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Abstract
In this paper, we extend the Kubo-Ando theory from operator means on C∗-algebras to a Hermitian
Banach ∗-algebra A with a continuous involution. For this purpose, we show that if a and b are
self-adjoint elements in A with spectra in an interval J such that a ≤ b, then f (a) ≤ f (b)

for every operator monotone function f on J , where f (a) and f (b) are defined by the Riesz-
Dunford integral. Moreover, we show that some convexity properties of the usual operator convex
functions are preserved in the setting of Hermitian Banach ∗-algebras. In particular, Jensen’s
operator inequality is presented in these cases.

1. Introduction

Let A be a Banach ∗-algebra. We say that A is a Hermitian Banach ∗-algebra
if the spectrum of all self-adjoint elements of A comes from a subset of the
real line. Shirali-Ford’s theorem [19] states that a Hermitian Banach ∗-algebra
is symmetric, that is, the spectrum of a∗a is non-negative for each a ∈ A. In
Hermitian Banach ∗-algebras, we can define the positive elements. If a ∈ A is
self-adjoint and its spectrum is a subset of [0, ∞), then we say that a is positive
or a ≥ 0. Moreover, we say a ≤ b if b − a ≥ 0 and b > a if b − a is positive
and invertible. There are many studies on Hermitian Banach ∗-algebras; for
instance, we refer readers to [3], [5], [6], [14], [7], [19].

Okayasu in [18] established Loewner-Heinz’s inequality for positive ele-
ments in Hermitian Banach ∗-algebras and proved that if A is a unital Her-
mitian Banach ∗-algebra with continuous involution and p ∈ (0, 1], then
inequalities 0 < a ≤ b and 0 < a < b imply that ap ≤ bp and ap < bp,
respectively.

In continuation of [18], Tanahashi and Uchiyama in [20] obtained Furuta’s
inequality [10] for unital Hermitian Banach ∗-algebra with continuous invol-
ution and showed that

a(p+2r)/q ≤ (arbpar)1/q
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if 0 ≤ a ≤ b and the positive scalars p, q, and r satisfy p + 2r ≤ (1 + 2r)q

and q ≥ 1.
In [8], the operator means �α, !α , and �α are defined for positive invertible

elements in a unital Hermitian Banach ∗-algebra A with continuous involution.
It is proved that

a !α b ≤ a �α b ≤ a �α b (1.1)

for positive elements a and b in A .
Considering �, �, and ! as examples of operator means on C∗-algebras mo-

tivated us to investigate an appropriate generalization of the notion of operator
means in the context of Banach ∗-algebras. Analytic properties of operator
monotone functions [4] and the results of Kubo and Ando [15] enable us to
define the operator means on Banach ∗-algebras. Pursuing this investigation,
we study the properties of operator means on Banach ∗-algebras in detail and
extend the properties of operator means on B(H) that remain valid in the Her-
mitian Banach ∗-algebras. In particular, by a different argument, we extend
the inequality (1.1) and show that

a ! b ≤ a σ b ≤ a + b

2

for positive invertible elements a and b and for each symmetric operator mean
σ .

In §2, we show that any operator monotone function preserves the order
of elements in Banach ∗-algebras. Indeed, we introduce a method to extend
some inequalities from C∗-algebras to Banach ∗-algebras. In particular, by a
different argument, we proved the Loewner-Heinz inequality for Hermitian
Banach ∗-algebras that is proved in [18]. Moreover, we show that if a, b ∈ A

are self-adjoint with spectra in (α, β) and a − b ≥ re > 0 for some positive
scalar r , then there exists a universal constant νr(a, b) such that

f (a) − f (b) ≥ νr(a, b)f ′
(

α + β

2

)
e > 0

for each non-constant operator monotone function f on (α, β). This is a new
result, even if A is a C∗-algebra.

Let f be an operator convex function on an open interval J (see Defini-
tion 2.1). We show that

f (λa + (1 − λ)b) ≤ λf (a) + (1 − λ)f (b)

for self-adjoint elements a and b in a Hermitian Banach ∗-algebra A with
spectra in J and 0 ≤ λ ≤ 1. We also introduce Jensen’s inequality for operator
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convex functions in Hermitian Banach ∗-algebras. We prove that if g is an
operator convex function on J and a is self-adjoint with spectra in J , then

g(c∗ac) ≤ c∗g(a)c

for each element c in A such that c∗c = e.
In §3, we show that the family of all non-negative operator monotone func-

tions f on [0, ∞) such that f (1) = 1, is a normal family. As an application,
we generalize the operator means in C∗-algebras to the context of Hermitian
Banach ∗-algebras and provide several properties and inequalities for operator
means in these cases. In particular, we show that Ando-Hiai’s inequality for
positive elements in Hermitian Banach ∗-algebras.

