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A STABILITY THEOREM FOR
THE CHOQUET-ORDERING IN Cc(X)

WALTER ROTH

1. Abstract.

Let X be a compact Hausdorff space, N a linear subspace of Cc(X), the
Banach space of all continuous complex valued functions on X, R a sup-stable
convex cone of continuous real valued functions on X, which contains the real
parts of all functions in N. Assume N contains the constants and separates the
points of X. Then for every complex valued Radon measure 4 on X the
Bishop—de Leeuw-Choquet theorem (cf. [1]) guarantees the existence of a
boundary measure ji such that i(f)=u(f) whenever f € N. Hustad [5] showed
that ji can be chosen such that ||| < ||u|. This paper generalizes his result to a
certain type of 0-neighborhoods U in C¢(X): i may be chosen in U°, whenever
u € U°, the (real) polar of U.

2. Introduction.

Let M(X) be the dual of Cc(X), i.e. the space of all Radon measures on X,
My its real subspace, M* the positive cone in M. Denote by M, the unit ball
in M(X), M{ =M, NM"™.

For u,v e M* we say u<pgv iff u(f)<v(f) for all fe R. For x € X set

M! = {neM*| pze},

where ¢, denotes the Dirac measure at x. u € M(X) is said to be a boundary
measure if |y is maximal in the ordering <g on M ™. For every real valyed
continuous function f on X define

J=inf{ge —R| g2f} and f=sup{geR| g<f}.

It is known that p is a boundary measure if and only if |u|(f)=|u|(f) for every
S e Qr(X) (cf. [1])

The polar U° of a subset U of C(X) (respectively M (X)) is the set of all
elements u € M(X) (respectively f € C(X)) such that Re u(f)<1foreveryfe U
(respectively u € U).
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DeFINITION 1. A subset U of C(X) is said to be R-stable if for every measure
u € U° there is a boundary measure j € U° such that u—ji € N°.

DEFINITION 2. A function ¢: X — R U {oo} is said to be R-superharmonic if
it is lower semicontinuous and if ¢(x)=u(e) for all u e M.

3. Statement and proof of the stability theorem.

THEOREM. Let X be a compact Hausdorff space, N a linear subspace of C(X)
which contains the constant functions and separates the points of X, R a sup-
stable convex cone Cg(X) such that Re N<R.

Suppose that ¢: X xy — RU{oc}, where y={zeC I lz2|=1}, is a strictly
positive 1.s.c. function such that for every z € y the function g,: X — RU {00}, x
— o(x, z), is R-superharmonic.

Then

U={fe C(X)| Re (zf(x)) < o(x,z) for all zey, x e X}
is an R-stable 0-neighborhood in C(X).

The proof of this theorem follows the ideas of Hustad [5] and Hirsberg [4]:
(1) Set

z
S = & | zey, xeXp.
{e(x,Z) |z }

Then U°=conv S, i.e. the (M (X), C(X))-closed convex hull of S, since U =S°.
(Note that the bipolar of a set S coincides with the o-closed convex hull of
SU{0}). Obviously U° is g-compact.

(2) Let K be the o-closure of SU {0}. Then K contains all extreme points of

U° and
1
(=)
7

To prove this let {(z,/0(x, 2,)es }2c4 DE @ net in § converging to u € M(X).
Because both y and {e, |xe X} are compact there is a subnet
{(zp/0(xp 29))ex,}pep  SUch that &, — &y, 23— Zo, and @(xp25) = Qo
Xo € X, zg € y. Then

K < { zg,| x€ X, ze C such that |z|<

0o = limo(xs,25) 2 €(%0,20) > 0

since g is 1.s.c., p=(2o/Q0)ex,, and
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o L1
Qo Qo  0(Xo0s20)

(3) Let N’ be the dual of N and ¢: M(X) — N’ the restriction map. Then
¢(U°) and ¢(K) both are a(N’, N)-compact, ¢: K — ¢(K) is a homeomor-
phism because N separates the points of K and clearly ¢(K) contains the
extreme points of ¢(U°).

(4) Let ¢: C(X) — C(¢(K)) be the canonical map

f— f suchthat f(e(ze) = zf(x).
Then f e U implies Re f<1 on ¢(K).

