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SOME OPERATOR INEQUALITIES FOR HERMITIAN
BANACH x-ALGEBRAS

HAMED NAJAFI

Abstract

In this paper, we extend the Kubo-Ando theory from operator means on C*-algebras to a Hermitian
Banach x-algebra ./ with a continuous involution. For this purpose, we show that if @ and b are
self-adjoint elements in ./ with spectra in an interval J such that a < b, then f(a) < f(b)
for every operator monotone function f on J, where f(a) and f(b) are defined by the Riesz-
Dunford integral. Moreover, we show that some convexity properties of the usual operator convex
functions are preserved in the setting of Hermitian Banach x-algebras. In particular, Jensen’s
operator inequality is presented in these cases.

1. Introduction

Let &/ be a Banach x-algebra. We say that < is a Hermitian Banach x-algebra
if the spectrum of all self-adjoint elements of &/ comes from a subset of the
real line. Shirali-Ford’s theorem [19] states that a Hermitian Banach x-algebra
is symmetric, that is, the spectrum of a*a is non-negative for each a € A. In
Hermitian Banach *-algebras, we can define the positive elements. If a € &/ is
self-adjoint and its spectrum is a subset of [0, 00), then we say that a is positive
ora > 0. Moreover, wesaya < bifb—a > 0and b > a if b — a is positive
and invertible. There are many studies on Hermitian Banach x-algebras; for
instance, we refer readers to [3], [5], [6], [14], [7], [19].

Okayasu in [18] established Loewner-Heinz’s inequality for positive ele-
ments in Hermitian Banach *-algebras and proved that if .2/ is a unital Her-
mitian Banach sx-algebra with continuous involution and p € (0, 1], then
inequalities 0 < a < band 0 < a < b imply that a”? < b? and a? < b?,
respectively.

In continuation of [18], Tanahashi and Uchiyama in [20] obtained Furuta’s
inequality [10] for unital Hermitian Banach *-algebra with continuous invol-
ution and showed that

a'Ptle < (g"bPa" )4
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if 0 < a < b and the positive scalars p, g, and r satisfy p +2r < (1 4 2r)gq
andg > 1.

In [8], the operator means i, !4, and v, are defined for positive invertible
elements in a unital Hermitian Banach *-algebra &/ with continuous involution.

It is proved that
alyb<atyb<awvw,b (1.1)

for positive elements a and b in .&/.

Considering , v/, and ! as examples of operator means on C*-algebras mo-
tivated us to investigate an appropriate generalization of the notion of operator
means in the context of Banach x-algebras. Analytic properties of operator
monotone functions [4] and the results of Kubo and Ando [15] enable us to
define the operator means on Banach x-algebras. Pursuing this investigation,
we study the properties of operator means on Banach x-algebras in detail and
extend the properties of operator means on B(H) that remain valid in the Her-
mitian Banach x-algebras. In particular, by a different argument, we extend
the inequality (1.1) and show that

a+b

a'b<aocb<

for positive invertible elements a and b and for each symmetric operator mean
0.

In §2, we show that any operator monotone function preserves the order
of elements in Banach x-algebras. Indeed, we introduce a method to extend
some inequalities from C*-algebras to Banach x-algebras. In particular, by a
different argument, we proved the Loewner-Heinz inequality for Hermitian
Banach x-algebras that is proved in [18]. Moreover, we show thatif a, b € &/
are self-adjoint with spectra in («, §) and a — b > re > 0 for some positive
scalar r, then there exists a universal constant v, (a, b) such that

f(a) = fb) = v (a, b)f’(#% >0
for each non-constant operator monotone function f on («, B). This is a new
result, even if &/ is a C*-algebra.

