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A NOTE ON EXPONENTIAL SUMS

L. CARLITZ

Let F=GF (q) denote the finite field of odd characteristic p, where g=p",
nz1. For a € F, put

t(@ = a+a’+a”+ ... +a""!
and
e(a) — e2niz(a)/P .

We define the exponential sums

1.1 S(a,b) = Y e(ax®+bx)
xeF ’

and

1.2) T(a,b) = Y e(ax®+bx?),
xeF

where a,b e F.
The object of this note is to prove a simple relation connecting S(a, b) and
T(a,b). Assume p>3, a£0. Then we show that

(1.3) ¥(3a)T(a,b)G = S?(4a,b)+y(3a)S(a,b)G—q ,

where Y(a)= +1, —1,0 according as a is a non-zero square, a non-square or
the zero element of F and G is the Gauss sum defined by

(1.4) G() = Y Y(x)e(ax), G = G(1).

xeF

Since |G|=gq?, it follows at once from (1.3) that the two estimates
S(a,b) = 0(¢*), T(a,b) = O(g?

are equivalent.
The method used in proving (1.3) applies as well to the sum

(1.5) Ua,bc) = Y ela(x*+y)+b(x?y+xy?)+c(x+y)} .

x,yeF
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We show that

(1.6) U(a,3a,c) = qS(a,c),
(1.7 U, —a,c) = (1+y(—ac)q
and

(1.8) U(a,b,c)—q = Y(3(a+b)(3a—b))(S*(a+b,c)—q)
((a+b)(Ba—b)+0) .

In particular, if y(3(a+b)(3a—b))=1 then

(1.9) U(a,b,c) = S*(a+b,c).

For the evaluation of S(a,b), T(a,b), U(a,b,c) when p=3 or 2, see sections 4
and S below.

2.

We recall that
2.1 e(a+b) = e(a)e(d),
P
23 x‘j‘r Y(x) =0
and
24 G(a) = ¥(a)G .

Also it follows from the definition of y(a) that the number of solutions x,y € F
of
X+y=u XxXy=v

is equal to 1+y(u?—4v).
We have, by (1.1) and (2.1),

S%@@,b) = Y e(a(x*+y*)+b(x+y))

x,yeF

= Y e(a(x+y)®-3axy(x+y)+b(x+}y)).

x,yeF

Put u=x+y, v=xy, so that
S%(a,b) = Y (1+y(u*—4v))e(au® +bu—3auv)

u,veF

S+,
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where
2.5 S; = ) e(au®+bu—3auv),
(2.6) S, = Y y(?—4v)e(au® +bu—3auv) .

u, v

Thus, by (2.1) and (2.2),

{Z Y+ 3 Z}e(au3+bu-3auv)
=0 v ux0 v

+ Y e(aP+bu) Y e(—auv),
u%0 v

||

so that
2.7 S, =q.

As for S,, we have

S, = {Z Y+ ¥ Z}l//(uz—4v)e(au3+bu—3auv).

u=0 v uf0 v

It follows from (2.3) that

Y ¥ y(u*—4v)e(au® +bu—3auv) = Y y(—4v) = 0.

u=0 v

Thus
S, = i‘: LY+ doje(an’ + bu+ 3auv)
= ugo ; Y (4v)e{au® + bu + 3au(v — fu?)}
= “;0 zv:./;(v)e(%au-" + bu+ 3auv)
- uZ':o e(taw® +bu) ¥ ¥ (v)e(Gauv) .
Hence, by (1.4) and (2.4), v
(2.8) S, = ¥ (34)G ; ¥ (we(au® + bu) .

Thus, by (2.5), (2.6), (2.7) and (2.8),
(29) 5%(4a,b) = q+y(3a)G Y. y(w)e(au®+bu) .

41
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In the next place, by (1.2),
(2.10) T(a,b) = ¥ e(ax®+bx?)

=Y (1+y)e(au’+bu)
= S(a,b)+Y. ¥ (u)e(au’ +bu) .

Thus (2.9) becomes
S%(4a,b) = q+y¥(3a)G-{T(a,b)—S(a,b)} .
This evidently completes the proof of (1.3).

