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NONCOMMUTATIVE COVERINGS OF
QUANTUM TORI

KAY SCHWIEGER and STEFAN WAGNER

Abstract
We investigate a framework for coverings of noncommutative spaces. Furthermore, we study
noncommutative coverings of irrational quantum tori and characterize all such coverings that are
connected in a reasonable sense.

1. Introduction

In algebraic topology one obtains information about a topological situation
by studying an associated algebraic situation, which is occasionally easier to
study. The fundamental group (or Poincaré group) of a topological space is the
first and simplest realization of this idea and turns out to be an important topo-
logical invariant. But unlike topologicalK-theory and de Rham co-homology,
which both have natural noncommutative counterparts (see e.g. [4], [10] and
references therein), the absence of a reasonable noncommutative theory of
loops makes it difficult to generalize the concept of the fundamental group to
the noncommutative setting. Instead, its characterization as the group of fibre
preserving homeomorphisms of the universal covering (in case it exists) is of
particular interest. For an approach to noncommutative coverings we may look
at free actions of quantum groups on C∗-algebras, which offer good candidates
for noncommutative principal bundles (see e.g. [1], [8], [26], [28]). From this
perspective, free actions of discrete quantum groups on C∗-algebras provide a
framework for noncommutative coverings (see also [16, §3] for the notion of
finite étale coverings in algebraic geometry).

In the present article our investigation revolves around the concrete class
of quantum tori, which have been studied by many authors (see e.g. [5], [6],
[7], [23]) and have motivated some important work in C∗-algebraic K-theory
such as the Pimsner-Voiculescu exact sequence for crossed products. By us-
ing ideas and methods from [26], [27], we are able to construct examples of
noncommutative coverings of quantum tori and to characterize all noncom-
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mutative coverings of quantum tori that are connected in a reasonable sense.
In more detail, the paper is organized as follows.

After this introduction we provide some preliminaries and notations. In
particular, we discuss the quantum 2-torus A2

θ in its Schrödinger representa-
tion and Bogoliubov transformations. The aim of Section 3 is to motivate our
approach towards noncommutative coverings and to outline some occurring
questions.

The main objective of Section 4 is to develop a reasonable noncommutative
covering theory for the quantum n-torus Anθ . From the classical theory of cov-
erings we know that the restriction to connected coverings is crucial. However,
some typical generalizations of connectedness to noncommutative C∗-algebras
are not suitable for our purposes. The most naive approach would be to call a
unital C∗-algebra connected if it only contains the trivial projections 0 and 1.
This would render all non-trivial finite-dimensional algebras disconnected but
the quantum 2-tori A2

θ for irrational θ ∈ R would be highly disconnected,
which is not in our interest. The next idea might be to call a C∗-algebra con-
nected if its center contains only trivial projections. Then the quantum tori for
irrational θ are connected but the discrete quantum tori, which are isomorphic
to a matrix algebra, are connected, too. Since the discrete quantum tori admit
a free ergodic action of the group G = Cn × Cn (see [29, Expl. 4.26]), this
would have rather strange consequences for possible noncommutative notions
of a universal covering or a fundamental group for the algebraC. Our approach
here relies on the fact that Anθ admits a free and ergodic gauge action of the
classical n-torus Tn. The corresponding infinitesimal form may be regarded
as a replacement of directional derivatives and hence as an analogue of the
tangent space in the classical setting (cf. [3], [24]). From this point of view,
the notion of connectedness that we propose in Definition 4.1 is motivated by
the following two classical facts.

(i) The tangent space of the covering space coincides with the horizontal
lift of the tangent space of the base space.

(ii) The covering space is connected if and only if every smooth function
with vanishing derivative is constant.

In this way we are able to show that each connected covering of Anθ has an
Abelian structure group that is a finite quotient of Zn (Lemma 4.4). Moreover,
we obtain a characterization of connected coverings of Anθ which is similar
to the characterization of finite coverings of the classical n-torus Tn (The-
orem 4.6). We conclude with a proposal for a fundamental group for Anθ .

The purpose of Section 5 is to study in more detail noncommutative cover-
ings of generic irrational quantum 2-tori with finite Abelian structure groups
that are not necessarily connected in the sense of Definition 4.1 but at least
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smooth in a suitable way (see Definition 5.1). Using Bogoliubov transforma-
tions we are able to show that the finiteAbelian structure groups of smooth cov-
erings ofA2

θ are essentially the finiteAbelian subgroups of (T/〈exp(2πiθ)〉)2�

SL2(Z) (Theorem 5.6).
At this place we would like to point out that Mahanta and Suijlekom pro-

posed in [14] a fundamental group for A2
θ which is based on Nori’s approach

to étale fundamental groups of smooth quasiprojective curves and involves
finitely generated projective modules and Tannakian categories. Moreover, we
believe that it is worth paying attention to the ideas presented in [12]. There the
author studies examples of noncommutative coverings similar to ours in the
context of finitely generated and projective Hilbert modules. Last but not least
we would like to mention Canlubos PhD thesis [2], which revolves around
noncommutative coverings from a Hopf-Galois theoretic perspective.

2. Preliminaries and notation

Our investigation revolves around noncommutative coverings of quantum tori.
Consequently, we blend tools from geometry, operator algebras and represent-
ation theory.

Classical coverings

Let Y and X be topological spaces. A covering is a triple (Y,X, q), where
q:Y → X is a continuous and locally trivial map with discrete fibers. Given
a covering (Y,X, q), we write �(Y) := {φ ∈ Homeo(Y ) | q ◦ φ = q} for the
corresponding group of so-called deck transformations.

