stead of /¢ (G).

If v is open, the topology of G has a basis consisting of relatively compact
open sets W with a™' (W) measurable, and then Condition B implies Condi-
tion C.

Now assume that v tends to zero at infinity (and so is open). For each unit
vector ¢ € h there exists a g-compact open subgroup G, of G such that
(v(8)¢1£)=0for all g ¢ G,; then (v(g,)¢|v(g,)¢)=0 whenever g, and g, belong
to different cosets modulo G,. Thus v(a(L))¢ is non-separable when a(L) is not
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contained in any o-compact set, and if vea is a measurable field, a is F
measurable, and if voa € 4 (h,v), a is D measurable.

COROLLARY. Let V denote the right regular representation of G. Then a is F
measurable if and only if V ea € O(L*(G),v), and a is D measurable if and only if
Vea € M (L*(G),v).

LEmMA 4. Assume given a locally compact space S, a measure uonS,and a map
a: T— S. Assume that a is F measurable, that u is the image of v, i.e. the
essential measure v'(a™'(B))=u(B) for each Baire set B of S, and that p is
- completion regular [7, § 52]. Then a™'(M) is v measurable- “for each p measurable
set MSS with v'(a™ ! (M))= ' (M) (a is v adéquate). If.also a is bijective and a~*
is F measurable, then for each Baire set D in T, a(D) is u measurable with
i (a(D))=v(D).

PROOF. Let M be a measurable subset of S, and let L be a member of the v
dense family of compact subsets of T [1, Chap. 1V, § 5, no. 8] with relatively
compact image under a. Choose a compact Baire set R with a(L)<R, and
choose Baire sets B and C with BgMﬂR__C_CgR and p(C\ B)=0. Then

a'(B)NLc a '(M)NLc a'(O)NL,
and
v(la~t(C) N LIN[a"'"(B)NL)) < vi(a™'(C\B)) =0, and

v@ (M) N'L) < p(€) = u(MNR) S @M.

Thus a~!'(M) is measurable and vi(a~' (M)’ (M). For each Baire set B
contained in M,

#(B) = vi(a '(B) £ v(a (M),

50 u'(M)=v'(a™*(M).
When also a is bijective and a~! is F measurable, then for each Baire set D
in T, a(D) is measurable with y'(a(D))= vi(a~!(a(D)))=v(D).

CoRoOLLARY. Assume given locally compact groups T and G with Haar
measures v and p respectively, and a bijective map a of T on G. Assume that a and
alareF measurdble? and that p is the image of v. Then a subset M of G is
measurable if and only if a~'(M) is measurable, and when M is measurable
viia™! (M))= W (M). Thus f + fo-a defines an isometric isomorphism of L*(G) on
L>(T).

Proor. Combine Lemma 4 and [7, § 64].



ON EXTENSIONS OF LOCALLY COMPACT GROUPS . .. 45

LEMMA 5. Assume given two locally compact groups Q and G and an F

measurable map ¢: Q — G. Define c(q, r)=g(q)e(r)e(gr)™", q,r € Q. Then c is D
measurable if and only if ¢ is D measurable.

PRrOOF. Assume ¢ is D measurable. We assume that Q is g-compact. Since g is
F measurable there exist a subset N of Q with Haar measure zero and an open
o-compact subgroup G, of G with ¢(Q\ N)< G,. Let n denote the natural map
of G on G/G,. Then n(c(QxQ)) is countable. To ne N we choose
q ¢ NUn"'N; then n(o(n))=n(c(n, q)). Thus n(e(N)) is countable, so o(N) and
¢(Q) are contained in o-compact sets, and g is D measurable.

The converse is trivial.

In this section Q and K denote locally compact groups with right Haar
measures p and x respectively.

ProrosiTioN 3. Let G be a locally compact group, H a closed subgroup, K a
locally compact group with countable basis for neighbourhoods of e, and y a
continuous homomorphism of H into K.

