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A NOTE ON INFINITE DIMENSIONAL CONVEX SETS

HEINRICH V. WEIZSACKER

The main result of this note is the following

TarorEM. Let K be an infinite dimensional compact convex set in a
locally convex linear space E.r Then there is a Radon probability measure
p on K and a subset C of K whose closure is metrizable such that the following
is true:

a) suppp<cC, C is convex and a G, set in its closure.
b) p(L)=0 for any compact convex L contained in C.
¢) C does not contain the barycenter of p.

This answers in the negative some questions of F. Topsge ([7], remark
on p. 11) and of J. P. R. Christensen (“Is a convex G, in a compact
convex subset of a locally convex metrizable space measure convex (cf.
[2, p. 130]) #’). At the end of this note we shall see that the set C in the
theorem cannot be chosen to be relatively open in its closure. From this
it follows that C — though a convex G, — is not the insection of rela-
tively open convex subsets of its closure.

The proof of the theorem is based on the following lemma which is
of independent interest. It reduces the proof to the construction of a
single example of a set K with the properties described in the theorem.

LemmA. Let K, be a compact metrizable subset of a locally convex space E,
and let K, be a compact convex infinite dimensional subset of a topological
linear space E,. Then there is an affine homeomorphism from the closed
convex hull of K, to a subset of K,.

Proor oF THE LEMMA. We consider only the case where K, in addition
is convex. (This is the case we need for the proof of the theorem.) The
general case may be deduced from this by Theorem 5.2 in [6].

''1 Ye. the linear span spK of K in E is infinite dimensional. For the assumption of
local convexity cf. the remark after the proof of the lemma.
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First we embed K, into the sequence space I, with the norm topology
using the ideas of [6]. Since K, is compact and metrizable the space
A(K,) of all continuous affine functions on K,; with the sup-norm is
separable. Choose a total sequence (f,),.n in 4(K;) such that

0= infweK'l fn(x) s supzeKlfn(x) =1.
neN neN

Consider the map
v: K> H = {(ap)penely | 050,527 Ve N}

sending « to the sequence (2-"f,(x)),.n. ¥ is affine, continuous (because
of dominated convergence) and injective, since A(K,) and hence
(f2)nen separates points in K, by the Hahn-Banach theorem.

Now we embed H into K,. Without loss of generality we may assume
that 0 € K,. Let M be the circled hull of K, and let ||+ ||;; be the Minkowski
functional of M on sp .M. Since M is compact (and in particular bounded)
in E,, the topology induced by ||-||,, is finer than the original one and
(spM, |- llpr) is an infinite dimensional Banach space (see e.g. 7C, p. 64
in [4]). Then by Corollary IV.3.10 in [5] there is a closed infinite dimen-
sional subspace F of this Banach space which has a basis (y,),.n, ie.
for any element y of F there is a unique sequence (x,),.n of scalars such
that y=3,.N*,¥n- (This idea of using the existence of basis sequences
in general Banach spaces shortens considerably the author’s original
argument and is due to H. Pfister.) We may assume y, € K, for all »,
multiplying each y,, by a suitable scalar if necessary. Because of

IlZneN o‘nyn”M S zneN |0t “yn"M S eep)lly

we can define a linear map 7': (x,) 3, N*nY, from I, to F which is
continuous for the norm topology and hence for the topology induced
by E, on F.

Further, by the uniqueness of the coefficients 7' is injective. Finally,
since 0 € K, and K, is convex and compact we have T'((«,)) € K, for all
sequences (e,) in H. Thus Toy is an affine injective continuous map
and hence by the compactness of K, an affine homeomorphism from K,
into K,.

ReMARK. In view of the fact that very little is known about compact
convex sets in non locally convex spaces it is worthwhile to note that
we do not suppose E, to be locally convex. Consequently, in the theorem
we need the local convexity of £ only in order to have an obvious meaning
of the term ‘“‘barycenter’’ in part c).
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Proor or THE THEOREM. First let us recall the following geometric
fact (see [1]): Let K be a convex set in a linear space £ and let ¢ be a
fixed element of K. Then the relative complement C,:= K \ face; of
the set

face; = U, o {xe K : t+e(t—2) e K}

is convex. If in addition K is closed with respect to a linear topology
on Z, then the equality

Ci=Nn{reK: t+nl(t—2z) &K}

shows that C, is a G, subset of K.

The following example of a set K with the properties in the theorem
is a slight modification of the example of a convex set which is not
measure convex, given in [2, p. 130]. Let E be the linear space of all
finite signed Baire measures on the unit interval endowed with the
“weak topology” o(E,C([0,1])). Let K be the compact convex metrizable
set of all probability measures on [0,1] and let ¢ be the Lebesgue measure.
Let p be the (unique) probability supported by the compact set D of
all Dirac measures on [0,1] representing ¢{. Then the set C, defined as
above is a convex @, in K. Further, for any ne N and any Dirac
measure d,(x € [0,1]) the measure t+n-1(t—4d,) is not in K because of
the orthogonality of the measures ¢ and 4,. So we have suppp=DgC,
which proves property a) in the theorem. Property c) is trivially satis-
fied by the definition of p and O, Finally, for property b) let L be a
compact convex subset of O, and suppose, if possible, that p(L)>0.
Then we must have p(LnD) > 0, that is, there is a compact set 4 <[0,1]
such that {(4)>0 and 6, € L for all z € 4. Being compact and convex,
L then contains all probability measures supported by 4 and in particular
the measure

b, = tA4)HA4An.).

But it is easy to check that ¢+t(4)-(¢—t,) is a probability measure and
80 ¢, is not in O, in contradiction to L<C; and t4 € L. Thus K has the
properties described in the theorem and by the lemma the proof of the
theorem is complete.

In order to see what happens if C is relatively open in its closure we
notice the following simple but useful generalization of Milman’s theorem.
Due to lack of reference we give a proof.

Prorosrrion. Let Y be a convex locally compact subset of a locally con-
vex linear space E. Then for any compact subset L of Y the closed convex
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hull 0L of L in E is compact and contained in Y (that is, Y is a Krein
set in the terminology of [3]).

Proor. Every point of ¥ has in the relative topology of ¥ a base of
compact convex neighbourhoods. If L Y is compact there is a finite
number K,,...,K, of compact convex subsets of Y such that Lg

? 1K;. Then the convex hull M of this union is compact and contained
in Y. In particular we have coL < M < Y which completes the proof.

Remark. Note that the proof uses only the local convexity of the
relative topology.

Now assume that a convex set C is relatively open in its compact
closure and that p is a Radon probability measure such that supppsC
or just p(C)=1. Then C is locally compact and from the proposition we
get

p(C) = sup{p(L): LcC, L compact and convex},

and C contains the barycenter of p by Theorem 2G in [3].
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