3.
The sum
Ua,byc) = Y ela(x*+y})+b(x*y+xy?)+c(x+y)}
x,yeF
= Y {1+y@*—4v)}e{a(u® —3uv)+ buv+cu}
u,veF
= Ul + Uz N
where
U, = Y e{auw’— (3a—bjuv+cu}
U, = ¥ y(u*—4v)e{au®— (3a—buv+cu} .
We have
Uy = Y elau®+cu) Y e(—(3a—bjuv) .
Since

Y e(—(3a~buv) =

v

0  (otherwise),

{q (3a—bJu=0)
it follows that
(3.1 U, =qY ela’+cu) = gSa,c) (b=3a)

while

(32) U =q (b+3a).
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As for U,, we have
U, = Y yu?+4v)e{au®+ (3a—buv+cu}
= Z ¥ (dv)e{au® + (3a— byu(v—Lu?)+cu}
= Z Y (dv)e{i(a+ by + (3a—byuv+cu}
= L efia+ b’ +ou} ¥y (o)e(3a—bjw)

= Yy (3a—b)G Y Y (welk(a+bu®+cu} .

Hence, by (2.8),

(3.3) U, = ¥(3(a+b)3a—1b))(S*(a+b,c)—q) (a+b=*0).
Finally, by (3.1), (3.2) and (3.3),

3.4) U(a,b,c) = qS(a,c) (b=3a)

but ’

(3.5) Ul(a,b,c)—q = Y(3(a+b)(3a—b))(S*(a+b,c)—q)((a+b)(3a—b)=*0).

If a+b=0 we have from the proof of (3.3),

U, = Y y(v)e(auv+cu)

= y(a)G zu: ¥ (we(cu)
= Y(ac)G?.
Since G?>=y(—1)q, it follows that
(3.6) U, = y(—ac)q .
Hence, by (3.2) and (3.6), we have
(3.7 U(a, —a,c) = (1+y(—ao)gq .

4,
If p=3 then e(a)=e(a®). Thus

S@b) = Y e(@x*+bx) = Y e((a+b)x).

xeF xeF
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Hence, by (2.2),

b=0
wn-fy rime

As for T(a,b), we have
T(@b) = ¥ e(@x%hx?) = Y e((a+b)x?).

xeF xeF
Thus, by (2.4), i
3 _ q (a + b= 0)
(42) T(a’,b) = {.p(a+b)c (@+b+0).

Since every element of GF (3") is a cube there is no loss in generality in
considering S(a3,b), T(a3,b).
In the next place

4.3) U@,4bdc) = Y e{d®(x*+y*)+4b>(Py+xy)+c(x+y)}
x,yeF
= Y e{(a+0)(x+y)+4b*(x+y)xy}
x,yeF
= Y {1+y(u*—4v)}e((a+c)u+4b’uv)
u,veF
= Ul + Uz N
where
U= Y ellatcdu+4ab®w) U, = Y y(u*—4v)e((a+cu+4b’uw).
u,veF u,veF
We have

U, = 2;7 e(a+cu) Y e(@b*uv).
ue veF

Assume b#0, so that the inner sum vanishes unless u=0. It follows that
4.9 U =q.

As for U,, we have

U, = ZF Y (4v)e{(a+ cyu—4b3u(v —iu?)}
= ZF Y (v)e{(a+b+cju—4b3uv)}

E;_e((a+b+c)u) Y. ¥(v)e(—4b3uv)
ue veF
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Gy (—Db) ZF Y (ue((a+b+cu)

GY(—b) ¥(a+b+0)G .
Since G2=y(—1)q, we get

4.5) U, = y((a+b+c)b)q .

Therefore, by (4.3), (4.4) and (4.5),

4.6) U(d®4b%c) = (L+y((a+b+cb))g (b%0).
5.

The case p=2 is somewhat more interesting. As above

S*(a,b) = Y e(a(x*+y*)+b(x+y)).

x,yeF
We again put
(5.1) x+y=u XxXyFv.

For fixed u,v the number of solutions of (5.1) is equal to the number of
solutions of

(5.2 x2+ux =v.

For u=0 and arbitrary v, (5.2) has a single solution. For u+0, put x=zu. Then
(5.2) becomes

(5.3) 224z =u?.