Throughout the paper, we assume that a Hermitian Banach ∗-algebra A is
unital with a continuous involution and take J to be an open interval of the
real line.

2. Operator monotone and operator convex functions

We begin this section with recalling the definitions of operator monotone and
operator convex functions as follows.

Definition 2.1. Let A, B be self-adjoint operators acting on a Hilbert
space with spectra in J . A continuous real valued function f defined on J is
called:

• operator monotone, if A ≤ B implies f (A) ≤ f (B);

• operator convex, if f (λA + (1 − λ)B) ≤ λf (A) + (1 − λ)f (B) for all
0 ≤ λ ≤ 1.

The Loewner theorem states that a function f is operator monotone on J if
and only if f has an analytic continuation to the upper half plan �+ such that
f maps �+ into itself. Also, it is shown that a differentiable function f on an
interval J is operator convex if and only if the function

g(t) =
⎧⎨
⎩

f (t) − f (t0)

t − t0
, if t 	= t0,

f ′(t0), if t = t0,

(2.1)

is operator monotone on J for each t0 ∈ J ; see [4]. So, operator convex
functions are also analytic.

Let a ∈ A with sp(a) ⊆ J and f be an operator monotone or operator
convex function on J . Since f is analytic on the 	J = �+ ∪ �− ∪ J , we can
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define the element f (a) by the integral representation

f (a) = 1

2πi

∫
γ

f (z)(ze − a)−1dz, (2.2)

where γ is a closed rectifiable curve in 	J such that sp(a) ⊂ ins(γ ).
Note that f (t) is an operator monotone (operator convex) function on (α, β)

if and only if f
(
(2t − α − β)/(β − α)

)
is an operator monotone (operator

convex) function on (−1, 1); so we can study the family of operator monotone
functions on (−1, 1) and extend results to any finite open interval.

Let K denote the family of all operator monotone functions on (−1, 1)

such that f (0) = 0 and f ′(0) = 1. Hansen and Pedersen in [12] showed that
K is a compact convex subset of the space of all functions on (−1, 1) with
the topology of pointwise convergence and the extreme points of K are of the
form fλ(t) = t

1−λt
with |λ| < 1. Let S be the convex hull of {fλ : |λ < 1|},

where fλ(t) = t
1−λt

, and let A(	) denote the set of all analytic functions on
	 = �+∪�−∪(−1, 1). The author, Moslehian, and Uchiyama in [16] proved
the following lemma.

Lemma 2.2 ([16, Theorem 2.1]). The family K is normal in A(	). In par-
ticular, for each function f in K , there is a sequence {gn} in S such that it is
uniformly compact convergence to f .

In the next lemma, we collect some preliminary techniques for Hermitian
Banach ∗-algebras that we used in this paper.

Lemma 2.3. Let A be a Hermitian Banach ∗-algebra. Let a, b, and c be
self-adjoint elements in A , and let x ∈ A be arbitrary. Then, the following
statements are true.

(i) If a ≥ 0 and b ≥ 0, then a + b ≥ 0 (see [5]).

(ii) If c > 0 and a ≤ b, then cac ≤ cbc (see [20]).

(iii) If r(x) denotes the spectral radius of x, then r(x) ≤ ‖x‖ (see [5]).

(iv) If 0 < a ≤ b, then 0 < b−1 ≤ a−1 and if 0 < a < b, then 0 < b−1 <

a−1 (see [18]).

(v) If r(e − x) < 1, then x is invertible (see [5]).

(vi) r(ab) ≤ r(a)r(b) (see [5]).

(vii) If D is an open subset of the complex plane containing the spectrum of
x and {fn} ∈ A(D) uniformly converges to a function f on compact
subsets of D, then {fn(x)} converges to f (x) in the norm topology
(see [13]).

We need the following lemmas to prove the main results in this section.
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Lemma 2.4. Let A be a unital Hermitian Banach ∗-algebra with continuous
involution, and let {an} be a sequence of positive elements such that an → a

in the norm topology. Then a is positive.

