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A PRODUCT THEOREM FOR SKOLEM SEQUENCES

KENNETH B. GROSS

Abstract.

Given a Skolem sequence of order n—1 and one of order m — 1 we ob-
tain a construction for a large number of Skolem sequences of order
2mn+m+n—1.

Let V be a set of non-negative integers and s a positive integer. An
(s, V)-sequence is a sequence of length s|V| consisting of s copies of each
v € ¥V with consecutive occurences of v occurring in positions whose po-
sition numbers differ by ». In the case V consists of the integers 1,2,...
| V| and the sequence positions are numbered 1,2,...,s|V|, then the se-
quence we obtain by subtracting 1 from each entry in an (s, V)-sequence
is a Skolem (s,|V]—1)-sequence in the sense of Roselle [1]. In this paper
we will confine ourselves to the consideration of what we refer to as
regular (s, V)-sequences. We call an (s-V)-sequence regular if the sequence
positions are numbered 1,2,...,8/V| (as in Roselle’s Skolem sequences).
Non-regular (s, V)-sequences include the so-called hooked Skolem sequ-
ences [1]. For example,

1. For s=2 and V ={1,2,4}, the sequence

2,4,2,1,1,4
is an (s, V)-sequence;
2. For =2 and V={1,2,3,4}, the two sequences
1,1,3,4,2,3,2,4 and 4,2,3,2,4,3,1,1

are distinct (s, V)-sequences. They are connected with the two Skolem
(2,3)-sequences
0,0,2,3,1,2,1,83 and 3,1,2,1,3,2,0,0.

3. For 8=2 and V ={1,2}, the sequence

1,1,2, ,2 (with four positions numbered 1,2,3,5)
is a non-regular (s, ¥)-sequence connected with the ‘“hooked” Skolem
sequence 0,0,1, ,1. For a definition of hooked Skolem sequence, see [1].
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The Theorems we present below can be generalized to the case of non-
regular (s, V)-sequences, and we leave it to the interested reader to do so.

Let U denote the set of all ordered s-tuples of integers. Let d(ay,. . .,a,)
denote the set of differences

{a1—a;| 1si<s}.

Let U denote the set { | t € U and |6¢{=1}. Then an (s, V)-sequence is
easily shown to be equivalent to a function F: ¥ - U such that 6F(v) = {v}
and F(v)NF(w)=0 for v+w in V. (Here we mean the intersection of
F(v) and F(w) as sets of integers, without regard to order. For instance
(1,2)n(2,3)={2}.) F(v) can be thought of as the set of positions in which
v € V occurs in the sequence. In particular, we have

LemMa 1. 4 (2, V)-sequence is equivalent to a function F: V — U, where
0F(v)={v}, and for any v,w € V such that v+w,F(v)nF(w)=0.

Note that since 8F(v) = {v}, the function F is completely described by
its range. Thus, in the case of (2, V)-sequences, we might as well construct
sets X of disjoint ordered pairs (a,b),a <b, of elements taken from some
set of integers such that
n {b—a| (a,d)eX}=TV.

DEeriniTION. A starter for an abelian group & of odd order is a parti-
tion X of G*, the set of non-zero elements of @, into 2-sets which satisfy

(2) {p—a| {a,b}e X} = G*.

By an ordered starter we shall mean an ordered pair (X,f), where X is a
starter and f is a function which takes each pair {a,b} € X onto one of
the pairs (a,b) or (b,a). We write (a,b) € (X,f) or, alternatively, (b,a) €
(X,f). Now we have from (1) and (2):

Lemma 2. An ordered starter (X,f) for Z,,,, with the property that for
any t € X,if = (a,b) implies a <b is equivalent to a regular (2, V)-sequence,
where |V|=n and

V=1{-a| {a,bleX and a<b}.

For example, the sequences in the examples 1,2 above correspond to
the following ordered starters:

L {(4,5):(1’3),(2:6)} for Z'l‘
2. {(1,2),(3,6),(4,8),(5,7)} and {(7,8),(3,6),(1,6),(2,4)} for Z,.

At this point we find it useful to recall a theorem proved in [2]:
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THEEOREM 1. Let X and Y be starters for Z, and Z;, respectively. Suppose
that for each t € Y there is a permutation m, of Z; such that m;—1I is also a
permutation of Z,. Then

W = {{le,ly} | {x.y} e X}u {{lz+ullzm)+0} | 26 Z,t={u,v} € Y,u<v}

18 a starter for Z,.
It is easy to derive the following corollary:

CororrARY 1. Let X, and X, be regular (2,{1,2,...,d;}) sequences,
i=1,2. Then a regular (2,{1,2,...,2d,d,+d, +d,})-sequence can be obtained
by applying Theorem 1.

Proor. Let n; be the permutation defined by
y—->z iff |y—=|isin positionszandyinX,, 0-0.

Form the starter X from X, and the starter ¥ from X, in the manner
described in Lemma 2. Then order the starter W as described in Lemma
2, It is easy to show that if («,f) is & pair in this starter, then 1 —a <
2d,dy+d, +d,. Since W is a starter, the differences are all distinct, hence
consecutive.

CoROLLARY 2. Given a Skolem (2,n—1)-sequence and a Skolem
(2,m — 1)-sequence, it 18 possible to use Theorem 1 to construct 3™ distinct
Skolem (2, 2mn +m +n— 1)-sequences provided 3 ¢ 2n + 1.

Proor. As well as &; defined as above, one can also define xm=2x
or zm=}x (mod2n+1). For each ¢ € Y there are three distinct choices,
since « - 2z is not its own inverse, while x; as defined in Corollary 1 has
this property.
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