Let f be an operator convex function on an open interval J (see Defini-
tion 2.1). We show that

fa+ A —=2)b) <Af(a)+ 1A —A)f)

for self-adjoint elements ¢ and b in a Hermitian Banach *-algebra .2/ with
spectrain J and 0 < A < 1. We also introduce Jensen’s inequality for operator
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convex functions in Hermitian Banach x-algebras. We prove that if g is an
operator convex function on J and a is self-adjoint with spectra in J, then

g(c*ac) < c*gla)e

for each element ¢ in .2/ such that c*c = e.

In §3, we show that the family of all non-negative operator monotone func-
tions f on [0, 0o) such that f(1) = 1, is a normal family. As an application,
we generalize the operator means in C*-algebras to the context of Hermitian
Banach x-algebras and provide several properties and inequalities for operator
means in these cases. In particular, we show that Ando-Hiai’s inequality for
positive elements in Hermitian Banach x-algebras.

Throughout the paper, we assume that a Hermitian Banach *-algebra ¢ is
unital with a continuous involution and take J to be an open interval of the
real line.

2. Operator monotone and operator convex functions

We begin this section with recalling the definitions of operator monotone and
operator convex functions as follows.

DerNITION 2.1. Let A, B be self-adjoint operators acting on a Hilbert
space with spectra in J. A continuous real valued function f defined on J is
called:

e operator monotone, if A < B implies f(A) < f(B);

e operator convex, if f(AA+ (1 —A)B) <Af(A)+ (1 —1)f(B) forall
0<a<l.

The Loewner theorem states that a function f is operator monotone on J if
and only if f has an analytic continuation to the upper half plan I such that
f maps I1 into itself. Also, it is shown that a differentiable function f on an
interval J is operator convex if and only if the function

f@® - f) .
EAS A i

g(t) = -1 # fo. 2.1)
f'(t), ifr =1,

is operator monotone on J for each 79 € J; see [4]. So, operator convex
functions are also analytic.

Let a € &/ with sp(a) € J and f be an operator monotone or operator
convex function on J. Since f is analytic on the 2; = 1, UTI_ U J, we can
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define the element f(a) by the integral representation
1
fla) = —/ @) (ze —a) ldz, (2.2)
27i J,

where y is a closed rectifiable curve in €2, such that sp(a) C ins(y).

Note that f(¢) is an operator monotone (operator convex) function on (¢, 8)
if and only if f ((2t —a—pB)/B — a)) is an operator monotone (operator
convex) function on (—1, 1); so we can study the family of operator monotone
functions on (—1, 1) and extend results to any finite open interval.

Let J7 denote the family of all operator monotone functions on (—1, 1)
such that £(0) = 0 and f’(0) = 1. Hansen and Pedersen in [12] showed that
J is a compact convex subset of the space of all functions on (—1, 1) with
the topology of pointwise convergence and the extreme points of 7" are of the
form f;(t) = 1+M with [A] < 1. Let S be the convex hull of {f; : |A < 1]},
where f5(t) = ]+M, and let A(2) denote the set of all analytic functions on
Q =TI, UII_U(—1, 1). The author, Moslehian, and Uchiyama in [16] proved
the following lemma.

LEMMA 2.2 ([16, Theorem 2.1]). The family ¢ is normal in A(). In par-
ticular, for each function f in J{, there is a sequence {g,} in S such that it is
uniformly compact convergence to f.

In the next lemma, we collect some preliminary techniques for Hermitian
Banach x-algebras that we used in this paper.

LEMMA 2.3. Let & be a Hermitian Banach *-algebra. Let a, b, and c be
self-adjoint elements in &/, and let x € & be arbitrary. Then, the following
Statements are true.

() Ifa=0andb > 0, thena + b > 0 (see [5]).
(i1) If c > 0 and a < b, then cac < cbc (see [20]).
(iii) If r(x) denotes the spectral radius of x, then r(x) < ||x]|| (see [5]).
(iv) f0 <a < b, then0 < b ' <a'andif0 <a < b, then0 < b~! <
a! (see [18]).
(v) If r(e — x) < 1, then x is invertible (see [5]).
(vi) r(ab) < r(a)r(b) (see [5]).
(vii) If D is an open subset of the complex plane containing the spectrum of
x and {f,} € A(D) uniformly converges to a function f on compact

subsets of D, then {f,(x)} converges to f(x) in the norm topology
(see [13]).