C∗-dynamical systems

By a C∗-dynamical system we mean a triple (A ,G, α) consisting of a unital
C∗-algebra A and a topological group G that acts on A by ∗-automorphisms
αg: A → A (g ∈ G) such that G× A → A , (g, a) �→ αg(a) is continuous.

Two C∗-dynamical systems (A ,G, α) and (A ′,G′, α′) are called equi-
valent if there is a ∗-isomorphism �: A → A ′ and a group isomorphism
φ:G → G′ such that � ◦ αg = α′

φ(g) ◦� for all g ∈ G.
Furthermore, given a C∗-dynamical system (A ,G, α)with a compact group

G and an irreducible representation (π, V ) of G, we denote by A(π) ⊆ A

the corresponding isotypic component. The Peter-Weyl Theorem implies that
the algebraic direct sum

⊕
π∈Ĝ A(π) is a dense ∗-subalgebra of A , where Ĝ

denotes the set of equivalence classes of all irreducible representations of G.

Freeness

We say that a C∗-dynamical system (A ,G, α) with a compact groupG is free
if the Ellwood map

�: A ⊗alg A → C(G,A ), �(x ⊗ y)(g) := xαg(y),
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has dense range with respect to the canonical C∗-norm onC(G,A ). This con-
dition was originally introduced for actions of quantum groups on C∗-algebras
by Ellwood [8] and is known to be equivalent to Rieffel’s saturatedness [25] and
the Peter-Weyl-Galois condition [1] (see e.g. [26], [28] for references and more
equivalent formulations of freeness). Additionally, we recall that Phillips [22]
considered some notions that are stronger and imply the ones mentioned above.

The Picard group

Let A be a unital C∗-algebra. We write Pic(A ) for the Picard group, i.e., the
group of equivalence classes of Morita self-equivalences over A , where the
group law is given by the tensor product [M] + [N ] := [M ⊗A N ] for all
Morita self-equivalences M , N over A . Moreover, for every ∗-automorphism
α of A we denote by Mα the Morita self-equivalence over A that is given,
as Banach space, by A itself with the usual left multiplication and left in-
ner product, and the right module structure and right inner product given by
x . a := xα(a) and 〈x, y〉A := α−1(x∗y) for all x, y ∈ Mα and a ∈ A . It
is easily checked that the map α �→ [Mα] provides a group homomorphism
Aut(A ) → Pic(A ) with the inner automorphisms as kernel, i.e., the outer
automorphism group Out(A ) := Aut(A )/ Inn(A )may be regarded as a sub-
group of Pic(A ). We also recall that for a free C∗-dynamical system (A ,G, α)

with compact Abelian group G the isotypic component A(χ) of a character
χ ∈ Ĝ is a Morita self-equivalence over AG, where the inner products are
given by AG〈x, y〉 = xy∗ and 〈x, y〉AG = x∗y for x, y ∈ A(χ). The corres-
ponding group homomorphism (see [26, Proposition 4.4])

ϕ: Ĝ → Pic(AG) given by ϕ(π) := [A(π)]

is called the Picard homomorphism of (A ,G, α).

Quantum tori

Let n ∈ N and let θ be a real skew-symmetric n× n-matrix. The quantum n-
torus Anθ is the universal C∗-algebra generated by unitaries u1, . . . , un subject
to the relations uku
 = exp(2πiθk
)u
uk for all 1 ≤ k, 
 ≤ n. The smaller
∗-algebra generated by all rapidly decreasing noncommutative polynomials in
u1, . . . , un is called the smooth quantumn-torus and will be denoted byTnθ . The
matrix θ is called quite irrational if, for all λ ∈ Zn, the condition exp(2πi〈λ, θ ·
μ〉) = 1 for all μ ∈ Zn implies λ = 0. We point out that Anθ is a simple C∗-
algebra if θ is quite irrational. The classical n-torus Tn acts onAnθ via so-called
gauge transformations, which are given on generators by γz(uk) := zk · uk for
each z = (z1, . . . , zn) ∈ Tn and 1 ≤ k ≤ n. The corresponding C∗-dynamical
system (Anθ ,T

n, γ ) is free and ergodic.
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For the special case n = 2, we identify a skew-symmetric matrix θ with
its upper right off-diagonal entry θ ∈ R. The quantum 2-torus A2

θ admits an
action of the group SL2(Z), given on generators u and v by

M.u = uavb and M.v = ucvd, for M =
(
a b

c d

)
.

For each character λ ∈ Z2 = T̂2 this action maps the isotypic component
A2
θ (λ) with respect to the gauge action into A2

θ (M · λ). For this reason, we
refer to this action as lattice transformations of Anθ .

Smooth automorphisms of the quantum 2-torus

Interesting for us are the so-called smooth automorphisms ofA2
θ , by which we

mean automorphisms α:A2
θ → A2

θ satisfying α(T2
θ ) ⊆ T2

θ . For an irrational
number θ ∈ R the group Aut∞(A2

θ ) of all smooth automorphisms of A2
θ was

determined by Elliott [5] (see also [7]). It is isomorphic to the semidirect
product

Aut∞(A2
θ ) := PU0(T

2
θ )� (T2

� SL2(Z)).

