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ON STABILITY OF C* MAPPINGS OF
MANIFOLDS WITH BOUNDARY

ERIK VON ESSEN

Introduction.

In his paper [1], J. N. Mather proves that a proper, infinitesimally stable
mapping of one finite dimensional C* manifold into another is structurally
stable. The proof of this theorem requires manifolds with boundary and
corners, but the main theorems ([1, § 3]) only deals with manifolds without
boundary. The purpose of this paper is to extend Mathers theorem to a
theorem which also deals with manifolds with boundary and corners.

The reader is supposed to be familiar with Mathers paper [1]. Concepts like
manifold, corner, index, tangent bundle, vector field, infinitesimal and
structural stability, etc. will be used without further explanations in the same
sense as in this paper.

In section 1 we introduce a new kind of infinitesimal and structural stability.
In section 2 we state the main theorem, and in section 4 we prove it using some
lemmas proved in section 3. In section 5 we give a few examples.

1. The stratification of a manifold.

Let N be a manifold and TN its tangent bundle. We let TN denote the set of
tangent vectors v € TN, to which there exists a C* curve c: (—¢;¢)— N
whose tangent vector in 0 is v. We define

TN, = TNN TN,
and
MTN) = {Ee IMTN)| &N)=TN},
k=0,1,...,00. Let P be another manifold and f: N — P a C* mapping. We
shall write

r“(f*TpP) = {{ e T*(f*TP)| ((N)=TP},
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interpreting { € I'*(f*TP) as a vector field {: N — TP along f.

Note that TN, = TN, when x is an interior point of N. Especially TN =TN
when N has no boundary. When N has a boundary and x is a boundary point
of N, TN, is the set of tangent vectors v € TN, which are not (in local
coordinates) pointing out of N or into N “from nowhere”. In that case TN is
not a vector bundle, not even a manifold. However I'*(TN) is a submodule of
I'*(TN) and I'*(f*TP) a submodule of I'*(f*TP), and as I'*(TN) and
T*(f*TP) are finitely generated, it is easy to see that I'*(TN) and I'*(f*TP)
are finitely generated modules too.

DEeFINITION. Let N be a manifold of dimension n. By the stratification of N
we will mean the set S of components of {x € N | index (x}=j}, j=0,1,...,n.
For x € N we let str (x) denote the stratum which contains x.

Note that any chart on N has nonvoid intersection with only finitely many
strata, and the stratification of N is countable since the topology for N has a
countable base. A stratum M € S of index j is a manifold of dimension n—;j
without boundary. As TM naturally can be considered as a subset of TN we
have

TIN= | T™.
MeS

2. The main resulit.

Let N and P be manifolds with boundary and corners and f: N - P a C*
mapping. The mappings

tft I°(TN)—» I'*(f*TP) and of: I'°(TP)—> I'*(f*TP),
Q) =Tf¢  af)=nf,
define by restriction the mappings
if: T<(TN) — I'(f*TP)
and
of I*(TP) - I'*(f*TP).

Since tf'is a C*(N) module homomorphism, so is {f, and since wf is a module
homomorphism over the ring homomorphism f*: C*(P) — C*(N), so is @f.
When U is a neighbourhood of fin C<(N, P) we let U denote the set

U={geU]| VxeN(str(f(x)=str (g(x)))) .

DerFiniTion. We will call f structurally stratum stable if there exists a



ON STABILITY OF C* MAPPINGS OF MANIFOLDS WITH BOUNDARY 199

neighbourhood U of fin C*(N, P) such that for any g e U there exists C*
difftomorphisms h;: N — N and h,: P — P such that g=h,ofoh,. And we
will call f infinitesimally stratum stable if the mapping

tf+aof: T(TNY®I™(TP) — r>(f*TP)

is onto.

Now we can state the main theorems which are analogous to the theorems
1-3in § 3 of [1].

THEOREM 2.1. If f is proper and infinitesimally stratum stable, then f is also
structurally stratum stable.

THEOREM 2.2. If f: N — P is proper and infinitesimally stratum stable, then
there exists a neighbourhood U of f in C*(N,P) and continuous mappings
H,: U - Diff* N and H,: U — Diff* P such that H,(f)=1y, H,(f)=1p and

A g = Hy(g)-f-H,(g)
for any g e U.

