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A PROOF OF
THE MACKEY-BLATTNER-NIELSEN THEOREM

ESBEN T. KEHLET

1. Introduction.

Let G be a locally compact group, H and K closed subgroups, u a (strongly
continuous unitary) representation of H on the Hilbert space h(u), and v a
representation of K on h(v). Let U denote the left regular and V the right
regular representation of G on L?(G). Let ind u denote the representation of G
induced by u, as defined e.g. in [13], and p, the corresponding representation of
L*(G/H) on h(ind u). We prove that the von Neumann algebra

[LX(G)@1®1] N (VQu@1)(H) N (U IQ®v)(KY
on LY(G)®@h(u)®h(v) is isomorphic to the von Neumann algebra
[p.(L*(G/H)®1] N ((ind w)@v)(K)

on h(ind w)®@h(v).

With an appropriate definition of the representation ind’ v (say) of G induced
“from the right” by v and the corresponding representation p, of L(K\ G) on
h(ind’ v), we get a symmetric result, and so as a corollary we find, that the von
Neumann algebra

[p.(L*(G/H)®1] N ((ind u)®@v)(K)
on h(ind u)®h(v) is isomorphic to the von Neumann algebra
[P (L (KN G)] N (u@ind'v)(HY

on h(u)®h(ind’ v). Nielsen’s theorem [13], cf. [14], is the case h(v)=C, v=1,
and the Mackey—-Blattner theorem [10], [1], is the subcase K=G.

Our proof uses [7] and the Maréchal [11], [12] and Vesterstram—Wils [15]
theory of disintegration. In [8] we give new proofs of the relevant results of
that theory, based on the notion of essential values of a measurable map
instead of on the existence of a lifting. So Nielsen’s theorem is proved without
the use of liftings.
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We use freely [2], [3], [4], [5] and [6].
We wish to thank G. A. Elliott for suggesting the possibility of this proof of
Nielsen’s theorem.

2. Preliminaries.

Let T be a locally compact space, p a positive Radon measure on T, and S a
topological space. We call a map fof T into S Lusin measurable if for any ¢>0
any compact subset of T is the union of a compact set on which f'is continuous
and a set with measure less than ¢, ¢f. [2]. If h is a Hilbert space and S=.2(h),
we call fa measurable field, if t + f(t)¢ is Lusin measurable for each & € h. By
a disintegration of an operator B € £(L*(u,h)) (which we identify with
Z(L*(1))® L (h)) we mean a bounded map b: T — Z(h), such that b and b*
are measurable fields, and such that for each fe ZL%(u,h), t — b()(f (1) is a
function in #2(u, h) whose class (with respect to equality La.e.) is the image
under B of the class of f. In [12] and [15], cf. [8], it is proved that any
B € #(L*(u, h)) commuting with all multiplication operators by functions in
£ (p) has a disintegration.

Now assume given a locally compact group G with leftHaar measure dg and
module 44, and a closed subgroup H with left Haar measure dy and module
4dy. Let n denote the quotient map G — G/H. Let /4 be a quasiinvariant
measure on G/H and x a corresponding continuous function on G x (G/H)
with values in J0, oo[, such that

j (g ' x)di(x) = j o(x)x(g,x)di(x), @ €N (G/H).
G/H G/H

Recall that g(g)=x(g, H) defines a continuous function on G with

e(gy) = 0(®Ay(46(»)™', geG,yeH,

and g(e)=1, and /* = pdyg.

Given a representation u of H on h(u) define the induced representation ind u
of G and the representation p, of L*(G/H)=L>(%) on % (u) and h(ind u) as
usual, see e.g. [13] or [7].

