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FOLNER’S CONDITION FOR EXPONENTIALLY
BOUNDED GROUPS

J. W. JENKINS*

Introduction.

For a locally compact group G it is known (cf. [3]) that amenability
of @G is equivalent to a uniform Fglner’s condition, i.e.

(FC) for each compact subset K of G and each &> 0 there is
a compact subset of U of G with 0<|U|, such that

KU A Ulg < €|Ulg .

(|4|g denotes the left Haar measure of a subset 4 of G.) In [4] a method
has been given for constructing sets U that satisfy FC for a given K
and &, for connected solvable groups. The question we consider here is
when can the set U be chosen from the sets K»,n=1,2,. .. ? To effectively
deal with this question we must obviously restrict our attention to com-
pact subsets K with | K|y > 0. Therefore, we consider the following condi-
tion:

(F)  For each compact subset K of G with int(K)+ @, and for
each ¢> 0 there is a positive integer n such that

|[KK™ A K*g < e|K"q .

In order that a group @ satisfy F, G must satisfy topological as well as
algebraic conditions, as the following example shows.

Let Z denote the discrete group of integers and let Z, and Z, denote
the subsets of odd and even integers respectively. If K is a finite subset
of Z, then K2"+1cZ while K**<Z,. Thus,

K™+ A K™z 2 2|K"|,

for each positive integer n.
We will show that if G is connected, K =@, and int (K) 4D then for n
sufficiently large |K"+1A K"|;>0. Hence the pathology that arises in
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the above example is precluded, and the desired characterization is ob-
tained.

A locally compact group @ is said to be exponentially bounded if for
each compact neighborhood U of the identity,

liminf, |U?|gi/" = 1

The discrete solvable, and the connected groups that are exponentially
bounded can be characterized by their subsemigroups as follows: for
a,b € @ let [a,b] denote the subsemigroup of G generated by a and b.
[a,b] is free if a[a,b]nb[a,b]=0. [a,b] is uniformly discrete if there is a
neighborhood U of e in @ such that sUNtU=@ for s,t € [a,b], s=*¢. The
results of [6] and [9] show that if G is a discrete solvable group or if @
is a connected locally compact group then G is exponentially bounded
if and only if @ does not contain a uniformly discrete free subsemigroup
on two generators. We show that a connected, locally compact group G
satisfies F if and only if G is exponentially bounded.

It is well-known (cf. [5]) that a closed subgroup of an amenable group
is itself amenable. However, even the open subsemigroups of an amen-
able group may fail to be amenable. Using an alternate characterization
of the exponentially bounded, connected, locally compact groups given
in terms of the eigenvalues of operators occuring in the adjoint repre-
sentation of an approximating Lie group, we show that G satisfies F
if and only if each open subsemigroup of @ is amenable.

Using this result we also obtain a characterization of the connected
amenable groups satisfying F in terms of convolution operators. More
specifically, given a locally compact group G let LY(G) and L*(G) be
defined as usual. Let L(G) denote the elements of L(G) with compact
(essential) support. We consider the following property:

(P) if0+6elL>@), 620, and z e L}(G) then 2020 implies
{oz(g)dg = 0.

It follows from the results in [9] that a discrete solvable group @ is
exponentially bounded if and only if G satisfies P. We prove that condi-
tions F and P are equivalent for connected, amenable, locally compact

groups.

Theorems and proofs.

LeMMA 1. Let G be an exponentially bounded, locally compact group.
Let K be a compact subset of G with int (K)=+@ and assume that for some
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positive integer p there is a g € int (K) such that g°+1 € KP. Then given ¢ >0
there is a positive integer n such that

|[Kn+l A K®g < ¢|K™g .
Proor. Let g and p be as in the statement of the lemma. Let U =g-1K
and for each integer n>0 set V, =g~ Ug". Then
K = gUgU...gU
= g™g—Ug" ) ... (g7 Ug)U
=g"V,uVas...Vy.

Let W be any compact neighborhood of e in @. Then, since G is expo-
nentially bounded,

liminf, |[K*|4/* £ liminf, (KuW)?Vn» = 1.

Thus, given any positive integer I, there is a sequence of positive inte-
gers {n,} such that
lim,, |K"* g |[K™|g = 1.

(If not, there is a § >1 such that for all n>0
|[E™|g = (|K™|g/|[K®g) ... (K2 |o/|K )| K e 2 6.

Hence

liminf |(K*U W)r|gl/n 2 6) .