THEOREM 2.3. Let M be a closed submanifold of N. Suppose f'| M is proper and
infinitesimally stratum stable. Then there exists a neighbourhood U of f|M in
C*(M, P) and continuous mappings H,: U — Diff* N and H,: U — Diff* P
such that H,(f |M)=1y, H,(f|M)=1p and

g = Hy(g)-f<H (@) |M
for any g € U.

In section 4 we shall prove Theorem 2.3 which clearly implies the theorems
2.1 and 2.2.

3. Preparations for the proof.

ProPOSITION 3.1. Any manifold P has a family of geodesics (U,y) with the
following property: When (yo,y,) € U and str (yo)=str (y,)=V then

o y)xI) = V.

This proposition is an extension of Lemma 3 in § 2 of [1]. It is easily seen
that any family of geodesics, constructed as in the proof of this lemma, fulfils
the claim of the proposition because they are just “straight lines”.

ProposITION 3.2. Let N be a manifold and M a closed submanifold of N and let
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an: NxI — N and mpy: Mx1 — M be the projections. There exists a
continuous linear extension E: I'®(nyTM) — I'°(nTN) such that

E(r’(}TM) c Iro(ntTN).

Proor. We can use the construction of E in the proof of the proposition in §
5 of [1]. Note that if f (x,t)=0 for all t >0, then E(f)(x,t)=0 for all t € R. Now
we see that the mapping E from Mathers proposition fulfils the claim of
Proposition 3.2 if we put the following modest restriction on the choice of
family of charts {(U,, ¢,)}.c4: @, is a diffeomorphism of U, onto some open
subset of a quadrant Q, for each « € A. We demand that all the quadrants Q,
and Q, shall be of the form

{xeR"| ,(x)20,...,L(x)20, l,;(x)=0,...,[.(x)=0},

where 1,,.. ., L, 415 - ., 1, are not only linearly independent but also of the
form

Li(x4e .00 x,) = x;

for any i=1,...,k".

ProrosiTiON 3.3. Let U be a manifold (with boundary and corners) and let
ny: UxI — U be the projection. There exists a neighbourhood Oy of 0 in
r*(=}TU) and a continuous mapping 0: O, — C®(U x I, U) such that 0(¢),:
x— ) (x,t) is a diffeomorphism for each t € I and & € Oy,

5 0@, 5 .-
0@ =1y and gt - ¢,
that is
0 . R
Eo(é)(x7t) = 6(9(6)()(9 t)st) )
for all & € éu and (x,t) e U x 1.

This proposition is an extension of Lemma 2 in § 7 of [1].

PrOOF. Let {(U,, ¢,) | @ € A} be a family of charts for U such that {U,} is a
locally finite cover. Choose K,<L,<U, such that K, and L, are compact,
{K,} covers U, and L, is a neighbourhood of K,. Since ¢,(U,) is an open subset
of a quadrant Q, =R, where n is the dimension of N, there exist an open set U,

cR" such that ¢,(U,)=Q,N U, and a compact set L, U, such that ¢,(K,)
< (L), where (L,)° is the interior (in R") of L, and ¢,(L,)=L,NQ,. For each
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«, let ¢, denote the distance from ¢,(K,) to U,—L_. Then &,>0 for each « € A.
We define Oy, to be the set of all £ € I'™(ngTU) such that ||€,(x.1)]| <¢g, for all
x € ¢,(L,) and all tel. We write Oy =0, NTI*(a}TU). For each a € 4,
each x € K, and each ¢ e Oy, there exists a unique curve [0;&] — L,
1 = 7,(@,(x),1) such that y,(¢,(x),0)=¢,(x) and

@“(%(X’)’i) = & (ra(@.(x),1),1) .

Ifée OU, we can obviously choose ¢=1, since the curve needs more than unit
time to get out of ¢,(L,). We can then define

0O (x.1) = 07 (1a(@4(x), 1)

for & € Oy, (x,t) € K, x I. That this definition has the properties stated in the
proposition is proved in the same way as Lemma 2 in § 7 of [1].