Proof. Since the involution is continuous, a is self-adjoint. It is sufficient
to show that sp(a) ⊆ [0, ∞). Assume α > 0 and bn = 1

α
(an + αe). Clearly

bn → b = 1
α
(a + αe) and bn ≥ e. So, by part (iv) of Lemma 2.3, bn is

invertible and b−1
n ≤ e. Moreover,

r(b−1
n b − e) = r(b−1

n (b − bn))

≤ r(b−1
n )r(b − bn) by part (vi) of Lemma 2.3

≤ ‖b − bn‖ → 0. by part (iii) of Lemma 2.3

Hence by part (v) of Lemma 2.3, we have b−1
n b is invertible, so b or a + αe is

invertible. Therefore, −α /∈ sp(a) and a is positive.

Let a, b, and c be positive elements in A , and let a ≤ b. Then, by part (ii)
of Lemma 2.3, we have

(
c + 1

n
e

)
a

(
c + 1

n
e

)
≤

(
c + 1

n
e

)
b

(
c + 1

n
e

)

for each n ∈ N. Since (c + 1
n
e)x(c + 1

n
e) converges to cxc for each x ∈ A ,

by Lemma 2.4, we obtain cac ≤ cbc.
Let a ∈ A and sp(a) ⊂ (−1, 1). We can see that fλ(a) = a(1 − λa)−1 is

self-adjoint and equals to the Riesz-Dunford integral defined in (2.2) for each
|λ| < 1. Now, Lemma 2.2 and part (vii) of Lemma 2.3 imply that f (a) is
self-adjoint and can be defined by the Riesz-Dunford integral representation
for any operator monotone function f in K .

Lemma 2.5. Let a and b be positive invertible elements of a unital Hermitian
Banach ∗-algebra A such that a − b ≥ re > 0 for some positive scalar r .
Then

b−1 − a−1 ≥ r

(‖a‖ − r)‖a‖e.

Proof. By part (iv) of Lemma 2.3, we obtain b−1 ≥ (a − re)−1. We can
see that the function h(t) = t2 − rt is increasing on the interval [r, ‖a‖]. So
t2 − rt ≤ ‖a‖2 − r‖a‖ for each t ∈ sp(a) ⊆ [r, ‖a‖]. By the spectral mapping
theorem, we have

sp
(‖a‖2e−r‖a‖e−a2+ra

) = {‖a‖2−r‖a‖−t2+rt : t ∈ sp(a)
} ⊆ [0, ∞).
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Hence, a2 − ra ≤ (‖a‖2 − r‖a‖)e. Therefore

ra − r2e = ra−1/2(a2 − ra)a−1/2 ≤ r
(‖a‖2 − r‖a‖)a−1.

By part (iv) of Lemma 2.3, we obtain

(
a−1 + re

‖a‖2 − r‖a‖
)

(a − re) = 1

‖a‖2 − r‖a‖ (ra − r2e) − ra−1 + e ≤ e.

Again, part (iv) of Lemma 2.3 is used to get (a − r)−1 ≥ a−1 + re
(‖a‖−r)‖a‖ .

Theorem 2.6. Let A be a unital Hermitian Banach ∗-algebra with con-
tinuous involution, and let f be an operator monotone function on an open
interval J . Let a and b be self-adjoint elements of A with spectra in J and
with a ≥ b. Then f (a) ≥ f (b). Moreover, if f is non-constant and a > b,
then f (a) > f (b).

Proof. By translations, we can assume that J = (−1, 1) and that f ∈ K .
Note that f (a) and f (b) are self-adjoint. First, We prove the theorem for
fλ(t) = t

1−λt
, which −1 < λ < 1. For λ = 0, the claim is trivial; so assume

that λ is non-zero. We can see that

sp(e − λa) = {1 − λt : t ∈ sp(a)} ⊆ {1 − λt : t ∈ (−1, 1)} ⊆ (0, 2).

Similarly sp(e − λb) ⊆ (0, 2). As λ(e − λa) ≤ λ(e − λb), by part (iv) of
Lemma 2.3, we obtain 1

λ
(e − λa)−1 ≥ 1

λ
(e − λb)−1. Hence,

f (a) = a(e − λa)−1 = 1

λ

(−e + (e − λa)−1
)

≥ 1

λ

(−e + (e − λb)−1
) = f (b).