Equation (5.3) is solvable if and only if [2, p. 29] t(u~2v)=0. Thus the
number of solutions of (5.3) is equal to

(5.9) 1+em %) (u#0).

Therefore the number of solutions of (5.1) is equal to

_ 1 (w=0)
) Nwv) = {1+e(u'zv) w=0).
We now get
(5.6) S%(a,b) = Y N(u,v)e(a(u®+uv)+bu)
u,veF
= Y N@O, v+ Y N(uv)e(a(u®+uv)+bu)
veF u,veF

u%0
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g+ Y (1+e(u *v)e(aw®+uv)+bu)

u,veF
uf¥0

q+S1+S2 N

I

where
S, = Y e(au+auv+bu)
u,veF
u$0
S, = Y e(aw*+u?v+auv+bu).

u,veF
u¥0

Assume a=0. It follows from (2.2) that
5.7 S, =0.
As for S,, we have

S, = Y e(au+bu) Y ((u™?+aup).

u%0

The inner sum vanishes unless au®=1.
There are several possibilities. Assume first that n is odd, where g=2". Then
the equation au®=1 has a unique solution u,#+0. Since

e(1+bug) = e(De(bug) = (—1)e(bug) = —e(bu) ,
it follows that
(5.8) S, = —elbug)g (g=2" nodd).

On the other hand, if n is even, the equation au®=1 may or may not be
solvable. If the equation is not solvable then clearly S, =0. If it is solvable it has
three distinct solutions, say u,, u,, u, and we get

(5.8) S, = (e(buo)+e(bul)+e(bu2))q.
Therefore, by (5.6), (5.7), (5.8), (5.8), we have
(59 S*(a,b) = (1—e(bug))g (g=2" n odd),

while, for n even,

' Q2 _ q (au® =1 not solvable)
(59Y5%(a,b) = {((1 + e(bug) + e(bu,) + e(bu,))q ,

where u, u;, u, are the three solutions of au® =1. It is assumed throughout that
a+0. Also it can be verified that the coefficient of g in the final formula is equal
to either 0 or 4. Thus S(a,b) is evaluated except for sign.
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The sum T'(a, b) evidently satisfies

(5.10) T(a? b?) = S(a,b).
Finally
(5.11) Ua,b,c) = Y efa(x*+y>)+b(x+y)xy+c(x+y)}
x,yeF
= Y N(uv)e(a(®+uv)+buv+cu)
u,veF
= (g + U1 + U2 N
where

U, = Y ela(u®+uv)+buv+cu)
ufo

Uy, = Y ela@®+uv)+u *v+buv+cu).

uf%0

Then
U, = Y ela’+cu)y é((a+buv),

u0

which yields

—1+8(@a,c)q (a=b)
(5.12) Up = {( 0 (a+b) .
Similarly
U,= Y e(@’+cu) Y e(((a+bu+u?p).
u$¥0 v
Since

bud=1
L e(((a+bu+u) = {g fEZIb;Zm;,

there are again several possibilities.
It is evident, to begin with, that

(5.13) U,=0 (a=b).
Assume a=b. Then if g=2" n odd, we have
(5.14) - U, = e(ala+b) ' +cup)q ,

where u, is the unique solution of (a+b)u®=1. For n even we get
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0 +bu =1 not solvable
(5.15) U, = { ((@-+bu )

e(a(a+b)~")(e(cuo) +elcuy) +e(cuy))q

where ug, u,, u, are the three solutions of (a+b)u® =1. Therefore by (5.11),. . .,
(5.15),

(516)  U(a,b,c) = S(a,c)g (a=b);
(5.17) U(a,b,c) = (1 +e(a(a+b) ' +cug))g (n odd, (a+buz=1);

q - ((a+bu*=1 not solvable)

(518) Uabo) = {(1+e(a(a+b)")(e(cu0)+e(cu,)+e(cu2)))q

where n is even and u,, u,, u, are the three solutions of (a+b)u’=1.

We remark that, for ¢=2", the sums S(a, b), T(a,b), U(a, b, c) are all rational
integers.

For a similar evaluation of the sum

Y ¥ elx+y+alxy)Y,

x#0 y+0

see [1].
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