We need the following lemmas to prove the main results in this section.
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LEMMA 2.4. Let o/ be a unital Hermitian Banach x-algebra with continuous
involution, and let {a,} be a sequence of positive elements such that a, — a
in the norm topology. Then a is positive.

ProOF. Since the involution is continuous, a is self-adjoint. It is sufficient
to show that sp(a) € [0, c0). Assume @ > 0 and b, = é(an + ae). Clearly
b, > b = i(a + we) and b, > e. So, by part (iv) of Lemma 2.3, b, is
invertible and b, I < ¢. Moreover,

r(b,'b —e) =r(b, (b —b,))
<r(,Yr(b—b,) by part (vi) of Lemma 2.3
<|b-b,|| — 0. by part (iii) of Lemma 2.3

Hence by part (v) of Lemma 2.3, we have b, 1p is invertible, so b or a + ae is
invertible. Therefore, —« ¢ sp(a) and a is positive.

Let a, b, and ¢ be positive elements in .27, and let a < b. Then, by part (ii)
of Lemma 2.3, we have

(o 2e)afen 2e) < (cn Leo(en )

for each n € N. Since (¢ + %e)x (c+ %e) converges to cxc for each x € &/,
by Lemma 2.4, we obtain cac < cbc.

Leta € &/ and sp(a) C (—1, 1). We can see that f,(a) = a(l — ra)~ ' is
self-adjoint and equals to the Riesz-Dunford integral defined in (2.2) for each
L] < 1. Now, Lemma 2.2 and part (vii) of Lemma 2.3 imply that f(a) is
self-adjoint and can be defined by the Riesz-Dunford integral representation
for any operator monotone function f in J7.

LEMMA 2.5. Let a and b be positive invertible elements of a unital Hermitian
Banach *-algebra &f such that a — b > re > 0 for some positive scalar r.
Then r

-1 s,
(lall = r)llall

PrROOF. By part (iv) of Lemma 2.3, we obtain b~! > (a — re)~!. We can
see that the function /(¢) = t> — rt is increasing on the interval [r, ||a]|]. So
t> —rt < ||la||*> —r||a| foreacht € sp(a) C [r, ||a||]. By the spectral mapping
theorem, we have

sp(llall*e—rllalle—a*+ra) = {llall*—rlall—t*+rt : t € sp(a)} < [0, 00).
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2

Hence, a®> — ra < (||a||*> — r||a||)e. Therefore

ra —r’e=ra""*@* - ra)a "* < r(lal® = rlal)a".

By part (iv) of Lemma 2.3, we obtain

<a1 + re )(a re) = ! (ra—r?e)—ra'+e<e
lal*> —rlall lall> —rlall -

re

Again, part (iv) of Lemma 2.3 is used to get (¢ — )~ > a™" + Gt

THEOREM 2.6. Let &/ be a unital Hermitian Banach x-algebra with con-
tinuous involution, and let f be an operator monotone function on an open
interval J. Let a and b be self-adjoint elements of f with spectra in J and
with a > b. Then f(a) > f(b). Moreover, if f is non-constant and a > b,

then f(a) > f(b).

PrOOF. By translations, we can assume that J = (—1, 1) and that f € J7.
Note that f(a) and f(b) are self-adjoint. First, We prove the theorem for
L@ = ﬁ, which —1 < A < 1. For A = 0, the claim is trivial; so assume
that A is non-zero. We can see that

sple—ra)={1—At:tespla)) S {1—Ar:te(—1,1)} < (0,2).