Now, since gp+1e K?, geg?K?P=V,_,... V,. Thus, for any integer =,
g€g*Vy_y...Vog™. Finally,

g=g"ggreg gV, q... Vog"g*" =g "V,yy... Vog"
= (g7 Vp-19")g™" Vp-og™) ... (97" Vog™)
= Vpin-1Vpin-2--+ Va -
We therefore have
gVp1-.- Vo < Vpsp-1... Vo foreach nz20.
We can now write
|Knl A K = |g"1 VY, ... Vo Ag" Vs .. Volg
SV o Vo A Voo Volg+ Voo e Vo N C(Vyy. .. Volla
29V, .. . Von OV, ... Vlg+ Ve . . VonC(V,y... Vola
20V pipe - Vo OV . Vidlg+ Voo . Vo C(V,y ... Volg

I

IIA
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2|gp+n+1Kn+1+p N gn+l Kn+1|G + |gn+l Kn+l \ gnKn|0
2(| K2+l g — | K4 g) + | K™+ g — |[K™|g

= 3(|K™PHg— |KmHg) .
Therefore, by chosing a sequence {n,,} so that

limlenm+p+llG/|Knm+1|G =1
we have

lim,, |[E™n*! o K™|g/|K™]g = 0,

and the lemma is proved.

THEOREM 2. 4 connected, locally compact group Q satisfies F if and
only if G 18 exponentially bounded.

Proor. It is easily seen that any locally compact group satisfying F
is exponentially bounded, so we consider the converse. Assume therefore
that @ is exponentially bounded, and that K is a compact subset of G
with int(K)+@. By lemma 1, we have only to show that there is a
g €int(K) and a positive integer p such that g?+! € K?. For this, we first
assume that @ is a simply connected solvable Lie group. Let g be the
Lie algebra of @, and let exp denote the exponential map of g into G.
Then exp(q) is dense in @ (cf. [2]). Thus

exp(g) Nint (K)+Q .

Hence, there is a one parameter subgroup g(t) of @ such that g(¢) € int (K)
for « £t < where 0 <« <f. By choosing a positive integer p sufficiently
large, we have fp> «(p+1). Hence

(op,Bp) N (x(p+1),8(p+1)) + @
Choose 1 € (x,f) such that A(p+1) € (ap,pp). Then, if g=g(2),
gr+t = g(A(p+1)) e KP.

If @ is a connected, solvable Lie group and (G,#) is the universal covering
group of @, then by passing to G and constructing the appropriate § € G
as above, 7(§) will have the desired properties.

Assume now that @ is a connected Lie group, and that S is the solv-
radical of @. It was shown in [6], that if G is exponentially bounded
then G/S is compact. Let K be a compact subset of G with int (K)+@.
Then, if # is the canonical mapping of G into G/S8, int(n(K))=@. Let W
be a neighborhood of the identity in G/S and let ke K such that
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n(k)W <int(n(K)). Since G[S is compact there is a positive integer n
such that e, the identity in G/S, belongs to n(k*)W. Thus

K, =8nint(K") + @.

Now by a simple modification of the argument used at the beginning
of this proof, we can produce a g€ K, such that gn?+le K,»< K™»,
Therefore, if G is a connected Lie group that is exponentially bounded
then @ satisfies F.

To complete the proof we need the following observations. Let G be
any locally compact group and H a compact normal subgroup of G.
Normalize the Haar measures of G, H, and G[H so that |H|gz=1, and

Saf (9)dg = SG/H Sf (gh)dhdg
for each compactly supported continuous function f. Then, for compact
K <@,
Klg £ |n(K)lg/m »
where 7 is the canonical homomorphism of G onto G/H, and if int (K) + @,
then there is a § >0 such that

|K"g 2 Ol7(K")lg/m »
for all positive integers n. To see the latter, first note that
|K"g = §azxn(g)dg
= Soru \awxn(gh)dhd]
= orzlg K™ n H|gdg .

Let V be a neighborhood of ¢ in @ and K, a subset of K such that
K,V<K. Then, K*»'K,V<K" and hence, if ge K"1K,, then
g 1K*> V. Thus

g rK"nH|lg 2 |[VnH|g =6 >0

for each g € K*1K,,. Hence

|[K™g 2 O'|n(K" 1 Ko)lg/g -
Now, set .
6 = 6, inf {A(;/H(n(k)) I k € KO} N

and we are through. (Since exponentially bounded groups are uni-
modular, this last step was not necessary for our purpose.)