(5) Now suppose u € U°. We define the real linear functional u,; on ¢ (C(X))
=C(p(K)) (regarded as real-linear spaces) by pu,(f)=Reu(f) for every
fe C(X). Let p be the seminorm on C(p(K))

p(g) = sup Re(g) for every g € C(p(K)) .
Then
m(f) = Rep(f) £ sg(gRev(f) = it(xlgRef= p(f) forall fe C(X).

By Hahn-Banach there is a real-linear extension u, on C(@(K)) of y, such that

H2(g) < p(g) for all g e C(e(K)).
Define the complex linear functional ' on C(¢(K)) by

W(g) = uy(g)—ip,(ig) .

Then y' is a measure on ¢(K) and for every f € C(X) we have

K () = Rep(f)—iReu(if) = Reu(f)+ilmu(f) = u(f).

Furthermore u' is a real measure because for every real-valued continuous
function g on ¢@(K), p(ig)=0, hence u,(ig)=0. y' is positive because g=0
implies p(g) <0, hence x'(g)=pu,(g)=<0.

(6) @(U°) is convex and compact, so by Choquet’s theorem there is a

positive measure u”’ on @(K) such that u" coincides with i’ on A(e(U°)), ie. on
every affine continuous function on ¢(U°), hence particularly on ¢(N),

Il = Ikl =1,

and y” is maximal with respect to the cone of continuous convex functions on
@(U°). u” finally defines a continuous linear functional i on C(X), ie. a
measure on X by
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a(f) = w(f), feCX).

What remains to show now is i € U° and i is a boundary measure on X.

(7) Let fe U. Then

Reji(f) = Rey'(f) = w'(Ref) £ 1

because ||u”||<1 and Re f<1 on ¢(K), hence ji € U°.

(8) For fe Cr(X), f=0, we have

lal(f) = sup{la()l | geC(X), lgl<f}

sup {Iu (@)l | geCX) lgI=f} < w (TN

because lg|<f on X implies |[g|<|f| on @(K).
(9) To prove || is R-maximal it suffices to verify

lal(f-f) = 0 for every fe Cr(X), f2 0.

We have
|lal(f—f) = inf{lalg—f) | ge —R, g2f}
< inf{u'(g~F)| g€ —R, g2f} = w'(nf{ig-71} | g€ —R, g2f}
(note that the set {|g—f| | g€ —R, g=f} is directed downward on ¢(K), as

—R is infimum-stable on X). Because y” is maximal with respect to the convex
functions on ¢ (U°®) it suffices to show that pointwise on ¢(K):

(10) inf{lg—71| ge —R g2/} < IJI-I7]
where l?l denotes the upper (concave) envelope of |f| on ¢(K)
|f1 = inf{h e A(@(U) | hzIF| on p(K)}.

To prove (10) consider that the real parts of the evaluations of the elements of
N plus real constants form a dense subset of 4(¢(U°)) which coincides on ¢(K)
with R + ¢ (N), because for elements of N ¢ means nothing but the evaluation
map. So we have

|7| = inf {ao+Rej| ao€R, je N and ao+RejZ|f| on ¢(K)} .

Now let h=u,+ Rej, such that h=|f| on ¢(K). Clearly o, =0 since h is positive
on @(U®), and for every x € X and z, € y

(ao+R°f)<"’(g(:,ozo) 8")) If( (e(x, Z) >)
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that is,

1 . 1
“o+m Re (20j(x)) = Q—(;;o}f (),

that is,
f(x) £ a0(x,20)+Re (20j(x))

for fixed z, then z,j is an element of N as well, hence Re (z,j) € —R, and
because ¢(x,z,) is R-superharmonic we conclude (cf. [1], ccr. 1.3.6).

(11) F(x) = sup{v(f) | ve M} < oe(x,zo)+Re (z0j(x))
forall xe X, zyey.

Now let ze, € K, 6>0. (11) guarantees the existence of g € — R such that g2 f
and

g(x) < %00 (x, T;T) +Re (%‘(x)) +6,

|zl
hence by (2) if z40 (the case z=0 is trivial)
z z
|zl g (x) = |ZI°aoQ(x, |—z—|) +lz|-Re (H J(x)> +1z|6

<1 -aoa(x,i)+ke (2700) + lo
oy

Izl

oo+ Re (zj(x))+ 210 = h(@(ze,))+]z]6 .