Similarly sp(e — Ab) € (0,2). As A(e — ra) < A(e — Ab), by part (iv) of
Lemma 2.3, we obtain 1 (¢ — Aa) ™' > 1 (e — Ab)~". Hence,

f(a) = Cl(e — Aa)_l = %(_g + (8 _ )»a)_l)
= %(—e + (e — Ab)_l) = f(b).

By part (i) of Lemma 2.3, the claim is true for the function f = Y 7, ¢; fi,,
where ¢; > O and ) |, ¢; = 1. Now, assume that f € J/ is arbitrary. By
Lemma 2.2, there exists a sequence { f,,} in & such that f,, converges to f in
uniform compact convergence topology on £2. Now, part (vii) of Lemma 2.3 im-
plies that f;, (a) convergesto f (a) and f, (b) convergesto f(b). By Lemma?2.4,
we have f(a) > f(b).

If a > b, since sp(a — b) is a compact subset of (0, co), we can find
a scalar r > 0 such that sp(a — b) € (r,00) or a — b > re. We shall
show that f; (a) — f.(b) is bounded below, and so it is invertible for each
—1 < A < 1. It is clear that the claim is true for A = 0. If 0 < A < 1, then
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(e —Ab) — (e — Aa) = A(a — b) > Are > (0. Note that e — Ab and e — Aa are
positive and invertible. By Lemma 2.5, we have

1 —1 ~1
fila) — fr(b) = x((e —ra)"' = (e —2b)7")

> l( rr )e (by (3.2))
~ A\ (lle = Ab|| — Ar)|le — Ab||

r

= e > 0.
(le = 2bl| — Ar)lle — Ab||

A similar argument shows that

r e>0
—Aa|| + Ar)|le — Aa||

fila) — fr(b) =
(lle

foreach —1 < A < 0. Consider i1:[—1,0] — R and A,:[0, 1] —> R as

.

hy(h) = :

1) (e — rall + Ar)lle — 2all
r

hy(A) =

(lle = Ab|l — Ar)lle — Ab||

Clearly h, h, are continuous, and since [—1, 0] and [0, 1] are compact, we
can define v, = min_;<;<o{h1 ()} and v, = minp<y<;{h2(A)}. Now, put
ve(a,b) = minf{v;, v }. If f = 3" ¢ fo, such thate; > 0, —1 < X; < 1,
and > !, ¢; = 1, then

n n

F@ = fb) =Y ci(fi@ — f,5) = > civea. ble = v,(a, be.

i=1 i=1

For an arbitrary non-constant operator monotone function f, there exists a
sequence {f,} in S such that f,(¢) converges to f(¢) in a uniform compact
convergence topology. Again, use the part (vii) of Lemma 2.3 and Lemma 2.4
to get f(a) — f(b) = v.(a,b)e > 0.

The proof of Theorem 2.6 shows that if f is a non-constant operator mono-
tone functionon (—1, 1) anda — b > re > 0, then

f(@) = f(®) = v (a,b)f'(0)e >0,

where v, (a, b) is independent of f.
If we replace f(¢) with f ((2t —a—B)/(B— a)), then we get the follow-
ing corollary.
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COROLLARY 2.7. Let &f be a unital Hermitian Banach x-algebra with con-
tinuous involution. Let a and b be self-adjoint elements of &/ with spectra in
(o, B) and a — b = re > 0. Then, there exists a universal constant v,(a, b)

such that i
fa)— fb) = v(a,b)f'(5(a+ B))e >0
for each non-constant operator monotone function f on («, B).

Let ¢ denote the family of all operator convex functions g on (—1, 1) such
that g(0) = g'(0) = 0 and g”(0) = 1. Also, let F be the convex hull of
2.(t) = 12/(1 — At), where |A| < 1. In the following lemma we prove that ¢
is a normal family.

LeEMMA 2.8 ([16, Corollary 2.2]). The family 4 is bounded in A(R2). In
particular, for each function f in G, there is a sequence {g,} in F that has
uniformly compact convergence to f.