Here, PU0(T2
θ ) denotes the connected component of the projective unitary

group of T2
θ , and T2 acts via gauge transformations and SL2(Z) via lattice

transformations. With respect to this identification the inner automorphisms in
Aut∞(A2

θ ) are precisely given by the subgroup PU0(T2
θ ) � 〈exp(2πiθ)〉2. In

particular, all inner automorphisms in Aut∞(A2
θ ) are implemented by unitaries

inside of the smooth algebra T2
θ . We denote the corresponding quotient group

of smooth outer automorphisms by

Out∞(A2
θ ) := Aut∞(A2

θ )/PU(T2
θ ) = (T/〈exp(2πiθ)〉)2 � SL2(Z).

Bogoliubov transformations

Let θ ∈ R be irrational. For our purposes it is convenient to consider the
quantum 2-torusA2

θ in its Schrödinger representation onL2(R) (see e.g. [15]).
In order to briefly introduce this representation let P and Q be self-adjoint
extensions of the unbounded operators Qψ(s) = s · ψ(s) and Pψ(s) =
−2πiθ · (∂sψ)(s), s ∈ R, defined on all smooth functions ψ ∈ L2(R). Then
the family of unitaries

Sx := e−πiθx1x2 eix1Q eix2P = ei(x1Q+x2P)

forx ∈ R2 generate the CCR-algebra also known asWeyl-algebra CCR(R2, θ),
which is the unique C∗-algebra generated by unitaries Sx , x ∈ R2, that satisfies
the relation SxSy = exp(2πiθ(x1y2−x2y1))SySx for all x, y ∈ R2 (see [19] for
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details). This algebra is simple and its representation on L2(R) is irreducible.
Due to their commutation relation, the unitaries

u := S(1,0) = eiQ and v := S(0,1) = eiP

generate the quantum 2-torus A2
θ . It is easy to see that also the representation

of A2
θ on L2(R) is irreducible.

Our motivation for studying the Schrödinger representation is that all
smooth automorphisms of A2

θ can be implemented by unitaries on L2(R).
The gauge transformations are provided by restricting Ad[Sx], x ∈ R2, to the
algebra A2

θ . For the lattice transformations we first note that for an element

M =
(
a b

c d

)

in SL2(R) the unitaries S̃x := SMx for x ∈ R2 also satisfy the commuta-
tion relation of CCR(R2, θ). By virtue of the uniqueness result of von Neu-
mann [17], there is a unitary UM ∈ B(L2(R)) such that UMSxU

∗
M = SMx

for all x ∈ R2. The corresponding automorphism βM := Ad[UM ] is called a
Bogoliubov transformation. Restricting βM to the algebra A2

θ then yields the
lattice transformation corresponding toM . The automorphisms Ad[u], u ∈ T2

θ ,
together with the family Ad[Sx], x ∈ R2, and the Bogoliubov transformations
βM , M ∈ SL2(Z), generate a group of ∗-automorphisms of B(L2(R)) that is
isomorphic to the semi-direct product PU0(T2

θ )� (R2
� SL2(Z)).

3. Noncommutative coverings via free actions

In this section we motivate our approach towards noncommutative coverings
and outline some occurring questions. First and foremost we would like to point
out that our long-term goal is to find a suitable notion of a fundamental group
for C∗-algebras. From this perspective, one of the most important features
of classical covering theory is that the fundamental group of a sufficiently
connected space can be identified with the group of deck transformations of
the corresponding universal covering and appears in this manner as a symmetry
group.

The most prominent example of a classical covering is defined in terms of
the exponential map exp:R → T, t �→ exp(2πit). Its deck transformation
group �(R) is given by translations of R by integers. Since R is simply con-
nected, it follows that the fundamental group π1(T) is isomorphic to Z. Also
note that �(R) acts freely and properly discontinuously. In fact, for many
interesting coverings the group of deck transformations acts freely and prop-
erly discontinuously. Moreover, each free and properly discontinuous action
defines a covering in terms of the corresponding quotient map.
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These facts suggest to address noncommutative coverings in terms of free
actions of discrete groups on C∗-algebras. Looking at exp:R → Twe see that,
despite the compact base space, the involved spaces and groups are not compact
in general. Unfortunately, the subject of free actions is better understood in the
compact case (see e.g. [1], [26], [27], [28] and references therein). To give a
prototypical example of the problems arising from non-compactness, note that
the free and properly discontinuous action which corresponds to exp:R → T
is from a C∗-algebraic point of view defined in terms of the map

α:Z× C0(R) → C0(R), α(λ, f )(t) := f (exp(2πiλt)).

The quotient spaceR/Z is clearly homeomorphic to the circleT, but the relation
between the C∗-algebrasC0(R) andC(T) is more involved. For instance,C(T)
is not the fixed point algebra defined by the map α. This suggests to extend α to
a suitable compactification. In fact, we may look at the Bohr compactification
of R or, equivalently, at the C∗-algebra Cap(R) of almost periodic functions
on R, i.e., the closure of all characters of R with respect to the supremum
norm. The action α straightforwardly extends to Cap(R) and a few moments
thought show that C(T) = Cap(R)Z. Furthermore, the C∗-dynamical system
(Cap(R), α,Z) may be regarded as a suitable limit of the collection of C∗-
dynamical systems defined, for m ∈ N, in terms of the unital C∗-subalgebra
of bounded continuous function on R generated by the family of functions

fz,λ(t) := zt exp(2πiλt), z ∈ Cm, λ ∈ Z,

and its canonical dual action by Z/mZ ∼= Ĉm, where Cm := {z ∈ T | zm = 1}.
Here, the C∗-dynamical systems under consideration play the role of intermedi-
ate coverings ofC(T)with compact covering space, in which the corresponding
structure groups appear as finite quotients of the fundamental group.

In order to avoid technical issues concerning compactifications, we restrict
our investigation to free actions of finite groups on unital C∗-algebras. In the
classical setting this corresponds to finite quotients of the fundamental group
and compact covering spaces. We also avoid discussion of a notion of proper
discontinuity, because in classical topology every free action of a finite group
is automatically properly discontinuous (which is equivalent to being locally
trivial as a principal bundle). However, we stress that in the C∗-algebraic setting
it is not clear whether every free action of a finite group is piecewise or locally
trivial, for example in the sense of [9], [11], or [20]. For the sake of a concise
language we agree on the following convention inspired by classical covering
theory: if (A ,G, α) is a free C∗-dynamical system with a finite group G and
fixed point algebra B, then we briefly say that (A ,G, α) is a covering of B.
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4. Connected coverings of quantum tori

In this section we develop a covering theory for the quantum n-torus Anθ . To
this end, first recall thatAnθ admits a free and ergodic gauge action (Anθ ,T

n, γ ).
The infinitesimal form of γ then yields an injective Lie algebra representation
of Rn by ∗-derivations on the smooth quantum n-torus Tnθ . This Lie algebra
representation may be regarded as a replacement for directional derivatives and
hence as an analogue of the tangent space in the classical case (cf. [3], [24]).

For our purposes it is convenient to view the gauge action as an action of
Rn. That is, using the same letter for the action, we consider the C∗-dynamical
system (Anθ ,R

n, γ ) given on generators by γs(uk) := exp(2πisk)uk for each
s = (s1, . . . , sn) ∈ Rn and 1 ≤ k ≤ n.

Classically, every covering ofTn admits a horizontal lift of the tangent space
of Tn into the tangent space of the covering. Since the group of deck trans-
formations acts properly discontinuously, the tangent space of the covering in
fact coincides with the horizontal lift. In the noncommutative framework a lift
of the gauge action on Anθ replaces the horizontal lift and the following notion
of connectedness may then be regarded as an analogue to the classical fact that
the covering is connected if and only if every smooth function with vanishing
derivative is constant.

Definition 4.1. Let A be a C∗-algebra containing Anθ .

(1) We call a C∗-dynamical system (A ,Rn, β) a lift of the gauge action if
� := ker β is of maximal rank, i.e., Rn� := Rn/� is compact, and

βs(x) = γs(x)

holds for all s ∈ Rn and x ∈ Anθ .
(2) We say that a covering (A ,G, α) ofAnθ is connected if there is an ergodic

lift (A ,Rn, β) of the gauge action such that αg ◦ βs = βs ◦ αg for all
g ∈ G and s ∈ Rn.

Remark 4.2. If the lift of a gauge action is ergodic, then the factored system
(A ,Rn�, β) is automatically free (see Lemma A.1).

Recall that, given a subgroup� ≤ Zn of maximal rank, there is an invertible
n × n-matrix M with integer valued entries such that � = M · Zn. The dual
group of Rn� is parametrized by (M−1)T ·Zn, where each character of Rn� is of
the form

χλ:R
n
� → T, χλ([s]) := exp(2πi〈λ, s〉)

for some λ ∈ (M−1)T · Zn. For the sake of brevity we do not distinguish
between λ and χλ.
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Lemma 4.3. Let θ be quite irrational and let (A ,Rn, β) be an ergodic lift
of the gauge action with ker(β) = M · Zn for some invertible n× n-matrixM
with integer valued entries. Then (A ,Rn, β) is equivalent to (Anθ ′ ,Rn, γ ′) for
some skew-symmetric n× n-matrix θ ′ satisfying

Mθ ′MT ∈ θ +Mn(Z) (1)

and the canonical gauge action γ ′ on Anθ ′ .

Proof. Since β is ergodic, for each character λ ∈ R̂n� = (M−1)T · Zn the
isotypic component of (A ,Rn�, β) is given by multiples of a unitary element
U(λ) ∈ A(λ). The unitaryU(λ) is unique up to a phase and henceU(λ1)U(λ)

is a multiple of U(λ1 + λ2). Since the elements (M−1)T ek , 1 ≤ k ≤ n,
generate R̂n� , the unitaries U1, . . . , Un given by Uk := U((M−1)T ek) generate
the C∗-algebra A . We fix a real skew-symmetric n× n-matrix θ ′ such that

UkU
 = exp(2πiθ ′
k,
)U
Uk

for all 1 ≤ k, 
 ≤ n. Then a standard computation shows that

U(λ1)U(λ2) = exp
(
2πi〈λ1,Mθ

′MT λ2〉
)
U(λ2)U(λ1)

for all λ1, λ2 ∈ (M−1)T · Zn. Since β is a lift of the gauge action, the unitaries
uk := U(ek) for 1 ≤ k ≤ n are canonical generators of Anθ ⊆ A . Therefore,
we obtain

exp(2πiθk,
)u
uk = uku
 = U(ek)U(e
)

= exp
(
2πi〈ek,Mθ ′MT e
〉

)
U(e
)U(ek) = exp

(
2πi〈ek,Mθ ′MT e
〉

)
u
uk

for all 1 ≤ k, 
 ≤ n. It immediately follows that Mθ ′MT ∈ θ + Mn(Z); in
particular, θ ′ is quite irrational (see [21, Lemma 1.8]). As a consequence, Anθ ′
is simple and therefore A is isomorphic to Anθ ′ . Moreover, a straightforward
calculation verifies that we have βs = γ ′

M−1s
for all s ∈ Rn.

Lemma 4.4. Let (A ,G, α) be a connected covering of Anθ . Let (A ,Rn, β)
be the corresponding lift of the gauge action and � := ker(β). Then there is a
group isomorphism φ:G → Zn/� such that αg = βφ(g) for all g ∈ G.

Proof. We regardβ as an action of the compact groupRn� (see Remark 4.2).
For every π ∈ Ĝ and λ ∈ R̂n� , let Aα(π) and Aβ(λ) denote the corresponding
isotypic components with respect to α and β, respectively. Since β is free and
ergodic, each Aβ(λ) is a 1-dimensional Hilbert space with the inner product
given by 〈x, y〉 := x∗y for x, y ∈ Aβ(λ). Since α and β commute, eachAβ(λ)
is α-invariant and hence provides a 1-dimensional representation of G. We
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write πλ ∈ Ĝ for the corresponding class. It is straightforward to check that
the resulting map

ψ : R̂n� → Ĝ, ψ(λ) := πλ

is multiplicative, i.e., ψ(λ1 + λ2) = ψ(λ1) ⊗ ψ(λ2) for all λ1, λ2 ∈ R̂n� .
Furthermore, freeness of (A ,G, α) implies that each Aα(π), π ∈ Ĝ, is
non-zero. Since Aα(π) is β-invariant, there is a non-trivial intersection
Aα(π) ∩ Aβ(λ) for some λ ∈ R̂n� . Thus ψ is surjective. It follows that all
irreducible representations of G are 1-dimensional, that is, G is Abelian. The
kernel ofψ consist of those elements λ ∈ R̂n� such thatAβ(λ) intersects the α-
fixed point algebraAnθ non-trivially, that is, we have kerψ = Zn. Consequently,
the homomorphism ψ factors to an isomorphism ψ : R̂n�/Z

n → Ĝ. Passing to
the corresponding dual groups, we obtain an isomorphism φ:G → Zn/�.
Next, let λ ∈ R̂n� . Then an easy computation shows that the action of α on
Aβ(λ) is given by

αg(x) = πλ(g)x = φ(λ)(g)x = λ(φ(g))x = βφ(g)(x)

for all x ∈ Aβ(λ) and g ∈ G. Since the subspaces Aβ(λ), λ ∈ R̂n� , are total in
A , we finally conclude that αg = βφ(g) for all g ∈ G.

Remark 4.5. (1) The groupG in Lemma 4.4 can in fact be replaced by any
compact quantum group. The definitions can be extended straightforwardly to
this case and for the proof only a slight adaption of the arguments is needed.

(2) A similar conclusion as in Lemma 4.4 may be derived from Peligrad’s
duality result for free actions of compact groups, [18, Theorem 3.3].

We are now ready to state and prove our main theorem. From a geometric
point of view, the upshot is that the coverings of the quantum torus Anθ are of
a similar form as for the classical coverings of the torus Tn.

Theorem 4.6. Let θ be quite irrational. Then a covering (A ,G, α) of Anθ
is connected if and only if it is equivalent to (Anθ ′ , (M−1 ·Zn)/Zn, γ ′) for some
invertible n × n-matrix M with integer valued entries, some skew-symmetric
n× n-matrix θ ′ satisfying equation (1), and the gauge action γ ′ on Anθ ′ .

Proof. Lemmas 4.3 and 4.4 imply that every connected covering is of the
asserted form. For the converse letM be an invertible n×n-matrix with integer
valued entries and θ ′ a skew-symmetric n× n-matrix satisfying equation (1).
Then it is easily checked that (Anθ ′ , (M−1 ·Zn)/Zn, γ ′) is a connected covering
of Anθ with an ergodic lift of the gauge action given by (Anθ ′ ,Rn, γ ′), where γ ′
denotes the canonical gauge action on Anθ ′ . In fact, the only missing condition
is that the fixed point algebra

(Anθ ′)
M−1·Zn = {x ∈ Anθ ′ | γ ′

g(x) = x ∀g ∈ M−1 · Zn}
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can be identified with Anθ . For this let U1, . . . , Un be unitary generators of Anθ ′
subject to the relations UkU
 = exp(2πiθ ′

k
)U
Uk for all 1 ≤ k, 
 ≤ n. Then
a few moments thought show that (Anθ ′)M

−1·Zn is generated by the unitaries

uk := U(MT ek) := U
m1,k

1 · · ·Umn,k
n ∈ Anθ ′(M

T ek), 1 ≤ k ≤ n,

where M = (mi,j )1≤i,j≤n. The claim therefore follows from

uku


= U(MT ek)U(M
T e
) = exp

(
2πi〈ek, (Mθ ′MT )e
〉

)
U(MT e
)U(M

T ek)

(1)= exp
(
2πi〈ek, θe
〉

)
U(MT e
)U(M

T ek) = exp(2πiθk,
)u
uk

for all 1 ≤ k, 
 ≤ n and the simplicity of Anθ .

Remark 4.7. Since equation (1) admits multiple solutions for a given mat-
rix M , the covering theory of Anθ is more involved than for the classical cov-
erings of Tn. This is not unexpected since also Tn admits noncommutative
coverings by quantum tori Anθ for θ ∈ Mn(Q).

A fundamental group for Anθ
Let θ be quite irrational. Using our previous findings, we are now ready to pro-
pose a candidate for the fundamental group forAnθ . Indeed, by Theorem 4.6 all
possible structure groups of connected coverings of Anθ are, up to isomorph-
ism, of the form Zn/�, where � for some subgroups � ≤ Zn of maximal rank.
Since the subgroups � are partially ordered by inclusion, we may consider the
group πnθ defined as the inverse limit of the corresponding quotients Zn/�.
Then it is not hard to see that πnθ is in fact the profinite completion of Zn. This
limit may be regarded as a possible fundamental group for Anθ as is common
in algebraic geometry (cf. [16, §3] for the characterization of the fundamental
group of a connected variety via finite étale coverings).

5. Smooth coverings of A2
θ

In the remaining part of this article we investigate noncommutative coverings of
generic irrational quantum 2-tori that are not necessarily connected in the sense
of Definition 4.1. For this purpose, throughout the following let θ be a fixed
irrational and non-quadratic number. ThenA2

θ is simple and, according to [13],
the Picard group Pic(A2

θ ) equals its subgroup Out(A2
θ ) of outer automorphisms

of A2
θ . That is, given a covering (A ,G, α) of A2

θ with compact Abelian group
G, every isotypic component A(χ), χ ∈ Ĝ, contains a unitary element u(χ)
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(see [26, Remark 5.15] or [28, Theorem 4.6]). The Picard homomorphism of
(A ,G, α) then reads as

ϕA : Ĝ → Out(A2
θ ), ϕA (χ) := [

Ad[u(χ)]|A2
θ

]
,

where Ad[u(χ)](x) := u(χ)xu∗(χ) for all x ∈ A . Conversely, given a com-
pact Abelian groupG and a group homomorphism ϕ: Ĝ → Out(A2

θ ), one may
ask whether there is a free C∗-dynamical system (A ,G, α) with fixed point
algebraA2

θ and Picard homomorphism ϕA = ϕ. In light of [26, Theorem 5.15],
such a C∗-dynamical system exists if and only if a certain cohomology class
associated to ϕ vanishes in H3(Ĝ,T). In this case, all C∗-dynamical systems
with fixed point algebraA2

θ and Picard homomorphism ϕ are parametrized, up
to isomorphism, by H2(Ĝ,T) (see [26, Theorem 5.8 and Corollary 5.9]).

At this point it is instructive to take a closer look at the class of connected
coverings ofA2

θ . By Theorem 4.6 each connected covering ofA2
θ is of the form

(A2
θ ′ ,G, γ ′) for some 2×2-matrix θ ′ satisfying equation (1) and some compact

Abelian group G acting via gauge transformations. Each isotypic component
A′(χ), χ ∈ Ĝ, is contained in the smooth quantum torus T2

θ ′ . Therefore, for
any unitary element u(χ) ∈ A′(χ) the automorphism Ad[u(χ)] preserves the
smooth quantum torus T2

θ = T2
θ ′ ∩ A2

θ . That is, the Picard homomorphism
maps into the group of smooth outer automorphisms Out∞(A2

θ ).

Definition 5.1. Let G be a finite Abelian group. We say that a covering
(A ,G, α) of A2

θ is smooth if its Picard homomorphism ϕA : Ĝ → Out(A2
θ )

takes values in the smooth outer automorphisms Out∞(A2
θ ).

As we have just noticed, each connected covering is smooth. It is therefore
natural to ask, whether there are smooth coverings ofA2

θ that are not connected.
The purpose of this section is to provide an affirmative answer to this question.
More precisely, given any finite Abelian group G and group homomorphism
ϕ: Ĝ → Out∞(A2

θ ), we give a generic construction of a covering of A2
θ with

Picard homomorphism ϕ.
We begin our study with the following observation, whose proof we leave

to the reader.

Lemma 5.2. Let A ⊆ B(K ) be a concrete C∗-algebra and let u ∈ U(K )

be such that Ad[u] restricts to a ∗-automorphism of A . Then the following
definitions turn Au into a Morita self-equivalence over A :

(i) a . xu := axu for a, x ∈ A ,
(ii) xu . .a := xua = x Ad[u](a)u for a, x ∈ A ,

(iii) A 〈xu, yu〉 := xy∗ for x, y ∈ A ,
(iv) 〈xu, yu〉A := Ad[u]∗(x∗y) for x, y ∈ A .



NONCOMMUTATIVE COVERINGS OF QUANTUM TORI 111

Given a ∗-algebra A, a group H , and for each h ∈ H a linear subspace
Ah of A such that A = ∑

h∈H Ah. We say that the A is a weakly H -graded
∗-algebra if Ah1 · Ah2 ⊆ Ah1h2 and A∗

h = Ah−1 for all h1, h2, h ∈ H . Notice
that we do not require the sum to be direct.

Lemma 5.3. Let A1 ⊆ B(K ) be a C∗-algebra with 1K ∈ A1. Let H be a
group, and let u:H → U(K ) be a map with u(1) = 1K such that u(h)A1 =
A1u(h) for all h ∈ H . Then the following statements are equivalent.

(a) The set A := ∑
h∈H A1u(h) ⊆ B(K ) is a weaklyH -graded ∗-algebra.

(b) We have δu(h1, h2) := u(h1)u(h2)u(h1h2)
∗ ∈ A1 for all h1, h2 ∈ H .

Proof. If condition (a) holds, then for allh1, h2 ∈H the productu(h1)u(h2)

lies in A1u(h1h2). Therefore, δu(h1, h2) ∈ A1u(h1, h2)u(h1, h2)
∗ = A1,

which verifies condition (b). Conversely, if condition (b) holds, it is immedi-
ate that A is an algebra and that the multiplicative part of the grading condi-
tion holds. Since u(1) = 1K , we further have u(h)∗ = δu(h−1, h)u(h−1) ∈
A1u(h

−1) for all h ∈ H . Hence, the algebra A is closed under involution
and the involutive part of the grading condition holds, which completes con-
dition (a).

We continue with a general statement that provides a criterion for deciding
whether the subspaces in Lemma 5.3 is direct, which may also be of independ-
ent interest.

Lemma 5.4. Let A1 ⊆ B(K ) be an irreducible representation of a simple
C∗-algebra with 1K ∈ A1. Furthermore, let H be a group and let u:H →
U(K ) be a map with u(1) = 1K satisfying the following conditions:

(1) for all h ∈ H we have u(h)A1 = A1u(h);

(2) for all h1, h2 ∈ H we have δu(h1, h2) := u(h1)u(h2)u(h1h2)
∗ ∈ A1;

(3) for every 1 �= h ∈ H the ∗-automorphism αh := Ad[u(h)]|A1 of A1 is
not inner.

Then the sum of subspaces
∑

h∈H A1u(h) ⊆ B(K ) is direct.

Proof. We prove by induction that the sum of an arbitrary number of sum-
mands is direct, where the initial case of a single summand is trivial. For this
purpose let n ∈ N and let us assume that any collection of n summands is
direct. A brief computation shows that hypotheses (1) and (2) imply u(h)∗ ∈
A1u(h

−1) and u(h1)u(h2) ∈ A1u(h1h2) for all h, h1, h2 ∈ H . It therefore
suffices to show that for any number of distinct elements h1, . . . , hn ∈ H \ {1}
we have I := A1 ∩ (∑n

k=1 A1u(hk)
) = {0}. The set I is obviously a closed

right ideal of A1 and by hypothesis (1) also a left ideal. Therefore, J := I ∩I ∗
is a closed two-sided ∗-ideal of A1. Since A1 is simple, it follows that we have
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either J = {0}, in which case I = {0} and the proof is finished, or we have
J = A1 and hence I = A1. The later case leads to a contradiction as follows.
Suppose I = A1, then we find elements x1, . . . , xn ∈ A1 with

1K = x1u(h1)+ · · · + xnu(hn),

and by the induction hypothesis we have xk �= 0 for all 1 ≤ k ≤ n. Then for
all x ∈ A1, we obtain

xx1u(h1)+ · · · + xxnu(hn) = x = x1u(h1)x + · · · + xnu(hn)x.

On the right hand side, each element xku(hk)x, 1 ≤ k ≤ n, lies in A1u(hk)

by hypothesis (1). Due to uniqueness of the representation in the direct sum∑n
k=1 A1u(hk), we obtain xxku(hk) = xku(hk)x for all x ∈ A1. Since the

representation A1 ⊆ B(K ) is irreducible, we may conclude that xku(hk) is
a non-zero multiple of 1K . That is, u(hk) is a multiple of x∗

k ∈ A1 which
contradicts hypothesis (3).

From now on we consider A2
θ in its Schrödinger representation.

Lemma 5.5. Let H be a group and let ϕ:H → Out∞(A2
θ ) be a group

homomorphism. Then the following assertions hold.

(1) There is a map u:H → U(L2(R)) satisfying u(h)T2
θ = T2

θu(h) and
[Ad[u(h)]|A2

θ
] = ϕ(h) for every h ∈ H .

(2) For every map u:H → U(L2(R)) as in part (1) of this Lemma the
element δu(h1, h2) := u(h1)u(h2)u(h1h2)

∗ lies inT2
θ for all h1, h2 ∈ H .

Proof. (1) The statement is essentially a consequence of the discussion in
Section 2. In fact, recall that Out∞(A2

θ ) = (T/〈exp(2πiθ)〉)2 � SL2(Z) and
write elements of Out∞(A2

θ ) as tuples ϕ(h) = (w(h),M(h)) with w(h) ∈
(T/〈exp(2πiθ)〉)2 and M(h) ∈ SL2(Z), respectively. Furthermore, denote by
q:R2 → (T/〈exp(2πiθ)〉)2 the quotient map given by q(s, t) := [(exp(2πis),
exp(2πit))]. Next, for eachh ∈ H , pick an element x(h) ∈ R2 with q(x(h)) =
w(h) and put u(h) := Sx(h)UM(h). Then it is easily verified that the resulting
map u:H → U(L2(R)), h �→ u(h) fulfills the asserted properties.