There exists a measurable map P of G into K extending  and satisfying:

P(hg) = Y(WP(g), heH, geG.

Proor. Choose an open g-compact subgroup K, of K, and let H, denote the
relatively open subgroup y ~'(K,) of H. Then K, has countable basis for the
topology, and there exists a measurable extension R of Y| H, to G satisfying

R(hg) = Y(WR(g)., heH, geG

[8, Corollary 2 of Theorem 1]. Choose a neighbourhood W=H,Wofein G
with WW~'NH=H,. Define P on HW by P(hw)=1y(h)R(w); then P is well
defined and measurable. To define P everywhere on G, utilize that G is disjoint
union of an H saturated local null set and a locally countable family of right
translates of measurable subsets of HW.

From this follow generalizations of Corollaries 3 and 4 of Theorem 1 in [8].
We note especially

CoRroLLARY (cf. [6]). Let G be a locally compact group, K a closed subgroup
with countable basis for neighbourhoods of e. There exists a measurable cross
section for the natural map of G on the quotient space.
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RemARK 3. Let (G, i, p) be an extension. Then G is locally compact by [11, p.
52]. If there exists an F measurable cross section 0o for p, then there also exists
an F measurable cross section ¢ with the property that ¢(L) is relatively
compact for each compact subset L of Q; in fact we can choose an open set W
in G such that p(W)=Q and WNp (L) is relatively compact for each
compact L, and then use that the set of compact subsets L of Q for which there
exists k € K such that g(L)i(k)< W is u dense. Now assume ¢ is a D measurable
cross section and let (c,a) be the corresponding cocycle. Then ¢ is D
measurable, «(-)(k) is D measurable for each k € K, « and « ™! are continuous
at e € K almost uniformly over compact subsets of Q, and the family of
compact subsets M of Q, for which a(M)~*(L) is relatively compact for each
compact set L in K, is p dense. Also g — ¢(g™*,q), g — c(g,7), and q — ¢(r, q),
r € Q, are D measurable.

Define a map P of G into K by P(g)=i"![ge(p(g)) '], and define a map ¢ of
the product topological group K x Q onto G by ¢(k, q)=i(k)e(q). Then ¢ (g
=(P(g),p(g)), and P, ¢ and ¢ ! are F measurable. Right Haar measure 4 on G
can be chosen such that

J f(@)di(g) = J J S(i(k)g) dx (k) du(p(g))
G 0Jk

= L JK flike(@) dx(k)du(q), fe H(G);

by the Corollary of Lemma 4 a subset M of G~is measurable if and only if
¢~ '(M) is measurable, and if M is measurable A (M)=xx (¢ ™1 (M)).

THEOREM 2. Assume given two locally compact groups Q and K, and a cocycle
(c,a) on Q. Assume that c is D measurable, that a(-)(k) is F measurable for each
k € K, and that o and o~ are continuous at e € K almost uniformly over
compact subsets of Q. Assume also that to each compact set L< K and compact
set M < Q and £>0, there exists a compact subset N of M such that uy(M\ N)<e¢
and a(N)~1(L) is relatively compact.

Then there exist an extension (G, i, p) and a D measurable cross section o forp
with g(e)=e such that (c,a) is the corresponding cocycle.

ProOOF. Let v denote the right regular representation of K. Since ¢ is D
measurable, voc € A (L*(K), ux ). By Remark 2, v(c(-,r)) € 4 (L*(K), ) for
each r € Q. Define (G, i,p), o, H and V as in the proof of Theorem 1. Then Vi
tends to zero at infinity in weak operator topology; it is enough to check that

(Veiit@¢ |n®Y) — 0
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at infinity when &,ne L*(K), ¢, € K (Q); to £>0 we can choose L compact
in K such that

2(®E Il el Iyl < &
when k ¢ L, and a compact subset N of M =supp (¢¥), such that

2[ lovldu il inll < & and
MXN

a(N)~'(L) is relatively compact; when k ¢ a(N)"'(L) we then have

} J . (v((@ k)1 n)@ (@ () du(g)| < & .