LEMMA 2.9. Let a and b be self-adjoint elements with spectra in (—1, 1).

Then
&.(Ba + (1 = B)b) < Bgi(a) + (1 — g (b)
foreach M| < 1and0 < g < 1.
PrOOF. Assume that0 < 8 < 1 and A = 0. Then
Bgo(a) + (1 — B)go(b) — go(Ba + (1 — B)b)
= pa’ + (1= p)b* — (Ba + (1 - B)b)’
= B(1 — B)(@* + b*> —ab — ba)
=B(1—B)a—b)*=0.

As g (1) = ?/(1—At) = =31 — 5 + m foreach 0 < |A| < 1, it is
sufficient to prove the theorem for function 1/(1 — A¢). But by the arithmetic-
geometric inequality [8] or part (iv) of Theorem 3.4, we have

(e —A(Ba+ (1= B)b) "' = (Ble — ra) + (1 — B)(e — b))~
<Ble—ra) '+ (1 —p)e—rb)~ L.

By a proof similar to that of Theorem 2.6, we obtain the following theorem.

THEOREM 2.10. Let g be an operator convex function on an open interval J.
Let a and b be self-adjoint elements with spectra in J. Then

g(Ba+ (1 —pB)b) < Bgla)+ (1 —B)g(b)
foreach0 < B < 1.
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The set M, (/) of all n x n matrices with elements from .o/ can be made
into a Banach *-algebra with the norm

n
X| = i 2.3
Xl ,»J‘?;%?S,HZ%”‘”” 2.3)
j:

foreach X = (a;;) € M, (/). Itis easy to check that if the involution on .¢/ is
continuous, then the involution on M, (%) is also continuous. Moreover, we
can construct the following lemma.

LEMMA 2.11. Let & be a Hermitian Banach x-algebra. Then M, (/) with
the norm defined by (2.3) is Hermitian.
. . a+ie x .
Proor. Without loss of generality, we only show that X = ( b +l.e) is
invertible for each self-adjoint operator (xa Z ) in M, (/). First note that, since

&/ is Hermitian, a + ie and b + ie are invertible. Now, we can conclude that
X is equal to

(e x(b—l—ie)_l) (a—l—ie—x(b—{—ie)_lx* 0 )
0 e 0 b+ie

( e O) 2.4)
Nptie'x* ) 7

The first and last factors are invertible with respective inverses

(e x(b+ie)-1)—‘_(e —x(b—i—ie)‘l)
0 e —\o e

e 0 _l_ e 0
((b+ie)1x* e) _(—(b+ie)1x* e>'

So, it is sufficient to show that

and

<a+ie—x(b+ie)_1x* 0 )
0 b+ie

orthat a + ie — x(b + ie)~'x* is invertible. Note that (b + ie)~™' = b(b*> +
e) ' —i(b*+e)7!. So

a+ie—xb+ie) 'x* =a—xbb*+e) 'x* +i(e+x(b*+e) xH).
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Put ¢ = e + x(b*> + ) 'x*. As c is positive and invertible, and as c~!/%(a —
xb(b? + e)~'x*)c™1/? is self-adjoint, we have

a+ie—x(b+ie) 'x* = cl/z(cfl/z(a —xb(b* +e) x4+ ie)cl/2
is invertible.

Note that, if (Xa z) in M (&) is positive, then

(50)=(50)(& ) 0)

This equality implies that a is positive. By using the decomposition of equa-
tion (2.4), we can construct the following corollary for Hermitian Banach
x-algebras. It is well known for C*-algebras.

COROLLARY 2.12. Let a and b be positive invertible elements of a Hermitian
Banach x-algebra f. If x € &, then

(=3
x* b
in My(&f) is positive if and only if a > xb~'x*.

By a standard calculus we have the following lemma.