By part (i) of Lemma 2.3, the claim is true for the function f = ∑n
i=1 cifλi

,
where ci > 0 and

∑n
i=1 ci = 1. Now, assume that f ∈ K is arbitrary. By

Lemma 2.2, there exists a sequence {fn} in S such that fn converges to f in
uniform compact convergence topology on	. Now, part (vii) of Lemma 2.3 im-
plies that fn(a) converges to f (a) and fn(b) converges to f (b). By Lemma 2.4,
we have f (a) ≥ f (b).

If a > b, since sp(a − b) is a compact subset of (0, ∞), we can find
a scalar r > 0 such that sp(a − b) ⊆ (r, ∞) or a − b ≥ re. We shall
show that fλ(a) − fλ(b) is bounded below, and so it is invertible for each
−1 < λ < 1. It is clear that the claim is true for λ = 0. If 0 < λ < 1, then
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(e − λb) − (e − λa) = λ(a − b) ≥ λre > 0. Note that e − λb and e − λa are
positive and invertible. By Lemma 2.5, we have

fλ(a) − fλ(b) = 1

λ

(
(e − λa)−1 − (e − λb)−1

)

≥ 1

λ

(
λr

(‖e − λb‖ − λr)‖e − λb‖
)

e (by (3.2))

= r

(‖e − λb‖ − λr)‖e − λb‖e > 0.

A similar argument shows that

fλ(a) − fλ(b) ≥ r

(‖e − λa‖ + λr)‖e − λa‖e > 0

for each −1 < λ < 0. Consider h1: [−1, 0] → R and h2: [0, 1] → R as

h1(λ) = r(‖e − λa‖ + λr
)‖e − λa‖ ,

h2(λ) = r(‖e − λb‖ − λr
)‖e − λb‖ .

Clearly h1, h2 are continuous, and since [−1, 0] and [0, 1] are compact, we
can define ν1 = min−1≤λ≤0{h1(λ)} and ν2 = min0≤λ≤1{h2(λ)}. Now, put
νr(a, b) = min{ν1, ν2}. If f = ∑n

i=1 cifλi
such that ci > 0, −1 < λi < 1,

and
∑n

i=1 ci = 1, then

f (a) − f (b) =
n∑

i=1

ci(fλi
(a) − fλi

(b)) ≥
n∑

i=1

ciνr(a, b)e = νr(a, b)e.

For an arbitrary non-constant operator monotone function f , there exists a
sequence {fn} in S such that fn(t) converges to f (t) in a uniform compact
convergence topology. Again, use the part (vii) of Lemma 2.3 and Lemma 2.4
to get f (a) − f (b) ≥ νr(a, b)e > 0.

The proof of Theorem 2.6 shows that if f is a non-constant operator mono-
tone function on (−1, 1) and a − b ≥ re > 0, then

f (a) − f (b) ≥ νr(a, b)f ′(0)e > 0,

where νr(a, b) is independent of f .
If we replace f (t) with f

(
(2t − α − β)/(β − α)

)
, then we get the follow-

ing corollary.
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Corollary 2.7. Let A be a unital Hermitian Banach ∗-algebra with con-
tinuous involution. Let a and b be self-adjoint elements of A with spectra in
(α, β) and a − b ≥ re > 0. Then, there exists a universal constant νr(a, b)

such that
f (a) − f (b) ≥ νr(a, b)f ′( 1

2 (α + β)
)
e > 0

for each non-constant operator monotone function f on (α, β).

Let G denote the family of all operator convex functions g on (−1, 1) such
that g(0) = g′(0) = 0 and g′′(0) = 1. Also, let F be the convex hull of
gλ(t) = t2/(1 − λt), where |λ| < 1. In the following lemma we prove that G

is a normal family.

Lemma 2.8 ([16, Corollary 2.2]). The family G is bounded in A(	). In
particular, for each function f in G , there is a sequence {gn} in F that has
uniformly compact convergence to f .

Lemma 2.9. Let a and b be self-adjoint elements with spectra in (−1, 1).
Then

gλ

(
βa + (1 − β)b

) ≤ βgλ(a) + (1 − β)gλ(b)

for each |λ| < 1 and 0 ≤ β ≤ 1.

Proof. Assume that 0 ≤ β ≤ 1 and λ = 0. Then

βg0(a) + (1 − β)g0(b) − g0(βa + (1 − β)b)

= βa2 + (1 − β)b2 − (βa + (1 − β)b)2

= β(1 − β)(a2 + b2 − ab − ba)

= β(1 − β)(a − b)2 ≥ 0.