4. Proof of the main result.

Now we will prove Theorem 2.3. As the procedure of this proof is just the
same as that in § 7 of [ 1], we will restrict ourselves to point out the differences
from this proof.

The assumption is that

= (O | M), t(f | M), ~(TP),*(TM),*((f| M)*TP))
is surjective. From Mather we have an isomorphism of I'°(TP)@C>®(P x I)
with I'*(nTP). By restriction we get a bijection of I'*(TP)®C® (P x I) with
I'*(ngTP). As TP is the union of the vector bundles TQ over all strata Q of P,
it is easy to see that this bijection is also an isomorphism. It follows that 1(4) is
isomorphic to the mixed homomorphism

1) = (0BT (TP, Il TM), I (((f | M)-my)*TP))
where

o= (fomy) | T*(xETP) and B = t(fomy) | T*xHTM).
Instead of the parameter space X we shall use

X = {geXI Vze M(gzxI)cstr (f(2))}

but the base point is still xo=fomy;. We ]et?s c* (M x I, P) denote the germ of
the inclusion of X into C*(M x 1, P). And we let I’ X (npTP) denote the set of
germs u at x, of mappings X — C®(M x I, T P) having the following property:
for suitable representatives 7ip of the germ np and & of u, we have ip(x)=
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#(P)eii(x) for all x near x,. Here #(P) denotes the projection TP - P. We
thus get a mixed homomorphism ¥ over cx (f ,),

b = (fh th ¥ pTP), ¥ (nfy TM), T* (7T P)
and an isomorphism of ev v with 1(ji). Hence kernev v is surjective.
By restriction of 4: X — C®(M x I, TP) we get a continuous mapping
A: % - (M xI,TP).

Let 4 denote the germ of J at x, € X. Since A4 € kernev I'* (J *T P) there exists
& € kernev X (ng, TM) and n € kernev I'* (n3 TP) such that

A= 1fE)+af (.
We may choose representatives &, of £, and 7 of # such that
E: Y- r*@yT™™) and 4: V- I'*@gTP)
are continuous, and such that

Ap) = ry(&u)+ay(), forall ye?¥,

where Y is a suitable neighbourhood of x, in X. By Proposition 3.2 we get a
continuous mapping &: Y — I'*(z%TN) such that Z,(y) is the restriction of
Ey)forallye¥.

By Proposition 3.1 we get a family of geodesics (V,7). Let U be a
neighbourhood of | M in C*(M, P) such that (f,g)(M)cV for all g e U. We
define §,: U — C*(M xI,P) by },(g)(z,)=7(f(2).g(2),1). Note that

Tx(8)zx1) < str(f(2)
forall ge U and z e M.

Since Y is a neighbourhood of x, in X and consequently in
{he C*(MxI,P)| ¥Yze M(h(zxI)cstr (f(2)))} ,

we may choose U and ¥ so that §,(0)< ¥, and —&(5,(0))= Oy and #(7,(0))
=0p (cf. Proposition 3.3).
The rest of the proof is not different from Mather’s proof.

S. A few examples.

It is obvious that if a mapping fe C*°(N, P) is structurally stable, f is
structurally stratum-stable too. It is also obvious that a structurally stratum
stable mapping fe C*(N,P) is not generally structurally stable, e.g. the
identity of a closed interval is not structurally stable.
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An example of a mapping which is infinitesimally stable but not
infinitesimally stratum stable is the following: Let N=[0; 1]JU[2; 3] and P=R
and let f: N — P be the mapping

N £ x € [0; 1]
S = {x—Z, xe[2;3].

Since tf (I (TN))=T>*(f*TP), fis infinitesimally stable, but
(90 = (92 =0
(.. the vector part of the tangent vector is 0) for every & e I' *(TN) and
af (M(©0) = af (N(2) = n(0)
for every n € I*(TP). Thus {(0)=((2) for every { € tf (I'*(TN))
+af (I (TP)), and fis not infinitesimally stratum stable.
Finally let N=[0; oco)x[—1; 1] and
P = {(,,y) e R¥| 20, —y; <y, <y}

and let f; N — P be the mapping f(x,X;)=(x,X;X;) (“collapse of 0x
[—1; 177). It is not difficult to check that fis infinitesimally stratum stable but
not infinitesimally stable.
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