LEMMA 2.13. Let f be an analytic function on an open set D. Let s be a
Hermitian Banach x-algebra, and let x,y € o be elements such that sp(x)
and sp(y) are included in D. Then, we have the following statements:

(1) ifu € o is unitary, then f(u*xu) = u* f (x)u;
(if) if X = (3")), then

0
reo=("00)

0 s

In the next theorem, using the same strategy asin [12], we introduce Jensen’s
operator inequality for Hermitian Banach x-algebras.

THEOREM 2.14. Let f be a unital Hermitian Banach %-algebra, and let g
be an operator convex function on an open interval J. Then

g(c*ac) < c*gla)c

for each self-adjoint element a with spectra in J and for each ¢ € & such that
c*c=e.
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Proor. First note that, for a self-adjoint element a of &7, we have sp(a) C
(o, p)ifandonlyifve < a < Be. Hence sp(c*ac) € J. Also, since sp(cc*) C
sp(cc*)U{0} = {0, 1}, wehave cc* < e. Consider X = (| 0),d = (e—cc*)'/?,

0a
V = (g ;d ) and U = ((C) _i* . It can be concluded that U and V are unitary in
M, (/). Thus

(g(c*ac) 0 ) _ (c*ac 0 )
0 g(dad + cac*) ) 8 0 dad+ cac*

=g(FU*XU 4+ V*XV)

IA

(
Hg(U*XU) + g(V*XV))
(

HU*s(XOU 4+ V*g(X)V)

B (c*g(a)c 0 )
N 0 dg(a)d + cg(a)c* )’

Hence g(c*ac) < c*g(a)c.

3. Operator means

A binary operation ¢ on the class of positive operators is called an operator
connection, if for positive operators A, B, and C in B(H), the following
requirements are fulfilled:

(1) A<Cand B<Dimply Ao B<Co D;

(2) C(Aog B)C < (CAC)o (CBC);

(3) A, \\ Aand B, \( Bimply A, 0 B, — A o B, in the strong norm
topology.

If I o I = I, the connection o is called the operator mean. A mean o is called
symmetric, if Ao B = B o A for any pair of positive operators.

Kubo and Ando in [15] showed that for each operator mean o, there exists a
unique non-negative operator monotone function f on [0, co) with f(1) =1
suchthat Ao B = A2 f(A~Y/2BA~1/2) A2 for positive invertible operators
A and B in B(H). In particular, arithmetic, geometric, and harmonic means
correspond to the functions (1 +1)/2, +/t, and 2¢ /(t +1), respectively. Operator
means and operator monotone functions are studied by several researchers. For
more details, see [2], [17], [21].

Based on [15], for any non-negative operator monotone function f on
[0, c0), we define

aoy b = al/Zf(a—l/Zba—l/2)al/2
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for positive invertible elements a and b of a Hermitian Banach x-algebra .2/.
Let P (0, co) denote the set of all positive operator monotone functions on
(0, 00), and consider the convex set

P ={feP®000):f(l) =1}

Hansen in [11] showed that & is compact in the topology of pointwise con-
vergence and extreme points in & are necessarily of the form

t
all) = —————,
fa(®) o+ (1 —a)t
where 0 < o < 1. By the Krein-Milman theorem, & is generated in this
topology by convex hull of its extreme points. In the next theorem, we show
that the family & is generated in uniformly compact topology by convex hull
of its extreme points.

THEOREM 3.1. Let Q = 1, U TI_ U (0, 00). The family P is bounded in
A(R2), and therefore it is a normal family.

