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ON L, FOURIER MULTIPLIERS ON A
COMPACT LIE-GROUP

LARS VRETARE

0. Introduction.

This note deals with L, Fourier multipliers on a compact simply con-
nected semi-simple Lie group G. Let @ be the dual space of equivalence
classes of irreducible finite dimensional representations of G. As is well-
known such an equivalence class can be identified with the corresponding
highest weight A. A function ¢ on @ is said to be a L, Fourier multiplier
on G if

(0°1) ”(P”mp = SuPo:q:feLp||;75*f”1;,,/”f”1;,, < o0,

Here ¢ denotes the inverse Fourier transform of g, i.e.

P(9) = 26 Lap(A)x4(9)

where y, is the character and d,=y,(e) the dimension of the corre-
sponding representation. We use a method similar to the one in [5], [6].
A crucial role is hereby played by a certain recurrence formula for y,
(lemma 1.1).

Previous results on L, Fourier multipliers have been obtained by
Clerc [1] who bases his proofs on the results of Hormander [4] concerning
the spectral function of a general elliptic partial differential operator.
E.g. he proves that the Riesz means of order «, corresponding to

p(A4) = (1-N-XA+o,4+0)),",

are uniformly (in N) bounded in m,, provided «>(n—1)|p~1-—1},
n=dim@G. (We remark that this bound on « is presumably not the best
one, as can be inferred from the results of Fefferman [2] in the case of
the torus T#). This and other results of Clerc are contained in ours.

I want to thank my teacher professor Jaak Peetre for valuable advice
and great interest in my work.

1. Preliminaries on compact Lie groups.
General references for this section are [3], [7] and [8].
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Let g be the Lie algebra of G and denote its complexification by gc.
Pick up a maximal toroidal subgroup H of @. Let {) be its Lie algebra
and set /=dimf)=rank of G. We denote by A+ the subset of the root
system A formed by the positive roots with respect to some compatible
ordering in the dual space of if)=gc. Put

D =2nT], 4+ 8inhda = g pdetSeSe, p=%3 i

where W denotes the Weyl group and m is the cardinal number of A4+,
n=2m+1. Let @ be a fundamental parallelepiped in §). Then there is a
constant C such that for central functions f holds

\af(g)dg = C §of(exph)|D(R)2 dh .

Using the fundamental weights as a basis, we may identify @ with the
following subset of Z!

Z+l = {(Al"' .,).')GZI; ﬂ.jg(),j=l,...,l}.

The character y, corresponding to the highest weight A is given by
Weyl’s formula

(1.1) x4 = D! S det S5A+0

from which the dimension d, of the corresponding representation space
may be deduced:

d = ]._.[NGA"' <A+Q’(x>
4 Taear (@02

Here (-, -) denotes the Killing form which makes 4 to a Euclidian space
with norm |h|=(—{h,h))t.

Defining y, by (1.1) for any linear form A on Y) and setting d,=y ,(e)
(e=the neutral element of G) we have the recurrence formula for the
characters.

LeMma 1.1,
Etxed ea°XA = Eaed Xd+a

Proor. Let 4,,4,,... be the orbits of W in A. Consider 4, and pick
up «, € 4,. Let W, be the isotropy group of «, and let S’ € 4. Then every
« € 4, can be uniquely expressed as « =8’ Sx, with § € W/W,. It follows
in particular that

28‘6 WIW, eS'S“I = Zaedl e“
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is independent of §’. Hence by use of Weyl’s formula (1.1)

Zaedl XAta = ES'EWIW1 XA+Sa1

= D13sew det S S@+Sa+o
S'eW|IWy

= .D_1 ZS'EW det S' eS’(A-H?) ESE WIW, eSI Sal
= X4 Daca, € -
If A,=A there is nothing more to prove. Otherwise we write down the

same expression for 4,,... and form the sum.