As gλ(t) = t2/(1 − λt) = − 1
λ
t − 1

λ2 + 1
λ2(1−λt)

for each 0 < |λ| < 1, it is
sufficient to prove the theorem for function 1/(1 − λt). But by the arithmetic-
geometric inequality [8] or part (iv) of Theorem 3.4, we have

(
e − λ(βa + (1 − β)b)

)−1 = (
β(e − λa) + (1 − β)(e − λb)

)−1

≤ β(e − λa)−1 + (1 − β)(e − λb)−1.

By a proof similar to that of Theorem 2.6, we obtain the following theorem.

Theorem 2.10. Let g be an operator convex function on an open interval J .
Let a and b be self-adjoint elements with spectra in J . Then

g(βa + (1 − β)b) ≤ βg(a) + (1 − β)g(b)

for each 0 ≤ β ≤ 1.
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The set Mn(A ) of all n × n matrices with elements from A can be made
into a Banach ∗-algebra with the norm

‖X‖ = max
i=1,2,...,n

n∑
j=1

‖aij‖ (2.3)

for each X = (aij ) ∈ Mn(A ). It is easy to check that if the involution on A is
continuous, then the involution on Mn(A ) is also continuous. Moreover, we
can construct the following lemma.

Lemma 2.11. Let A be a Hermitian Banach ∗-algebra. Then M2(A ) with
the norm defined by (2.3) is Hermitian.

Proof. Without loss of generality, we only show that X = ( a+ie x

x∗ b+ie

)
is

invertible for each self-adjoint operator
( a x

x∗ b

)
in M2(A ). First note that, since

A is Hermitian, a + ie and b + ie are invertible. Now, we can conclude that
X is equal to

(
e x(b + ie)−1

0 e

)
·
(

a + ie − x(b + ie)−1x∗ 0

0 b + ie

)

·
(

e 0

(b + ie)−1x∗ e

)
. (2.4)

The first and last factors are invertible with respective inverses

(
e x(b + ie)−1

0 e

)−1

=
(

e −x(b + ie)−1

0 e

)

and (
e 0

(b + ie)−1x∗ e

)−1

=
(

e 0

−(b + ie)−1x∗ e

)
.

So, it is sufficient to show that
(

a + ie − x(b + ie)−1x∗ 0

0 b + ie

)

or that a + ie − x(b + ie)−1x∗ is invertible. Note that (b + ie)−1 = b(b2 +
e)−1 − i(b2 + e)−1. So

a + ie − x(b + ie)−1x∗ = a − xb(b2 + e)−1x∗ + i(e + x(b2 + e)−1x∗).
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Put c = e + x(b2 + e)−1x∗. As c is positive and invertible, and as c−1/2(a −
xb(b2 + e)−1x∗)c−1/2 is self-adjoint, we have

a + ie − x(b + ie)−1x∗ = c1/2
(
c−1/2(a − xb(b2 + e)−1x∗)c−1/2 + ie

)
c1/2

is invertible.

Note that, if
( a x

x∗ b

)
in M2(A ) is positive, then

(
a 0
0 0

)
=

(
e 0
0 0

) (
a x

x∗ b

) (
e 0
0 0

)
.

This equality implies that a is positive. By using the decomposition of equa-
tion (2.4), we can construct the following corollary for Hermitian Banach
∗-algebras. It is well known for C∗-algebras.

Corollary 2.12. Let a and b be positive invertible elements of a Hermitian
Banach ∗-algebra A . If x ∈ A , then

(
a x

x∗ b

)

in M2(A ) is positive if and only if a ≥ xb−1x∗.

By a standard calculus we have the following lemma.

Lemma 2.13. Let f be an analytic function on an open set D. Let A be a
Hermitian Banach ∗-algebra, and let x, y ∈ A be elements such that sp(x)

and sp(y) are included in D. Then, we have the following statements:

(i) if u ∈ A is unitary, then f (u∗xu) = u∗f (x)u;

(ii) if X = ( x 0
0 y

)
, then

f (X) =
(

f (x) 0

0 f (y)

)
.

In the next theorem, using the same strategy as in [12], we introduce Jensen’s
operator inequality for Hermitian Banach ∗-algebras.