Proor. Let Py denote the convex hull of f,(t) =¢/(e¢ + (1 — a)t), where
|| < 1. Since 2 is convex and compact in the topology of pointwise con-
vergence, by the Krein-Milman theorem, & is the closed convex hull of its
extreme points in this topology. Fix K € IT; U II_ U (0, co) as a compact
set. Then h(w, z) = | + (1 — a)z]| is continuous on [—1, 1] x K and so takes
its minimum value. Note that the minimum value mg of A on [—1, 1] x K is
non-zero. Put Mg := sup{|z| : z € K}. Then

A M
e + (1 —a)z| — mg

| fa(2)] =

If f= Z;l=1 Cifo, € P, then

Y cifu@
i=1

Therefore || f| x < %_1]; Now assume that f € £ is arbitrary. There exists { f, }
in Py such that f,,(t) — f(¢) for each t € (0, 00). Since Py is bounded, the
sequence {f,} is uniformly bounded on compact subsets of 2. By applying
Montel’s theorem, there exists a subsequence { f,,, } converging to a function &
in uniform compact convergence topology on 2. Since & and f are analytic

and f = h on (0, 00), we have f(z) = h(z) for all z € Q2. Hence

n

Mg Mg
Yo te M
mpg mg

lf @)=

IA

<Y il fu @)
i=1

i=1

M
f@I=1h@)| = lim |f, @] < —=,

meg
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for each z € K. Therefore & is a normal family.

Theorem 3.1 states that for any non-negative operator monotone function
f on (0, 00), where f(1) = 1, there exists a sequence { f,} in P such that it is
uniformly compact convergence to f, and for each n, we have

kn
fo=Y Vifu 3.1)
i=1
where o, ap, ..., o, and yy, y», ..., ¥, are positive scalars with Zf;l Vi =

1. So, we have the following corollary.

COROLLARY 3.2. Let oy be an operator mean. Then, there exists a sequence
{01, }, where f, satisfies the equation (3.1) such that a oy, b converges toa oy b
for each positive invertible elements a and b in &f.

LEmMMA 3.3. Let a, b, and c be positive elements of a unital Hermitian
Banach x-algebra . If

2a — ¢ 2a
H(a,b,c) = 3.2)
2a 2a + 2b
is positive, then ¢ < a ! b. Moreover, H(a, b, a ! b) is positive.
PrOOF. Suppose that ¢ = a ! b. We can see that
al!b=2a—2a(a+b)a. (3.3)

By Corollary 2.12, H(a, b, a ! b) is positive. Now, assume that H (a, b, c) is
positive. Again use the Corollary 2.12 to get

2a — ¢ > 2a(a + b) 'a.

Equation (3.3) implies that c < a ! b.

Let0 <« < 1,andleta, b € & be positive invertible elements. We define
the operator means

ealyb=((1—-a)a'+abH !,
o atyb=a?(a"2ba""?)%a' 2,
e avyyyb=(—a)a+ ab.

In the next theorem we obtain some properties of operator means in Hermitian
Banach x-algebras.
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THEOREM 3.4. Let o/ be a unital Hermitian Banach %-algebra with a con-
tinuous involution. Assume that a, b, c, d are positive invertible elements of &/
and that o is an operator mean. Then, the following statements hold:

(1) c(a o b)c = (cac) o (cbc);
() (@aob)+(cod)<(a+c)o (b+4d),
(iil) ifa; < ayand by < by, thena, 0 by < ay o by;
(iv) a!b < (ao b)v (boa) < av b; in particular, for any symmetric
operator mean o, we have
a'b<aob<avb;

V) alyb<atyb<av,b.

Proor. If f, = Zf”:l Vi fa;» then oy, = Zf”zl vioy, - Applying Corol-
lary 3.2 and Lemma 2.4, it is sufficient to prove the theorem for

_ 4 P N
Ja(t) = et (at™ + (1 —-w) ",

where 0 < a < 1. Note that o, = .
(i) Consider z = (cac)'/?. We have

(cac) 1y (cbe) = z(a(z 'ebezH™ ' + (1 — oz)e)_lz
= (az '@ ebez )T+ (1= oz)z_z)_l
= (a(cbe)™ + (1 —a)z?) "
= (o:cillf]c*l +1 - o:)cflaflcfl)_1
= c(ozb_1 + 1 - Ot)a_l)_lc
= cal/z(cx(a‘l/zbcz_l/z)_l + 1 - a)e)71a1/2c

=c(a !y b)c.

