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INNER ONE-PARAMETER GROUPS
ACTING ON A FACTOR

FRANK HANSEN

1. Introduction.

Let t —» o, be a o-weakly continuous one-parameter group of automor-
phisms on a von Neumann algebra IR. We say that a family (v,),.g of unitaries
is implementing for ¢ if

g,(x) = Ad (v)(x) = vxv} VteR, VxeI.

In proposition 1 we prove that an arbitrary implementing family for o
contained in M is commutative.

Let in the following M be a factor and denote by M, the unitary group in M
and by T the group of complex numbers with modulus one. In theorem 2 we
prove that a continuous projective representation that is, a homomorphism

n: R - M/T

can be lifted to a continuous unitary representation. As a corollary we get the
classical implementation result due to Bargmann [1] with a simplified proof
avoiding cohomology considerations.

Let k: M, — M,/T denote the quotient map. The definition

&) = Ad (1), uek '(w), ueM/T gives a homomorphism & from the
projective group M, /T to the group Int (M) of inner automorphisms on M. It is
easily checked that & is an injection which is continuous, when /T is
equipped with the quotient topology from the o-weak topology on M, and
Int (M) is equipped with the pointwise g-weak topology.

Let n: R — M,/T be a projective representation and 6 =Pon: R — Int (M)
the corresponding one-parameter group.

M,/T 2> Int (M)
n \R/ o

If 7 is continuous then so is 6. In the case where the predual M is separable,
we can conclude that n is continuous if just ¢ is continuous, although @ in
general is not an open mapping. Indeed, if ¢ is continuous, we can by von
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Neumann’s measurable choice theorem choose a measurable family (v,),.g of
unitaries in MM implementing ¢. Observe that n(t)=k(v,), t € R which implies
that m is measurable thus continuous.

The proof of theorem 2 is elementary and makes no use of measure theory,
thus it extends to the non-separable case. Connes gives in [2, Corollaire 1.5.8
(c) p. 166] an example of a factor with non-separable predual, where each of
the modular automorphisms is inner but no continuous unitary representation
of R implementing for ¢* is possible. This example together with theorem 2
shows the existence of a continuous one-parameter group o, where the
corresponding projective representation n=¢® 'o¢ is not continuous.

2. Reduction to the abelian case.

ProPOSITION 1. Let t — o, be a g-weakly continuous one-parameter group of
automorphisms on a von Neumann algebra each of which is inner and let v, € M
for each t € R be a choice of a unitary implementation for o, Then all v,
commute.

Proor. Since v,0, and v,v, both induce the automorphism o, , on M they can
only differ by a unitary in the center. We can therefore define a mapping

¢: Rx R — (Center (M),
by requiring
o,(v) = vou¥ = c(t,s)y, VtseR.
Using the assumed properties of o we get
(i) clty+1t3,905 = 0, 44,(v) = 0, (c(tz,5))

C(tl,s)c(tz, S)Us ’

(i) v, = c(t,s)v, = clt,s)c(s, t)vp, ,
(lll) C(t’ S)Us = ot(vs) BRI oto(vs) = c(th S)Us
where the convergence is in the g-weak topology.

We conclude that ¢ is a skew symmetric bihomomorphism which is g-weakly
continuous in each variable and that c(t,t)=1 V¢t € R.
Now

c2t,t) = c(t+t,t) = c(t,t)? =1, VteR,
c(@27",t) = c7" 1) =1, VteR, Vg,neN ,

c(t,s)c(—t,s) = c(o,s) = 1, Vt,seR.
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From this we conclude that c(rt,t)=1 for all ¢ € R and all rational dyadic
number r=¢27" q € Z, n e N. The continuity of ¢ in each variable finally
ensures that c(t,s)=1, Vt,s € R.

3. Lifting of projective representations.

THEOREM 2. Let m: R — IR,/T be a continuous projective representation of
R. There exists a continuous representation t — u, of R into I, such that k(u,)

=n(t), Vt € R, where MM, is equipped with the g-weak topology and M, /T with
the quotient topology.

Proor. Let
E = {(ut)e MxR| k=n(t)} .

The product (uy,t;)- (us,t,)= (u u,, t, +t,) and the restriction of the product

topology on I, x R makes E a topological group which by proposition 1 is

abelian. The rest of the proof is well-known. Consider the following diagram:
T-LE—E LR

T—H M, — My/T

where i(z)=(z'1,0), k(u,t)=t and i(z)=2z'1,z€ T, ue M, t € R.

Observe that the kernel ker (k)=1(T) and that k is an open map, which
means that R as a topological group is the quotient of E by T. The theorem of
Gleason [4, Theorem 2.2, p. 52] now tells us that E is locally compact. It
should be noted that the proof of Gleason’s theorem is elementary and only
involves the basic concepts from the theory of locally compact groups. In
particular the theorem does not require separability.

We denote by T and E the dual groups of T and E, respectively, so that
T=2Z. The set

H={yeT| 3jek: y=3)

is a subgroup of T. But as the characters on E separates points in E and T does

not contain any separating proper subgroup, we conclude that H=T. In
particular if y is the identity character on T, there is a character § on E for
which y=joi. We have j(i(z))=x(z)=z, Vz € T, which means that

(M) Nker (7) = {(1,0)} .

Thus ker () is a topological complement to i(T) in E, hence there exists an
isomorphism t — (u,,t) from R to ker (§). Consequently t — u, is a continuous
representation and k(u,)=m(t), which concludes the proof.
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COROLLARY 3. Let t — o, be a a-weakly continuous one-parameter group of
automorphisms each of which is inner on a factor I with separable predual.

There exists a o-weakly continuous representation t — u, of R into the unitary
group in MM such that

o,(x) = uxu¥, VteR, VxeM.

ACKNOWLEDGEMENT. I want to thank Esben Kehlet for fruitful discussions on
the subject.

REFERENCES

1. V. Bargmann, On unitary ray representations of continuous groups, Ann. of Math. 59 (1954), 1-
46.

2. A. Connes, Une classification des facteurs de type 111, Ann. Sci. Ecole Norm. Sup., 4° série, 6 2
(1973), 133-252.

3. R. V. Kadison, Transformations of states in operator theory and dynamics, Topology 3, suppl. 2
(1965), 177-198.

4. D.Montgomery and L. Zippin, Topological Transformation Groups (Interscience Tracts in Pure
and Applied Mathematics 1), Interscience Publishers Inc., New York, 1955.

UNIVERSITY OF COPENHAGEN
DENMARK