Theorem 2.14. Let A be a unital Hermitian Banach ∗-algebra, and let g

be an operator convex function on an open interval J . Then

g(c∗ac) ≤ c∗g(a)c

for each self-adjoint element a with spectra in J and for each c ∈ A such that
c∗c = e.
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Proof. First note that, for a self-adjoint element a of A , we have sp(a) ⊆
(α, β) if and only if αe < a < βe. Hence sp(c∗ac) ⊆ J . Also, since sp(cc∗) ⊆
sp(cc∗)∪{0} = {0, 1}, we have cc∗ ≤ e. ConsiderX = ( a 0

0 a

)
, d = (e−cc∗)1/2,

V = ( c −d

0 c∗
)

and U = ( c d

0 −c∗ . It can be concluded that U and V are unitary in
M2(A ). Thus(

g(c∗ac) 0

0 g(dad + cac∗)

)
= g

(
c∗ac 0

0 dad + cac∗

)

= g
(

1
2U ∗XU + V ∗XV

)

≤ 1
2

(
g(U ∗XU) + g(V ∗XV )

)

= 1
2

(
U ∗g(X)U + V ∗g(X)V

)

=
(

c∗g(a)c 0

0 dg(a)d + cg(a)c∗

)
.

Hence g(c∗ac) ≤ c∗g(a)c.

3. Operator means

A binary operation σ on the class of positive operators is called an operator
connection, if for positive operators A, B, and C in B(H), the following
requirements are fulfilled:

(1) A ≤ C and B ≤ D imply A σ B ≤ C σ D;

(2) C(A σ B)C ≤ (CAC) σ (CBC);

(3) An ↘ A and Bn ↘ B imply An σ Bn −→ A σ B, in the strong norm
topology.

If I σ I = I , the connection σ is called the operator mean. A mean σ is called
symmetric, if A σ B = B σ A for any pair of positive operators.

Kubo and Ando in [15] showed that for each operator mean σ , there exists a
unique non-negative operator monotone function f on [0, ∞) with f (1) = 1
such that A σ B = A1/2f (A−1/2BA−1/2)A1/2 for positive invertible operators
A and B in B(H). In particular, arithmetic, geometric, and harmonic means
correspond to the functions (t+1)/2,

√
t , and 2t/(t+1), respectively. Operator

means and operator monotone functions are studied by several researchers. For
more details, see [2], [17], [21].

Based on [15], for any non-negative operator monotone function f on
[0, ∞), we define

a σf b = a1/2f (a−1/2ba−1/2)a1/2
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for positive invertible elements a and b of a Hermitian Banach ∗-algebra A .
Let P(0, ∞) denote the set of all positive operator monotone functions on

(0, ∞), and consider the convex set

P = {f ∈ P(0, ∞) : f (1) = 1}.
Hansen in [11] showed that P is compact in the topology of pointwise con-
vergence and extreme points in P are necessarily of the form

fα(t) = t

α + (1 − α)t
,

where 0 ≤ α ≤ 1. By the Krein-Milman theorem, P is generated in this
topology by convex hull of its extreme points. In the next theorem, we show
that the family P is generated in uniformly compact topology by convex hull
of its extreme points.

Theorem 3.1. Let 	 = �+ ∪ �− ∪ (0, ∞). The family P is bounded in
A(	), and therefore it is a normal family.

Proof. Let P0 denote the convex hull of fα(t) = t/(α + (1 − α)t), where
|α| ≤ 1. Since P is convex and compact in the topology of pointwise con-
vergence, by the Krein-Milman theorem, P is the closed convex hull of its
extreme points in this topology. Fix K ⊆ �+ ∪ �− ∪ (0, ∞) as a compact
set. Then h(α, z) = |α + (1 − α)z| is continuous on [−1, 1] × K and so takes
its minimum value. Note that the minimum value mK of h on [−1, 1] × K is
non-zero. Put MK := sup{|z| : z ∈ K}. Then

|fα(z)| = |z|
|α + (1 − α)z| ≤ MK

mK

.

If f = ∑n
i=1 cifαi

∈ P , then

|f (z)| =
∣∣∣∣

n∑
i=1

cifαi
(z)

∣∣∣∣ ≤
n∑

i=1

ci |fαi
(z)| ≤

n∑
i=1

ci

MK

mK

= MK

mK

.