Lemma 1.1 will be used later in the following rewritten form, involving
the central function

o) = J.es €@®—1) =43, sinh2}a(k), hey.
COROLLARY 1.1.
wxs = Zaw Xava— 224+ Xa-0) -

ExampLE. @=8U(2). Since =1 in this case, ) may be identified with
R and the characters are given on f) by
sin (A4 + 1)k
galh) = R ez,

The only positive root is «(h)=2ik so lemma 1.1. reduces to the well-
known fact that

2 cos2h-sin(A + 1)k = sin(A+3)h+sin(A—1)h .

2. Estimates of the multiplier norm.
Our starting point will be the basic estimate

(2.1) 9l = lillz,

which is an immediate consequence of definition (0.1). To proceed fur-
ther we introduce the difference operator

A =A1...47% v=(...n)
where
4;9(A) = g(A+e;)—g(A)

and e¢; is the jth unit vector in Z'.
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We also introduce the spaces I, and k,L corresponding to the norms

gy, = (Saezt lg(DP)

“g"h,,L = Max|,|=L||A"g||,p ’
and put
b3 = (pshy)gr,0 L>s.

Concerning the interpolation spaces (-, ), , see [6].
The L, norm of ¢ may now be estimated in terms of these spaces.
Lemma 2.1. Assume that

(2.2) P(S(A+e)—e) = ¢(4)

Jor every Se€ W and A € Z'. Then

”‘P”ml = C“dA(P(A)”bz”IZ’:l

Proor. Let WL be the space defined by the norm
Hf”WgI’ = Hwa“L,
and let |[|+]||| denote the norm of the interpolation space

(Lg, WzL)n/u:, 1
We claim that

(2.3) Ifllz, = ClLAN,  4L>n.
To prove this we put
I, ={he@; 27% 1< (w(h))t =27%}
and we recall that
D = 2™ [[,cq+8inhix, o =43, sinh®4x, n=2m+l.

Obviously |D|?< Cw™ and voll, <02 so using Schwarz’ inequality we

get
(Sl 12| DPdR)} ((g,0-2¥ |D|*dR)}

<
= |w™f|L, (supy, w=2M|D|2voll,)}
<

C- “wa”L’. 92-knl2-2M)

$rf11DI*dh

For any decomposition f=f,+f, we apply this to f; and f, with M =0
and L respectively. Hence

§1, If1IDI2dR < C27F02(||fyllg, + 2% || fyllr,2)
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or after taking inf over all such decompositions
{1 |f11D2dh < C2-knl2 g (22kL)

where K(t)=K(¢,f, Ly, W,L) is the K-functional of [6]. Summation now
yields
Ifllz, £ C 3% o 27¥2K(2¥E) < O ¢-/2 K (t2E) ¢-1dt

which proves (2.3).

Next for any 4 e€Z' (see [8, Nachtrag]), either there is a unique
S € W such that S(4+¢)—g is a highest weight and y,=det 8 xg444-¢
or y, and then also d, is identical zero. In any case we see in view of
(2.2) that

$f@ral9)dg = dp(A) .

By use of Parseval’s formula and corollary 1.1 we now get

Ifllz, = Raezy [da@( D)} = [ld (A,

lofllz, = Cllds@(A)lln,
and by iteration

IIA

“wa ||L,
Hence in view of (2.1) and (2.3) the proof is completed.

Olld 4 p(A)llpg2z -

Specializing ¢ to have compact support in the annulus a-r=<|4|<b-r
for sufficiently large r and some constants @ and b we may replace lemma
2.1 by

LemmaA 2.2, Let ¢ be as in lemma 2.1 and have compact support as
above. Then

”‘P”ml = CTm”?’”;,zmz,x .

Proor. In accordance with the definition of A4 we define the transla-
tion operator T by
7, 9{A) = g(Ad+e) .

The following rule corresponding to Leibniz’ rule for differentiation is
valid
A%g,9, = