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ON RESTRICTED m-ARY PARTITIONS

GUNNAR DIRDAL

Let s,(n) denote the number of partitions of the natural number »n
into non-decreasing parts which are non-negative powers of a given
natural number m > 1, and let s, ,(n) denote the number of partitions
of n into powers of m of which m? is the greatest. We call s,, ,(n) “the
restricted m-ary partition function”.

85(n) has been studied by Euler [2], Tanturri [5] and by Churchhouse
[1]. Both Euler and Tanturri were concerned with deriving recurrence
formulae for the precise calculation of sy(n), and Tanturri also found
recurrence formulae for s, ,(n). Churchhouse seems to have been the
first to discover that sy(n) has certain congruential periodicities and he
found a number of results about this arithmetical function and conjec-
tured properties which has been proved by Rodseth [4] and Gupta [3].

The purpose of this paper is to derive some arithmetical properties
of s, 4(n), ¢>0.

In the following we use [a] to denote the integral part of a, p is a

prime, and (;Z) denote the binomial coefficient with the usual conven-

tions. An empty sum is defined as zero, and we make the convention
that s, ,(n)=0 if » is not a non-negative integer.

Let
S

m,q(n) = sm,q(mn)—sm,q—l(n) )

T, 1) = S, ) +(= 1 (1) Bmgsans ()

m

where

! = 2 if n=0 (modm*) and k=gq,
|1 if =0 (modmk) and k>gq,

and k is a non-negative integer. In particular we put S,, o(r) =1. Further
we use the notations
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Cpi = (3p+1)1 if p>3,1>0,
1 if [=1,6,7 (mod8)

Cs;=1{—1 if 1=2,3,5(mod8)
0 if [=0,4 (mod8).

THEOREM 1. Let k<q. Then there exist integers a(i) = ay, , 1(t) such that

S, g(mn) = 3% a(i)sy, o i([n/milm) (modmk),

where
a’m,n,k(i) = a’m,n',k(i) ’I/f n=n' (modmi)
or if [n/m] = [n'[m] and i>1,
a(t) = 0 (mod 2#-1mi-1)
and

w=mt-1(mod2), u=0,1.

THEOREM 2. Let k>0 and p be an odd prime. Then

_ [P, s30T TZs " ([n/pf1+ 1) (modp*+) if k<gq
Sp,o(p*n) = {p"op,q‘n (modp*+1) if kg
and
e _ | 2(1+[(n—1)/2¢-%]) (mod 22) if k<q and n=1 (mod2)
8y, o(2%n) = { Qk—g+1y, (mod 22+-1) ifk2q

THEOREM 3. Let k>1, ¢>1 and p be an odd prime. Then
q:k—-l n 7 + 1
pk(g)(l _ [2/k])0p,k—2 { (%n) H‘L—O ([ /p ] )

n
T,,op*n) = (mod pk+2-3/2)  if { Z< Q}
=q
P* 4 (p— 1m0, 4 (modp®™-a+l)  if k>q
and
2[&(3k+1)]{ (K" 1)} (mod 20Bk+DI+1)
n(n -+
.. [k<q and n=1 (mod2
T ,(2%n) = if ]{;=Z ( ) )
2Uk—-0)+1p, (mod 22k-2+2)  4f k>gq,
where
1 if n=3 (mod4) and ¢—k>1,

K = [(n—1)/20-*]+1 otherwise .



ON RESTRICTED m-ARY PARTITIONS 53

THEOREM 4. Let k> 0. Then there exist integers b(s)=b,, , ;(i) such that
Sp q(p"n) = z:-r;—ll p'i(l-[2/p])+(k—lk)(q—0 b(i)Sp q_i(plk—in)

_ P e |
+p(k T+ A1) zl=01 ( kﬂ.k— 1 ) SP,q—lk(n_l) ’

where A, =min(k,q).

THEOREM 5. Let 1<k=q. Then there exist integers c(i)=c, 4 ;(v) such
that
Tp,o(P*n) = ZiZ1~0 pP ()T, o (~'n)

-1
+ pke+D -1 (k I-: f ) ) Sy a-k(m=10),

where
. [ [3(3e+1)] if p=2,
ralt) = i+1-[3/p] if p>2.

From Theorem 2 we note that if k<gq, p>3 and n=%=0 (modp), then
Sp,q(pkn) = 0 (modp*), 8, ,(p*n) = 0 (modp*+?)

if and only if
[n/p] = —1 (modp), for all i=0,1,...,q—k—1.

A similar result follows from Theorem 3.
The method used in proving the Theorems 2-5 is similar to the tech-
nique of Atkin and O’Brien [6].

2.

Define a linear operator U,, acting on any power series f(x)=
Znzna(n)a™ by

Unf@) = zmngN a(mn)z™ .
Un(fi(@)fao(a™) = fol@)Unfi(@) .
If  is a primitive mth root of unity, it is easily seen that

Unfl@) = 1/m 3i25" flo'am) .

For p a prime we also define a valuation =, by

pn?(a) I a, pnp(a)+1 ,f a

Clearly

for any integer a. If a=0, we write conventionally 7,(a)=co and regard
any inequality ,(0)>b as valid. Clearly
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np(bc) = p(b)+np(c)
and
7p(b+c¢) = min(m,(b),7,(c))

with equality unless 7,,(b) =m,(c).
Let s,,,,(0)=1, and put

O, o(®) = 200 5m,o(m)a™  (jx]<1).
Then
G, o(®) = TIi-0 (1 _xml)—l )
and from this it is easily seen that @,, () satisfies the functional equation
G, @) = (1-2)71G,, ga(2™) .
Applying U, we get
UG, o(®) = (1—2)71G,, 41() .

From these two equations we get

(2.1) S, () =8, f(m—1) = 83y 4_1(nfm) ,
(2'2) Sm,q(mn) = z?=0 sm,q—l(l) P
respectively. Hence

(2.3) (1 =2)71G,, g 1(%) = 201 S, o)™ .
3.

Define the integers r;=r;(n) and n;=mn,(n) recursively by
Ny = My +T5 Mp=n; 0=1r,<m.

Let k<q. We will prove Theorem 1 by induction on k. Put a,, , (4)=0
if 4> k. From (2.2) we get

(3'1) Sm, q(mn) =m 2381 sm,q—l(Ml) + ('rl+ l)sm,q—l(mnl) ’

which proves Theorem 1 for k= 1. Assuming Theorem 1 for all k, 1<k <

K—1, K £q, we obtain from (3.1)

8, g(mn) = m 2{{;11 Z;-'isl am,:i,K—l(i)'gm,q—l—i([j/mi]m) +
+(r1+1)8y ga(mny)  (modmX) .
Now



ON RESTRICTED m-ARY PARTITIONS 55

znl -1 U, j, K~ l(i)sm,q—l—i([j/mi]m)
z i+1—1 z am, mil+t,K—1(7;)8m, q—l—i(ml) +

. t 1 .
znl Hm am n,+1m‘+t K—l(@)sm,q—l—i(mni+1)

= Z:”Qo Y 1, x-1(0) 216t 8 gog—s(ml) +
+2?i5"’+1m1 " 1, 1(0)8, go1-i(MTy4y)  (modmE-T)
Hence
sm, q(mn) = (Tl + l)sm,q—l(mnl) +
+m Yiz] z:”‘o Yy 1, e -1(8) 27T 8y g —i(ml) +
+ Fpagmisami-1 “m,e,K—1(@)3m,q—1—i(mn«;+l)} (modmX).

Noticing that

m 27561—1 8m,q—1-i(ml) = Sm,q—i(mni) — (P4t I)Sm,q—l—i(mniﬂ) .

and
"y = "i+1mi+2;'=1 Piami~l,
we deduce
Sm, q(mn) = Zfi1 a/m,n,K(”)sm a- z(mn ) (mOde) >

where

a’m,n,K(l) = 7‘1+ l+z¢ 0 a’m t,K—-l(l) ’

O, 5(0) = 27257 G a6+
(3.2) Hm JEGI T g k(i 1) =

7' + 1) zml-—l 1 m t,K—l('i_ l) )
2<1£K.

If n=n' (modm?) then rjn)=r;n"), j=1,...,4, and if [n/m]=[n'|m]
then r;(n)=ry(n'), j=2,...,%. Hence, from (3.2) we get
U, & (0) = Wy e (1) if m=n" (modm?)
or if [n/m]=[n'/m] and ¢>1.

Noticing that
St (3) Im(m+1)+m P @ g p(1) i i=1
P —-\?) = i— if 2
=0 Tmb K- m ;'iol Y G, i, 2 -1(0) ifi>1,

we deduce from this and the induction hypothesis that
(modm?)  if m is odd,

(mod m?) if m is even.

Zﬁolam,tx (1) = 0{

Hence, (3.2) gives
U, n, k(1) = 0 (mod 2#-1mi-1) ,

and Theorem 1 is proved.
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Let
Fm,q,k(w) = Gm, q—l—l(x) 2::1 Sm,q(mkn)xn s
and
h(x) = (1—am)(1—2)-1.
Then we get
(3'3) Fm,q,k(x) = Um(k(x)Fm,q,k—l(x)) .
All roots of the equation
(3.4) (l—yym =2

regarded as an equation in y are given by
y = flo'xt™), 1=0,...,m—1,

where f(x)=(1-—2z)"1. Writing (3.4) as

v +f@) S (<1 () gi= 0,

we find by Newton’s formulae that
(3.5) Ay(@) =
m if k=0,

Skl (=1 (?)f(x)A,,_,(x) + (= 1)%+1 (’Z) f(x) ifk>0,

where A,(x) denotes the sum of the kth powers of the roots of (3.4).
If we put

gx(x) = f¥(@)—fFz) and V, () = Ungu(@),
Vo 1(®) = m Y Ay(x) - 4;4(2)) ,

then

and (3.5) gives
Vi) = 352 (<1 () 7)) @)V paalo)  (k22).

By induction on k we get

(3.6) Vo k(@) = S¥22 w0y 1(0)g040(2)  (£22),
and

lum,k(";) =317 (-1) (Z—TI) U, pa-1(t—1) 1595k-2

|0 = —0%(,7).
From (3.7) it follows that
(3.8) Tp(tp, (1)) Z 1+1—[(k—i—-2)/(p—-1)] (k22).

(3.7)
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When £=2 (3.8) is an immidiate consequence of (3.7), and induction on
k gives (3.8) in general.

Now, from (3.3) and (3.6) we easily find by induction on k;
(3.9) Fopq1l@) = Ty A=) S5t 0 4(6)g142(2)

where all the v, , (i) are integers and

(3'10) vm,q,k(i) = ;’Qﬂ-k(:nlax(o,i—l)—i)gk vm,q,k—l(j)um,j+2+gk(i) .
Here and in the following we use the notations

1 if k=q .
Qk_ {0 if k>q and }'k __mm(k,q).
We put v, , x(¢)=0 if 1= 1;, and in particular we see that
Vg kA —1) = m®—Wa+ I de+ D)

Now we have

Lemma 1. If k>0, then
I+i+30E+1)+(k—q)(e+1)(1—gr) if p=2,
E+3(+1)+i(k—q)(1—op) if p>2.

7p(Vp,q,1(1)) 2

This follows immidiately from (3.8), (3.10) by induction on k.

Further let
(3.11)
H, o1() = Fp o x(®)+ ((z) (1 "qu—k)gk‘*'P(Qk— 1)) F, (), (E>1).
Noticing from (2.3) that

Sp,q—l(n) = Sp,q(")—sp,q(n—i’q*l) ,

we deduce from (3.11)
(3.12) Hp,q, k(x) = Gp,q—l_l(x) 23;1 Tp,q(pkn)x“ .
Further (3.9) gives

H, 0@ = TT%, (1—22") Tt v, o2 (0g00(@) 5
where

(3'13) vp,q,k,(i) = p,q,k(i) + ((g)@k"' p(@k_ 1))vp,q,k—1(i) .
We shall need the lemma,
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LemMA 2. If p is an odd prime, k>1 and g>1 then

Tp(Vp, 0, (0)) = (k+33(E+1)+(1—[/(k—1))(1—[3/p]))or+
+(b+(k—g—1)i+ (i + 1)+ [1/@E+ 1]k —-g))(1 —04)
and
(s, ¢, (8)) Z [$(3%+17%)]o,+
+(14+ (k=) +1+[1/E+ 1))+ 3G+ 1)) (1—gy) -

ProoFr. Let k<q. From (3.7), (3.10), (3.13), and Lemma 1 we note
that
”2,q,k'(0) =0, vz,q,zl(l) = 23,
and if p is odd

(3.14) 1, ,,(0) = p"(g) (1=[2/k])C, 4o (mod ph+2-oml)

This shows that Lemma 2 is satisfied for k=2. From (3.10) and (3.13)

. k_z ’ - .
”p.q,k'(*) = Lj=max(0,i~1) ”p,q,k—1(])“p,j+3(7f) s

and from this and (3.8) Lemma 2 follows by induction on k. The case
k> g is proved quite similarly.

Now, we turn to the proof of Theorem 2, and prove the theorem for
p> 2. The proof for p=2 is quite similar. We have

Py qu®@) = TIjk, (1—ar™) That phtiidevrid-ot- 4g), () ,
where all the d(i)=d,, , ,(¢) are integers. From (3.7) and (3.10) we deduce
d (0 mod if k>
dp,q,k(o) = D,a,k 1( ) ( p) q

(3(p+1))dyp,g,5-1(0) (modp) if k=g and p>3,
da,q,k(o) = "ds,q,k—1(0)+d3,q,k—z(o) (mod3) if k=g,

and
dp,q.l(o) =1, da,q,z(o) = —-1,
thus
dp,q,x(0) = C, ,,  (modp).
Now
Sp,o(P¥n) = PFC, 3 h(n)  (modpk+?),
where
00 —%
Zn=1 h(n)x” = :k=0 (1 —qu )Gp,q(x)gz(x) .

Hence

?:01 (n - l)sp,q—k—l(l) if k< q

hn =
) if k=2q.
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From (3.1) we deduce that
8p,q(pn) = TTIZ0 ((/p']+1)  (modp),
and from this and (2.1) it is easily seen that
2o (n=Dsp,qra() = I TTZG7" ((fp']+1)  (modp) .
This completes the proof of Theorem 2.

Theorem 3 is proved quite similarly when we use (3.9)—(3.14) and
Lemma 2.

Now, to prove Theorem 4 we proceed as follows. Put

Az — .
F*, o.x(®) = 250 vy 0 1(0)g54(2)
hence

F*p,q,k(x)“p(k_lk)ﬁMk(lkﬂ)gzku(x) = 2 Vp, g, k(1)95+2() -
For a fixed k there certainly exist constants y(j) =y, 4 x(j) such that
F*, g x(@) — ph-WrHin@iaty, (@) = IR Y(F*p 0.4()
where y(j) are given as the solution of the linear equations
Zi;(l) Ul’,q.lk—lﬂ:(ﬂ'k—'l_ Dy(4 ”l+7‘) = Vp,q, ik -1-1),
where I=1,...,4,— 1. From this and Lemma 1 we get

y(A—1) = l(l—[2/p])+(k—1k)(q—l)b(l)
where all the b(l)=b, , x(l) are integers. Hence

k-4 MR +1
F*p,q,k(x) —p¢ D+ PR+ )gz,,+1(x)

= 21;—11 pi(l—[2/p1)+(k—lk)(q—ﬂb(i) F*,, @ ap—i(®) -

Now
F*, q,k(x) = ( :k 1 (1= qu_')Gp,q—l(x))_l z:)=1 Sp,q(pkn)xn

Thus

2:»0 1%~p, q(pkn)xn
= zlk 1 pt-[21pD+ = AXa—Dp () M, (x) Soy S >, q(plk ‘n)xn +

+ pl- et iy, (@) T (1—27")G), 0 1()

where

M) = TEp (1 -22)

From (2.3) we get
St Sy, gi(n)2™ = H§=1 (1 — ! ) D1 Sp.g(m)a™ .
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Hence .
et Sp, q-i(P*n)2"
= UM ([Ticy 1= 3372, 8, (™)
= i——l(x) tho=1 Sp, q(plk_in)xn .
Further .
Tiar(®@) TIR, A—22")Gp o a(2) = 3, D755 e(m)en
where

k+1-1 .
]( e )Sp,q_k(n—z) if k<q,

[y k2.

e(n) =

This completes the proof of Theorem 4.
Theorem 5 is proved with a quite similar technique.
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