A

Finally we conclude
g—Fl(p(ze)) = lzl(g(x)—f(x)) < h(o(ze.)— |7 I(p(ze,) +]210
< (h—17D(p(ze)+1216 -

Since 6 was arbitrary (10) is verified, /i is a boundary measure in U° such that
u—je N°.

4. Applications.

4.1. Let K be a closed subset of the compact Hausdorff space X, N a linear
subspace of C(X) which contains the constant functions and separates the
points of X, R a sup-stable convex cone in Cg(X) such that Re N = R. Define
o(x,2)=1if x € K and ¢(x, z) = 0o elsewhere. Clearly g is lower semicontinuous
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and R-superharmonic for fixed zey if v>ge, for all x € K implies p is
supported by K. In this case the above theorem guarantees that for every
measure u supported by K there is a boundary measure i supported by K such
that p—j € N° and | gl S |lull.

4.2. Let u be a complex measure on the compact Hausdorff space X, N and
R as above, and write u=h|u|, where h is a Borel function of modulus one. Let
Yo be a closed subset of y such that range h<y, and define o(x,z)=1/|u| if
z € yo and @(x,z)=o00 elsewhere. Clearly ¢ is lower semicontinuous and R-
superharmonic and therefore defines an R-stable O-neighborhood U in C(X).
u € U°, because for every fe U, x € X we have Re (h(x)f(x))<1/||u| since
h(x) € y,, hence

Reu(f) = Relul(hf) = lu(Re (hf) < nunm;—” —1

Then by the above theorem there is a boundary measure ji=hlj| such that
u—jie N°and e U Clearly || < | ul, since U contains the ball with radius
llpl in C(X).

If y, is the intersection of a finite number of closed half circles in y the
unimodular function h can be chosen such that range h<y, as well. To prove
this take any h such that ji=h|ji, denote

Xy = {x‘—:Xl H(x)¢yo}

and suppose |ji|(X,)>0. By assumption now there is at least one closed half
circle f which contains y, and for which |i|(X ) >0, where

X, = {xeXl h(x) ¢ B} .

Because of the regularity of u there is a compact subset K of X, such that
|a1(K)>0 and an open neighborhood V, of K such that || (V,\ K)<e. Let y, be
a continuous real valued function such that 0=<y,<1 and

Xk = 1L Xlxsy, =0
and denote z; € y the complex number which characterizes § by
B={zey I Rezz; <0} .

Then for each >0 the function Azgy, is an element of U, hence ji(Azzx,) =1 for
each 120, that is,

izgx) = IﬁI(Zpﬁx.,) £0

which clearly contains a contradiction because zgh>0 on K which implies
@l |k (zgh)>0 and because ¢ can be chosen sufficiently small.
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Therefore |fi|(X,)=0 and h may be replaced by its restriction on X\ X,
which only takes values in y,.

4.3. An extension theorem in [6] states the following:

Let X be a compact Hausdotff space; M a real linear subspaces in Cc(X)
(respectively Cr(X)), N a closed convex cone in M, which separates the points
of X and contains the constant functions, R a sup-stable convex cone in Cy(X)
which contains the real parts of all functions in lin N (the complex linear hull
of N). Suppose Y is a compact subset of X such that

(1) for every measure u supported by Y there is a boundary measure j
supported by Y such that ji—pu e (lin N)°.

(2) For every complex boundary measure u € N° implies u|y € M°.

(3) lin N|y is dense in Mly.

Suppose U is a 0O-neighborhood in Cc(X) defined by a strictly positive
bounded ls.c. function ¢: X xy — R such that U is R-stable.
Then for every fe M such that f|y € Uly there is g e NN U such that

fly=gly-

Applying our stability-theorem we know the neighborhood U to be R-stable
if g,: X = RU{oo} is R-superharmonic for every z €y. Thus the above
extension theorem contains generalizations of some well-known results, such
as T. B. Andersen’s split-face theorem [3] and Alfsen—Hirsberg’s theorem
about extensions of affine functions on compact convex sets [2].
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