We can now complete the proof. Let G be any connected, exponen-
tially bounded, locally compact group. Let H be a compact normal sub-
group of @ such that G/H is a Lie group. Then G/H is exponentially
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bounded (cf. [6]) and hence satisfies F. Let K be a compact subset of G
with int(K)+@ and choose >0 as in the preceeding paragraph. Then

|K™+ A K*g[|[KMg = |n(K™*) A 2(K™)| gy [01(K™) gy -
It now readily follows that @ satisfies F.

If @ is a connected Lie group and g € G, the inner-automorphism de-
termined by g is denoted by o, and is a diffeomorphism of the manifold ¢
that fixes the identity e. The differential of o, at e, is an automorphism
of the Lie algebra g of @, here identified with the tangent space of @
at the identity. The mapping g — do,, is a representation of G on g
called the adjoint representation. We will write Adg for do,. G is said
to be type R if for each g € G, the eigenvalues of Adg are of modulus one.
+ If G is a connected locally compact group and U is any neighborhood
of e then there exist a compact, normal subgroup K of @ such that
K <U and G/K is a Lie group (cf. [8]). @ is said to be type R if for some
compact, normal subgroup K, G/K is a type R Lie group. In [6], we
proved that G is exponentially bounded if and only if @ is type R. This
characterization will be essential in proving the next theorem.

Let 8 be a subsemigroup of a locally compact group @, and let
LUC(S) denote the space of left uniformly continuous functions on 8,
i.e. a bounded continuous function fe LUC(S) if and only if whenever
8, —> 8, 8,,8 €S,

sup{|f(s,8)—f(ses)| : 8€8}—0.

8 is said to be amenable if there is a positive linear functional of norm
one, u, defined on LUC(S), such that u(,f)=u(f) for each fe LUC(S)
and s € S, where ,f(¢)=f(st) for each s, ¢, f. In [7] we proved that if G is
amenable and S is an open semgroup in @ then S is amenable if and only
if the right ideals of S have the finite intersection property. We now have

THEOREM 3. A connected locally compact group G satisfies F if and
only if each open subsemigroup of G is amenable.

Proor. Assume that G satisfies F. Then ¢ is exponentially bounded
and hence amenable. If § is an open, nonamenable subsemigroup of @,
then by the results referred to above, there exist disjoint right ideals I
and J of S. Hence, if a € I and b € J, [a,b] is free and uniformly discrete.
Thus, by [6], G is not exponentially bounded.

Conversely, assume that G' does not satisfy F. Then by [6], G is not
type R. Let K be a compact normal subgroup of G such that H=G|K
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is a nontype R Lie group. If § is the solv-radical of H and S is type R
then the semisimple Lie group H/S is not type R, and is thus not com-
pact. Hence, H/S is not amenable, and so also G.

Assume then that § is not type R. If § denotes the universal covering
group of 8 then § is not type R. We define the groups S, S5° and S, as
follows: S, is the semidirect product of R with itself with multiplication
defined by

(z,9)(w,v) = (x+u,e*v+y) (2,y,%,v€R).

For g e R, 040, Sy° is the semidirect product of R with R? where multi-
plication is defined by

(@,0)(:8) = (+y, A@)B+a) (x,f€R* 2,y eR)
with
cosx sinz
Az) = e x(—sinw cosx) :
Finally, 8, is the semidirect product of R? with itself where multiplica-
tion is defined by

(1"?/,0‘)(%?),[3) = (x+u,y+”,B(x,?/)ﬂ+“)

(x,9,u,v € R; (&, 8) € R?)
with
Blz,y) = ey(cosx smx) ‘

—sinx cosx

In [1], it was shown that a simply connected solvable Lie group that is
not type R has a homomorphic image one of the group 8,, S5° (¢4 0), S,.
Therefore, to complete the proof of theorem 3, we need only show that
these groups contain open semigroups with disjoint right ideals, for then,
S would be homomorphic to a group containing an open semigroup with
disjoint right ideals, and so, by taking preimages, there exists an open
semigroup 8, in S, with disjoint right ideals, I and J. Now if = is the
covering map of S into S then 7(S,) is open in § and z-1(e) = C(S), the
center of S. Thus, if #(I)na(J)+ D then I-1JnC(S)+@. facl, bed
and a-lb=zeC(S) then ba=aza=a%z=ab. But abel, baeJ and
InJ=0. This contradiction shows that n(I)nz(J)=@ and hence x(S,)
is not amenable.

