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UNIFORMITY IN WEAK CONVERGENCE WITH
RESPECT TO BALLS IN [*, ¢, C([0,1])

BOHDAN ANISZCZYK

1. Introduction.

Let X be a Banach space and M, (X) be the space of non-negative, totally
finite Radon measures on X equipped with the weak topology. Let ue M , (X)
be such that u(dB)=0 for each ball BcX. If u, > u, p, € M, (X) then,
obviously u,(B) — u(B), for each B. F. Topsee [1] has shown, that there is no
uniformity when X =c¢, and that there is uniformity in the case X =17 1<p
<00.

In the present note we shall show that in the space [, C([0,1]) and ¢ weak
convergence implies uniform convergence over balls of bounded radii.
Therefore the property under investigation in this paper does not divide
Banach space into classes, which are usually “good” and “bad” spaces.

2. Basis definition and facts (cf. [1]).

When X and M*(X) are as in the introduction, & (X) stands for the family
of all closed subsets in X. Let o =« # (X), u € M, (X). We shall say that o/ is u-
continuous or equivalenty, that u is &/-continuous if u(04)=0 for each 4 € «.
& is said to be an p-uniformity class if for each sequence p, — u, u, € M (X)

limsup sup |, (4)~p(4)] = 0.
nsw ded

If o/ is an p-uniformity class for each ./-continuous measure p, then o is
called an ideal uniformity class. B[x,r] will denote the closed and B(x,r) the

open ball with radius r and center x. For AcX we denote by d;4 the o-
boundary of 4:

0,4 = {x: B(x,0)NA+J} .

B,=RB,(X) denotes the class of all closed balls with radii <r.
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The problem we shall investigate is for which r>0 43, is an ideal uniformity
class. In what follows we shall need the following lemma due to F. Topsee [1]:

Lemma 1. Let o/ <F(X), pe M, (X). The following conditions are
equivalent

(i) o is a p-uniformity class.
(i) lims_osup e 1(054)=0.
(111) v (An)ngl in d, ﬂ(nn=l al/nAn)zo‘

A proof of the above lemma can be found in [2] and [3].

3. The space .
THEOREM 1. In the Banach space 1®, for each 0<r<oo, %, is an ideal
uniformity class.

LEMMA 2. For each sequence (B[x,,1,]),>, in B, there exist z,y € I*, such
that

N 0y,Blx,r,] = 0B[z,r] U 0B[y,r] .
n=1

Proor. We may and do assume that M,_, ,,,B[x,,7,]+ . Let

1
A= B[x,,,r,,+—]ﬂ
n

n=1

1 1
n {x el® : Ynii, A= < Ix, () —x ()] < ’n"';}'

Then
(1) A = ﬂ al/nB[-)Cmrn]
n=1
and
o0 1 [o¢]
ﬂ B[xn’rn+_] = n [ai’bi]
n=1 n i=1
where

. 1 . . 1
e sp(si0ri-l) om (el

nz1 n21
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For each n,b;—a;<2r,+2/n so that b;—a,;<2r. Let

1 1
I, = {x el*: J3idn, — oornk—;l—<x,,,‘(i)—x(i)<r,,,‘+;—}
k k

1 1
I, =<xe€l®: Jidn > oo, r,,h——<x(i)—-x,,,‘(i)<r,,,‘+—}
ny

ny

k

1
13 = {x € loo . alk—’ o0 3nk“’ 00, rm,—;—<xnk(ik)—x(ik)<rﬂk+nl}
k

1 1
I, =<xel®: i, > ocodn, — o0, r,,,‘———<x(i,,)—x,,,‘(i,‘)<rm+——}
n e
then
2 AclLUILLUI;UI,.
Put

z(i) = b;—r, y(@i) = a;+r.

Then z,y € I®.
Evidently A< B[z,r]UB[y,r]. If x e ANI,, then

sup (x()—~y()) Z suplx()—a;—ri

rz lx=yle

v

Ix(@)—a;—rl = >r.

. . 1
x(z)—su"p <x,,(z)—r,,—;l>—r

Similarly if x € AN1,, then || x—z|x=r.
If x e ANI;, then

rz x=yle = Sl;plx(i)—y(i)l 2 ,}ir{llx(ik)—y(ik)l =r

and alike if x € AN1,, then |x—z|x=r.
From the above consideration it follows that

AN (I,UL) c 8B[y,r] and AN (I,Ul,) < 8B[zr]

where from, in view of (1), (2), the assertion of the lemma follows.

Now, the proof of Theorem 1 follows in a straightforward manner from
Lemma 1 and Lemma 2.

ReMARK 1. The above proof shows that Theorem 1 is true for £ (the class
of all closed balls in X) as well.
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4. The space C(Z) of continuous real functions over the compact metric set Z
with the sup-norm.

THEOREM 2. In the Banach space C(Z) for each 0<r<oo A, is an ideal
uniformity class.

LeMMA 3. If K< C(Z) is compact, then the two functions k, k defined by
k(x) = sup f(x) and k(x) = inf f(x)

fek fek

are continuous.
This follows from the Arzela—Ascoli Theorem (cf. [4, IV 6 Corollary 8)]).

LEMMA 4. For each sequence r,<r and each sequence f, € C(Z) there exist |

lower semicontinuous and f upper semicontinuous functions such that sup|f(x)
—f(x)|£2r and

(3) 01 al/hB[fmrn] < A(ﬁ])
where
AR = {geC@ : J<gsT and 3 (x)z,
Jim If (x,) —g(x,)| =0 or 313’10 |F (x,)—g(x,)| =0} .

ProoF. We may assume that (3%, ,,,B[ f,,r,]+ . Put

7 = inf(fn(x)+rn+%>,

. 1
f(X) = sup (fn(x)_rn_;> .
It is easy to see that f and f have the desired properties.

ProoF oF THEOREM 2. Let (B[f,,7,]),>; be given. We may assume that
.1 01/aBLf,»a] + . Let fand f be as in Lemma 4. It is sufficient to show,
that for each compact K = A(f, f) there exist two functions k,,k, € C(Z) such
that

K < 8B[k,,r] U 0B[k,,1] .

Once this is proved, in view of (3) the same is true for each compact set
contained in N, 8, ,,B[ f,, 7], Lemma 1 will complete the proof of Theorem 2.
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Let K< A(f, /) be compact. From Lemma 3
k(x) = supf(x) and k(x) = inf f(x)

fekK fekK

are continuous.

sup [k(x)—k(x)| < sup If )=l < 2r.

xeZ

Put

ky(x) = k(x)—r, ky(x) = k(x)+r.

If fe K, then
f) 2 k(x) £ f(x) £k £ )

and

3 Xz lim [k(x,)—f(x)] = 0 or lim |k(x,)—f(x,)| = 0.
Then

If=kidl =71 or |f=kll =r.

This completes the proof.
REMARK 2. The above proof shows that Theorem 2 is true for &, as well.

COROLLARY 1. In the Banach space C([0,1]) for each 0 <r <00, 4, is an ideal
uniformity class.

COROLLARY 2. In the Banach space ¢ of convergent sequences for each 0
<r=oo, B, is an ideal uniformity class.
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