Therefore ‖f ‖K ≤ MK

mK
. Now assume that f ∈ P is arbitrary. There exists {fn}

in P0 such that fn(t) → f (t) for each t ∈ (0, ∞). Since P0 is bounded, the
sequence {fn} is uniformly bounded on compact subsets of 	. By applying
Montel’s theorem, there exists a subsequence {fnj

} converging to a function h

in uniform compact convergence topology on 	. Since h and f are analytic
and f = h on (0, ∞), we have f (z) = h(z) for all z ∈ 	. Hence

|f (z)| = |h(z)| = lim
nj →∞ |fnj

(z)| ≤ MK

mK

,
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for each z ∈ K . Therefore P is a normal family.

Theorem 3.1 states that for any non-negative operator monotone function
f on (0, ∞), where f (1) = 1, there exists a sequence {fn} in P such that it is
uniformly compact convergence to f , and for each n, we have

fn =
kn∑

i=1

γifαi
, (3.1)

where α1, α2, . . . , αkn
and γ1, γ2, . . . , γkn

are positive scalars with
∑kn

i=1 γi =
1. So, we have the following corollary.

Corollary 3.2. Let σf be an operator mean. Then, there exists a sequence
{σfn

}, where fn satisfies the equation (3.1) such that a σfn
b converges to a σf b

for each positive invertible elements a and b in A .

Lemma 3.3. Let a, b, and c be positive elements of a unital Hermitian
Banach ∗-algebra A . If

H(a, b, c) =
(

2a − c 2a

2a 2a + 2b

)
(3.2)

is positive, then c ≤ a ! b. Moreover, H(a, b, a ! b) is positive.

Proof. Suppose that c = a ! b. We can see that

a ! b = 2a − 2a(a + b)−1a. (3.3)

By Corollary 2.12, H(a, b, a ! b) is positive. Now, assume that H(a, b, c) is
positive. Again use the Corollary 2.12 to get

2a − c ≥ 2a(a + b)−1a.

Equation (3.3) implies that c ≤ a ! b.

Let 0 ≤ α ≤ 1, and let a, b ∈ A be positive invertible elements. We define
the operator means

• a !α b = ((1 − α)a−1 + αb−1)−1,

• a �α b = a1/2(a−1/2ba−1/2)αa1/2,

• a �α b = (1 − α)a + αb.

In the next theorem we obtain some properties of operator means in Hermitian
Banach ∗-algebras.
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Theorem 3.4. Let A be a unital Hermitian Banach ∗-algebra with a con-
tinuous involution. Assume that a, b, c, d are positive invertible elements of A

and that σ is an operator mean. Then, the following statements hold:

(i) c(a σ b)c = (cac) σ (cbc);

(ii) (a σ b) + (c σ d) ≤ (a + c) σ (b + d);

(iii) if a1 ≤ a2 and b1 ≤ b2, then a1 σ b1 ≤ a2 σ b2;

(iv) a ! b ≤ (a σ b) � (b σ a) ≤ a � b; in particular, for any symmetric
operator mean σ , we have

a ! b ≤ a σ b ≤ a � b;

(v) a !α b ≤ a �α b ≤ a �α b.

Proof. If fn = ∑kn

i=1 γifαi
, then σfn

= ∑kn

i=1 γiσfαi
. Applying Corol-

lary 3.2 and Lemma 2.4, it is sufficient to prove the theorem for

fα(t) = t

α + (1 − α)t
= (αt−1 + (1 − α))−1,

where 0 < α < 1. Note that σfα
= !α .

(i) Consider z = (cac)1/2. We have

(cac) !α (cbc) = z
(
α(z−1cbcz−1)−1 + (1 − α)e

)−1
z

= (
αz−1(z−1cbcz−1)−1z−1 + (1 − α)z−2

)−1

= (
α(cbc)−1 + (1 − α)z−2

)−1

= (
αc−1b−1c−1 + (1 − α)c−1a−1c−1

)−1

= c
(
αb−1 + (1 − α)a−1

)−1
c

= ca1/2
(
α(a−1/2ba−1/2)−1 + (1 − α)e

)−1
a1/2c

= c(a !α b)c.

(ii) Note that a !α b = (
1
2 (1 − α)−1a

)
!
(

1
2α−1b

)
for each 0 < α < 1.