(i) Note that a 1y b = (3(1 — a)7'a) ! (o7 'b) foreach 0 < o < 1.
According to Lemma 3.3, H(3(1 — &)~'a, fa7'b,a !, b) and H(3(1 —
a) e, %a‘ld, ¢ !y d) are both positive. Hence

H(3(0 - a+e), 507 b+ d),alebtclod)
=H(G(0-o)"a, a7 'balyb) + HAA —a) e, Ja7'd, c 1y d)
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is positive. Again use Lemma 3.3 to get
@) +cld) =(30-—a) ' @a+0)! (e~ ' (b+d)
=(@a+c)ly (b+4d).

(iii) Fix a, and assume that b; < b,. So a~'?bya="? < a='?bya='/?, and
since f, is an operator monotone function foreach0 < o < 1, by Theorem 2.6,
we obtain f,(a~'?bia="?) < fy(a"'?bya='/?). Hence

alyb = al/zfo,(a*l/zb]cf]/z)a]/2 < al/zfo,(cfl/zbchl/z)a]/2 <alyb;.
If a; < ay, then for any positive invertible element b, we have
aylyb=bli_qar <b\_ya=ay,b.
Therefore, if a; < a and by < by, then
ayleby <axlo by < azly by.
(iv) Note that
40+t < fuO) + fia®) S+, (3.4)

for any ¢ > 0. Since any parts of inequality (3.4) are operator monotone func-
tions, (e+(a"'ba=")"")7!, fu(a 'ba ")+ fi_o (@ 'ba™"),and (a'ba" ") +e
are self-adjoint. By the spectral mapping theorem, we obtain

Ae+ @ 'ba™H)™H™ < falaT'ba™) + fig(a ba™h)
<(a'ba™" +e.
Therefore,
a'b=2a"+ (@ 'ba""y"H1g!/?
<12 (al/zfa(a—l/Zba—l/Z)al/Z + a1/2f1_a(a—l/2ba—1/2)a1/2)
5al/z%((a*]/zba”/z)+e)a1/2.
Since

al/zfal(a_l/zba_l/z)al/2 + al/zfl_al(a_l/zba_l/z)al/2 =alybt+ali_,b
=aly,b+blya,

the proof is completed.
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(v) Note that !, #,, and v, correspond to the operator monotone functions
(at~ '+ (1—a))7!, 1%, and at+(1—a), respectively. Since (et ™' +(1—a)) "' <
t* < at 4 (1 — «) for each positive scalar ¢, by a similar argument of part (iv),

we have
alyb<atyb<av,b.

By Furuta’s inequality for Banach x-algebras [20], we can see that if a >

b > 0, then
a " b’ <a

ptr
for any p > 1 and r > 0. Now, based on the proof of [9, Theorem 2], we can
state the Ando-Hiai theorem [1] for Banach x-algebras.

THEOREM 3.5. Let a and b be positive invertible elements of a unital Her-
mitian Banach *-algebra of and 0 < a < 1. Ifafly b < e, thena” i, b" < e
foreachr > 1.

ProoF. It is sufficient to prove the theorem for any 1 < r < 2. Consider
c = a Y?ba""?. Since a i, b < e, we have ¢® < a~'. Apply Furuta’s
inequality for ¢*, a~!,rp = r — 1, and p = U= o get

ai’() ﬁa Cl+r0(l—a) < a—l'

By part (i) of Theorem 3.4, we have

a b = a1/2( g (a—l/zbra—1/2))al/2
(

—a'(a" 1, (Ca1/2(a—l/2c—la—l/2)2—ra1/20))611/2

< a'*(a" o (c(c™ ta—r " He))a'?

a
a
=a'(a" 8o (cla tar ¢ He))a'"?
a
a’ ﬁa c1+r0(1—a))a1/2

(
1/2(

=a

<e.
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