Let K be a closed subgroup of G with left Haar measure dk, and let /g be a
quasiinvariant measure on K\ G and x a corresponding continuous function
on (K\ G)x G with values in ]0, oo[, such that

J‘ o(xg)dig(x) r—j P (X)ng(x,g™ ) dig(x).
K\G KNG
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Given a representation v of K define the representation ind’ v induced “from
the right”, cf. [9], on the Hilbert space h(ind’ v) of classes corresponding to the
space ' (v) of Lusin measurable functions f on G with values in h(v) satisfying

VgeG YkeK: f(kg) = v(k)(f(g),

and with norms transferable to Zg square integrable functions on K\ G, by
((ind’v)(g) ) (k) = xx(Kk,g)*f(kg), k,geG, fe F'(v)
and define
(P.(@)/)®) = ¢(Kg)f(g), g€G, fe F(), pe L*KN\G).
Let U denote the left regular representation of G on L*(G), given by
(Uf)k) = f(g7'k), g keG, fe £%(G),
and let V denote the right regular representation given by
(V@ f)k) = 4(g)*f(kg), g.keG, fe £*(G).

Let p denote the representation of L*(G) as multiplication operators on L*(G).
Let g denote the representation of L®(G/H) on L?(G) defined by

(q(@)f)®) = 0(gH)f(8), geG, fe L*(G), 9 € £*(G/H),
and let r.denote the representation of L*(G/H) on L%*(G/H) defined by
(r(@f)x) = e(x)f(x), xe€G/H, fe L*(G/H), ¢ € Z*(G/H).

LEMMA 1. The von Neumann algebra p(L*(G)) NV (H) on L*(G) is equal to
q(L*(G/H)).

Proor. It is obvious that g(L*(G/H))sp(L*(G)NV(H)Y. Let T be an
operator in p(L*(G))N V(HY. Choose f € £*(G) such that T=p(f). For any
y € H and ¢ € X' (G), ¢ =0, we have

46() L o(gelgy) f(gy) dg

= I o(gy~ele)f(g)dg = L S @4u(A60) eley™ No(gy™")dg
¢ R .

]

AgM(TV ™ H(ee)) V™Y ((ee)?)

I

AT (@) (ep)?) = Ayu(y) L o(ge(g)f(g)dg .
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Therefore there exists a measure v on G/H with v* =fdg, cf. [4 p. 44, Prop. 4b,
or p. 56, Lemme 5]. Then v is absolutely continuous with respect to 4, s0 v=FZ
for some locally integrable function F on G/H, and f=F-n locally almost
everywhere, since gfdg = (F/)* = (Fom)odg.

LemmA 2. Let h be a Hilbert space. Any operator A in the von Neumann
algebra q(L> (G/H))® £ (h) on L*(G)®h has a disintegration a satisfying
YgeG VyeH: algy = a(g.
Proor. Let O denote the C*-algebra of bounded maps a: G/H — £ (h) such
that g and a* are measurable fields. Given a € O, let a(4) denote the operator
on L*(G/H,h) defined by (a(z)f)(x)=a(x)(f(x)), and let a(G) denote the

operator on L?(G, h) defined by (a(G)f)(g)=a(gH)(f(g)). Then a > a(4) is a
homomorphism of O onto r(L*(G/H))® & (h), with kernel

{ae0 ' VEeh:a(x)t=0 lae.)

(see [12], [15], [8]) and a > a(G) is a homomorphism of O onto a sub
*algebra of g(L* (G/H))® % (h) containing q(L*(G/H))®1 and 1®.% (h) and so
weakly dense in q(L*(G/H))® % (h), with the same kernel. To show that the
injective homomorphism a(2) — a(G) is onto ¢(L™(G/H))® L (h), it is enough
to show that it is weak-weak continuous on normbounded sets. It is enough to
show that a(2) — (a(G)e| @) is weakly continuous for a dense set of vectors
@ € L*(G,h). So let fe £%(G) and ¢ € h be given; then

F(gH) = ( J U enPeten™ dv)l
defines a function in %2(G/H), [4 p. 57], and
(@(G)f €] £8) = J . \f (@ (a(gH)E | &) dg

= J IF()P(a(x)¢] &) di(x) = (a(FE|FE).
G/H

3. Nielsen’s Theorem.
LemMMA 3. Any operator A in the von Neumann algebra

[P(L*(G)®1T N (VRu)(H)
on L2(G)®h(u) has a disintegration a satisfying
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YgeG YyeH: algy = uly) ‘a(guly) .