According to Lemma 3.3, H
(

1
2 (1 − α)−1a, 1

2α−1b, a !α b
)

and H
(

1
2 (1 −

α)−1c, 1
2α−1d, c !α d

)
are both positive. Hence

H
(

1
2 (1 − α)−1(a + c), 1

2α−1(b + d), a !α b + c !α d
)

= H
(

1
2 (1 − α)−1a, 1

2α−1b, a !α b
) + H

(
1
2 (1 − α)−1c, 1

2α−1d, c !α d
)
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is positive. Again use Lemma 3.3 to get

(a !α b) + (c !α d) ≤ (
1
2 (1 − α)−1(a + c)

)
!
(

1
2α−1(b + d)

)
= (a + c) !α (b + d).

(iii) Fix a, and assume that b1 ≤ b2. So a−1/2b1a
−1/2 ≤ a−1/2b2a

−1/2, and
since fα is an operator monotone function for each 0 < α < 1, by Theorem 2.6,
we obtain fα(a−1/2b1a

−1/2) ≤ fα(a−1/2b2a
−1/2). Hence

a !α b1 = a1/2fα(a−1/2b1a
−1/2)a1/2 ≤ a1/2fα(a−1/2b2a

−1/2)a1/2 ≤ a !α b2.

If a1 ≤ a2, then for any positive invertible element b, we have

a1 !α b = b !1−α a1 ≤ b !1−α a2 = a2 !α b.

Therefore, if a1 ≤ a2 and b1 ≤ b2, then

a1 !α b1 ≤ a2 !α b1 ≤ a2 !α b2.

(iv) Note that

4(1 + t−1)−1 ≤ fα(t) + f1−α(t) ≤ t + 1, (3.4)

for any t > 0. Since any parts of inequality (3.4) are operator monotone func-
tions, (e+(a−1ba−1)−1)−1, fα(a−1ba−1)+f1−α(a−1ba−1), and (a−1ba−1)+e

are self-adjoint. By the spectral mapping theorem, we obtain

4(e + (a−1ba−1)−1)−1 ≤ fα(a−1ba−1) + f1−α(a−1ba−1)

≤ (a−1ba−1) + e.

Therefore,

a ! b = 2a1/2(e + (a−1ba−1)−1)−1a1/2

≤ 1/2
(
a1/2fα(a−1/2ba−1/2)a1/2 + a1/2f1−α(a−1/2ba−1/2)a1/2

)
≤ a1/2 1

2

(
(a−1/2ba−1/2) + e

)
a1/2.

Since

a1/2fα(a−1/2ba−1/2)a1/2 + a1/2f1−α(a−1/2ba−1/2)a1/2 = a !α b + a !1−α b

= a !α b + b !α a,

the proof is completed.
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(v) Note that !α , �α , and �α correspond to the operator monotone functions
(αt−1+(1−α))−1, tα , andαt+(1−α), respectively. Since (αt−1+(1−α))−1 ≤
tα ≤ αt + (1 −α) for each positive scalar t , by a similar argument of part (iv),
we have

a !α b ≤ a �α b ≤ a �α b.

By Furuta’s inequality for Banach ∗-algebras [20], we can see that if a ≥
b > 0, then

a−r � 1+r
p+r

bp ≤ a

for any p ≥ 1 and r ≥ 0. Now, based on the proof of [9, Theorem 2], we can
state the Ando-Hiai theorem [1] for Banach ∗-algebras.

Theorem 3.5. Let a and b be positive invertible elements of a unital Her-
mitian Banach ∗-algebra A and 0 ≤ α ≤ 1. If a �α b ≤ e, then ar �α br ≤ e

for each r ≥ 1.

Proof. It is sufficient to prove the theorem for any 1 ≤ r ≤ 2. Consider
c = a−1/2ba−1/2. Since a �α b ≤ e, we have cα ≤ a−1. Apply Furuta’s
inequality for cα, a−1, r0 = r − 1, and p = 1+r0(1−α)

α
to get

ar0 �α c1+r0(1−α) ≤ a−1.

By part (i) of Theorem 3.4, we have

ar �α br = a1/2
(
ar0 �α (a−1/2bra−1/2)

)
a1/2

= a1/2
(
ar0 �α (ca1/2(a−1/2c−1a−1/2)2−ra1/2c)

)
a1/2

= a1/2
(
ar0 �α (c(a �2−r c−1)c)

)
a1/2

≤ a1/2
(
ar0 �α (c(c−α �2−r c−1)c)

)
a1/2

= a1/2
(
ar0 �α c1+r0(1−α)

)
a1/2

≤ e.
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