We will only consider S,; obvious modifications in our construction
will produce the desired subsemigroups in S, and S,°, o 0. First note that
8, can alternatively be described as the semidirect product of C, the
complex numbers, with, itself where multiplication is defined by

(z,w)(n, ) = +n,el+w) (2,w,n,(eC).
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with this description, let
Ut = {(z,w) eS8, | Re(2)< -2, lw—1|<e?},

U- = {(zw)e S, | Re(z)< -2, lw+1|<e~?},
and
8=, 0,...0,, U;e{U+,U-}, 1=12,...n.

8 is an open subsemigroup of S,. If (#,{) € S then there exists (z;,w),
1<¢<n, such that (z;,w;) e UtuU- and
7,0) = (21,wy) - . . (2,w,) -

Hence n=37_,2; and

= w+etwy+ ... feat oty
Now, if (z;,w,) e U+

IE=1] £ |wy—1|+(1+e2)(e2+... +e D) < 1,
while if (2,,w,) e U~ :
IE4+1] S lwy+1]+(1+e2)(e2+... +e2-D) < 1.

Therefore U+S and U-8 are disjoint right ideals of S.

RemaArk. Even for exponentially bounded, connected, locally com-
pact groups, the closed subsemigroups need not be amenable.

Let G=R x SO(3,R). Then clearly G is connected and exponentially
bounded. Let «,8 € SO(3,R) such that the group generated by « and g
{x,B) is free (cf. [5] for the existence of such elements), and set a=(1,x)
and b=(1,8). Since for any M, the number of elements (r,1) € [a,b]
with 7 < M is finite, [a,b] is closed. Since {x,f) is a free group, [a,b] is a
free semigroup. Finally note that [a,b] is discrete in G, and hence any
bounded function on [a,b] is left uniformly continuous.

Now, if u is a left invariant mean for the bounded functions on [a,b]
then

1 = p(Ya,5) = U(Xala,5) + 2 (Xpla,50) = 2.

Therefore [a,b] is not amenable.

We can now prove

THEOREM 4. For a connected, amenable locally compact group conditions
F and P are equivalent.
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Proor. Assume @ is a connected, locally compact group that does
not satisfy F. By theorem 3 there exists an open, nonamenable subsemi-
group 8 of @, and by [7], § contains open disjoint right ideals I and J.
Letael,beJ andlet U= U-! be a compact neighborhood of e such that
UaU<I and UbU<J. Let x=2,—(xy+x;) where z,=y,; Wwith ¢,=a,
¢;=ab, c;=a? and let 0=yg. First note that

supp(z;*0) < ¢;,US for 1543,
and that ¢, USNcy; US =@. Furthermore, if gec,US, 1=2,3 then
gtaU < 8-1Uc¢;1aU < S-1.
Thus, if gec,US, i=2,3, then
2, %0(9) = §1,u(9)1s(s7 g)ds
= 6, Ung8 g
= g7, Un 8 = |Ulg.
Now, for each 1=1,2,3 and any g€ @, z,*0(9) <|U|g. Therefore, since

supp (xy*0) N supp (z3*0) = @,
we have
(€y+x5)%0(g) = |Ulg -

Hence xx0=0. However,
(z(g)dg = —|Ulg < 0.

Conversely, suppose @ satisfies F and let 0+ 6 € L*(G) such that 620.
Let z € L1,(@) for which 2x620, and let U be a compact neighborhood
of ¢ in @ such that supp(z) < U and such that, if

z, = (pnb(g)dg (n=1,2,...)
then z,>0. Then 0<z, <|U"|, for all #, and hence by theorem 2,
liminf, (x,)V" = 1.
Thus, there exist a subsequence {n,} with
lim, 2, 1/, = 1.
Now, since 0= 0, for each &
0 = {ymaz*0(9)dg
= {um(§u(s)0(sg)ds)dg
= §pa(s)(Sum 0(s~ g)dg)ds .
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Thus, for each k
0 = Spa(s){(®@,,) ! Sum 0(s~1g)dg}ds .

But, for se U, U™ 1cg-1U™c U™*! and hence

xnk—llxnk é Ak(s) = (xnk)—l SU”ke(s—lg)dg é xnk+1/xnk
Consequently, lim, 4,(s)=1 uniformly for s € U and thus

0 < lim, {y2(s)A44(s)ds = (ya(s)ds .
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