Let 2 denote the right Haar measure on G corresponding to given right Haar
measures % on K and u on Q. Define a map P of G into K by

P(g) = i '[go(p(g)~'].

Now VeioP € O(H, /) since Vog € O(H,p), and by Proposition 2 P is F
measurable.

We show that g satisfies Condition B in Section 4. Let a compact subset L of
Q be given; choose a continuous function h: G — [0,00[ such that
fxh(i(k)g)dx(k)=1 and M=p~'(L)Nsupp (h) is compact; choose a o-
compact subset T of M such that A(M\ T)=0 and P(T) is contained in a o-
compact set. Then p(T) is a measurable subset of L, and o(p(T))<i(P(T))"'M
is contained in a o-compact set, and

u(LN\p(T)) = L h(g)1,-1 1)\ kT(8) dA(g)

= I h(g)di(g) = 0.
MN\T

As V is open, ¢ is F measurable by Proposition 2, and D measurable by Lemma
5.

COROLLARY. Assume given locally compact groups K and Q and a cocycle (c, o)
on Q.

Assume that c is D measurable, that «(-)(k) is F measurable for each k € K,
and that « and o~ are continuous at e € K almost uniformly over compact
subsets of Q. The following conditions are equivalent

1. g c(q™',q) is F measurable

2. For each k € K, a(-)~(k) is F measurable

3. For each compact set L<K, the family of compact sets M €Q with
a(M)~ (L) relatively compact is yu dense.
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Proor. The implication 1. = 2. follows from

a(@) k) = cg 9 'alg k@9, qeQ keK.

By a short compactness argument 2. implies 3. That 3. implies 1. follows from
Theorem 2.

Let (G, i,p) be an extension, 4 a right Haar measure on G, v the right regular
representation of K, and ind v the induced representation of G. Then ind v is a
homeomorphism since by the theorem on induction in stages it is unitarily
equivalent with the right regular representation of G.

It is known (see [8]) that there exists a map P e O(L*(K),7) (even
€ M (L*(K), 4)), such that

P(i(k)g) = v(k)P(g) and Ple) = 1.

Define a unitary map P of L*(Q, L*(K)) on h (ind v) by (Pf)(g)=P(g)( f(p @),
and define

R(g) = P~ ' (ind v)(g)- P;
that is

(R@®@f)pw)) = P(w)"'P(wg)[f(p(w)p()];

then R is a homeomorphism.
If e.g. ¢ is an F measurable cross section for p with g(e)=e, and (c,a) the
corresponding cocycle on Q, and P(g)=v~i"'(ge(p(g)) '), then

(R(i(ky)e(g)) ) @) = v(a(g)(ky)c(a,9,)(f (qy)) -

By an extension with a cross section we understand a quadruple (G, 1i,p,0)
where (G, i,p) is an extension and g is a cross section for p with g(e)=e. By an
algebraic equivalence between two extensions with cross sections (G, iy, p;, 0;)
and (G, i, p,, @) we understand an isomorphism & of G, on G, satisfying bei,
=iy, p,o®=p, and Pog,=¢,. If & is also a homeomorphism, we call it a
topological equivalence.

Cocycles corresponding to algebraically equivalent extensions with cross
sections are equal.

PROPOSITION 4. Assume given extensions with cross sections (G,,i,, Py 0,),
n=1,2. If ¢, and ¢, are F measurable, then any algebraic equivalence ® is
topological.
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PRroOF. Define P,(g,)=vei, '(2,0,(p,(g,) '), and define R, as above, n=1,2;
then P,c®@=P, and R,-®=R,. '

So we have established a bijection between topological equivalence classes of
extensions with D measurable cross sections and cocycles (c, o) satisfying that ¢
is D measurable, that «(-)(k) and a(-)" (k) are D measurable for each k K,
and that ¢ and o~! are continuous at ¢ € K almost uniformly over compact
subsets of Q.
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