Proor. Choose a unitary g-extension P: G — u(H)" of u, with P and P*
measurable fields, [7, Theorem 1(a)]. Define an operator Q € £ (L*(G, h(u))) by
(QfNg)=P(g)(f (). fe £*(G, h(u). Then Q is unitary, and commutes with
p(L®(G))®1, and '

QV(n®u(y) = (Vy)®1Q, yeH;

therefore
Q(Lp(L¥(G)Y®1] N (Vu)(H))Q ™
= [p(LY(@)®1] N [VH)®IT
= [P(L*(G)Y @ L (hw)] N [V (HY®L(h(u)]
= (p(L*(G)) N V(H))®ZL (h(u))
= ¢(L*(G/H)® L (h(u)) .
Here we have used that p(L™(G)) is maximal abelian, and Lemma 1. When
A e [p(L*(@)®1] N (Vu)(H) ,
then by Lemma 2 QA4Q ™! has a disintegration b',:satisfying
) VgeG VyeH: blgy = blg),
and A has the disintegration g — a(g)=P(g)~'b(g)P(g) satisfying
Vge G VyeH: algy) = uy) la(gu(y) .
THEOREM. Let u and v be representations of the closed subgroups H and K of

the locally compact group G on the Hilbert spaces h(u) and h(v) respectively. The
ron Neumann algebra

[P(L(G)®1®1T N (VRuA)(H) N (URT®)(K)
on LH(G)®h(u)®h(r) is isomorphic to the ton Neumann algebra
[p(L*(G/H)®1] N ((ind ) @v)(KY
on h(ind )®h(v).

Proor. Let u®1 denote the representation y + u(y)®1 of H on h(u)@h(v);
note that h(ind (u®1)) is naturally identified with h(ind u)®h(v), and that with
this identification p,g,=p,®1.

Let B denote the C*-algebra of bounded maps b: G — £ (h(u)®@h(v)), such
that b and b* are measurable fields, and '

.4
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YgeG VyeH: b(gy) = u®y 'b@u®(y) .
When b € B let b(G) denote the operator on L2(G,h(u)®h(v)) defined by

(b(G)f)(g) = be)(f(8). g€G, fe LG hw®hW),
and let b denote the operator on h(ind (u®1)) defined by

(&)@ = bR)(f(®), ge€G, fe Fu®1).

Then b +— b(G) is a homomorphism of B onto

[P(L*(G)@1®1] N (V@u1)(H) ,

by Lemma 3, with kernel

{beB| V&ehw®h@): b(g=0 lae.},

and b + b is a homomorphism of B onto p,g,(L*(G/H)), by [7] Proposition
2, with the same kernel, by [7] Lemma 1. The counter image of (U®1®v)(K)
under b+ b(G) is

{beB| VkeK VE&ehw®hw): blkg)e
= [1Qu(k)]b(@1®v(k)~']¢ lae)},

and so is the counter image of ((ind u)®v)(K) under b — b.

CoroLLARY. The von Neumann algebra
[P (L®(G/H)®1T N ((ind )@v)(K) on h(ind u)@h(v)
is isomorphic to the von Neumann algebra
[1®p,(L*(K\ G)] N (u@ind v)(HY  on h(u)®h(ind'v).

Proor. By symmetry
[(1®p,(L*(K\ G))J N (u@ind’ v)(HY
is also isomorphic to

[P(L*(G)®IB1I] N (V@u)(H) N (USL@)(K) .

Nielsen’s theorem is the case h(v)=C, v=1 of the corollary.
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