(2) Let u:H → U(L2(R)) be a map as in part (1). Furthermore, let h1, h2 ∈
H and put δu := δu(h1, h2) for brevity. Then the automorphism Ad[δu] can
be restricted to a smooth inner automorphism of A2

θ ⊆ B(L2(R)). Therefore,
there is a unitary v ∈ T2

θ such that (δu)x(δu)∗ = vxv∗ or, equivalently,
v∗(δu)x = xv∗(δu) for all x ∈ A2

θ . Since the representation A2
θ ⊆ B(L2(R))

is irreducible, we conclude that v∗(δu) is a multiple of 1 and hence δu lies
in T2

θ .
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We now return to the original question whether for a given finite Abelian
group G and a smooth group homomorphism ϕ: Ĝ → Out(A2

θ ) there is a
covering of A2

θ with Picard homomorphism ϕ. Due to Lemma A.2 we may
without loss of generality assume that ϕ is injective. Then by Lemma 5.5 we
find a map u: Ĝ → U(L2(R))with u(1) = 1 implementing ϕ. A few moments
thought show that Lemma 5.3 and Lemma 5.4 can be applied and hence the
sum

A :=
∑
χ∈Ĝ

A2
θu(χ) ⊆ B(L2(R))

defines a Ĝ-graded ∗-algebra. Since G is finite, A is indeed a C∗-algebra.
In addition, every summand A2

θu(χ), χ ∈ Ĝ, admits a representation of G
given by multiplying with the corresponding character. Taking direct sums
and defining the action componentwise thus yields a C∗-dynamical system
(A ,G, α).

Theorem 5.6. The C∗-dynamical system (A ,G, α) is a covering ofA2
θ with

Picard homomorphism ϕ.

Proof. For each χ ∈ Ĝ the isotypic component A(χ) is given by A2
θu(χ).

In particular, we have AG = A2
θ . Furthermore, freeness of (A ,G, α) follows

from the fact that every isotypic component contains a unitary element (see [26,
Remark 5.15], [27, Theorem 5.8]). Finally, since the class of the automorphism
Ad[u(χ)] in Out(A2

θ ) coincides with ϕ(χ) for all χ ∈ Ĝ (cf. Lemma 5.5), we
may conclude that the Picard homomorphism of (A ,G, α) is given by ϕ.

Remark 5.7. We would like to point out that with little effort the arguments
and the results presented in this section extend from finite Abelian groups to
coactions of group C∗-algebras of finite groups.

Appendix A. On free group actions

In this short appendix we show that the underlying group homomorphism of
a free C∗-dynamical system is injective. Although this might be well-known
to experts, we have not found such a statement explicitly discussed in the
literature.

Lemma A.1. Suppose that (A ,G, α) is a C∗-dynamical system and let
K := ker α := {g ∈ G | αg = idA }. Then the following assertions hold.

(1) If (A ,G, α) is free, then K is trivial.

(2) IfG is Abelian and (A ,G, α) ergodic, i.e., AG = C ·1, thenK is trivial
if and only if (A ,G, α) is free.
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Proof. (1) By [26, Proposition 3.17] the restricted C∗-dynamical system
(A ,K, α|K) is free and hence the Ellwood map has dense range. Since αg =
idA for all g ∈ K , we may therefore conclude that K must be trivial.

(2) Since AG = C · 1, each isotypic component A(χ), χ ∈ Ĝ, is a 0-
or 1-dimensional and (A ,G, α) is free if and only if every A(χ), χ ∈ Ĝ, is
non-zero. Let N be the set of characters χ ∈ Ĝ for which A(χ) is non-zero.
Then a few moments thought show that N is a subgroup of Ĝ. Moreover, the
isotypic componentsA(χ)with χ ∈ N are total in A . It follows that, for each
g ∈ G, we have αg = idA if and only if χ(g) = 1 for all χ ∈ N . That is, K
is the dual of Ĝ/N . Thus K is trivial if and only if N = Ĝ, which happens if
and only if (A ,G, α) is free.

Lemma A.2. Let N and H be compact Abelian groups, ω:H ×H → N a
continuous symmetric 2-cocycle andG := N×ω H the corresponding central
extension. Furthermore, let (A , N, α) be a free C∗-dynamical system with
Picard homomorphism ϕ: N̂ → Pic(AN). Consider the C∗-algebra A ′ :=
C(H,A ) = C(H)⊗ A endowed with the action

(α′
(n,h)f )(h

′) := αn+ω(h′,h)(f (h
′ + h))

for (n, h) ∈ G and h′ ∈ H . Then (A ′,G, α′) is a free C∗-dynamical system
with fixed point algebra 1 ⊗ AN ∼= AN and Picard homomorphism given by

ϕ′: Ĝ → Pic(AN), ϕ′(χ) = ϕ(χN),

where χN(n) := χ(n, 1) for all n ∈ N .

Proof. It is easily seen that α′ is strongly continuous and respects the
involution. Moreover, by a standard computation the cocycle condition of ω
implies that α′ is a homomorphism. Next, let χ ∈ Ĝ. We denote by A′(χ) and
A(χN) the isotypic components of α′ and α, respectively. Then a few moments
thought show that f ∈ C(H,A ) belongs to A′(χ) if and only if

αn+ω(h′,h)(f (h
′ + h)) = χ(n, h)f (h′)

for all n ∈ N and h, h′ ∈ H . Putting n := 0 and h′ := 0 we immediately
find that f (h) = χ(0, h)f (0). That is, we have f = χH ⊗ f (0) for some
f (0) ∈ A , where χH (h) := χ(0, h) for h ∈ H . Putting h := h′ := 0 we see
that f (0) ∈ A(χN). A quick check then verifies

A′(χ) = χH ⊗ A(χN).

This shows that 1 ⊗ AN ∼= AN is the fixed point algebra of (A ′,G, α′) and
that A′(χ) and A(χN) are isomorphic Morita self-equivalences over AN . In
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particular, we conclude that (A ′,G, α′) is free and that ϕ′(χ) = [A′(χ)] =
[A(χN)] = ϕ(χN) holds for all χ ∈ Ĝ.
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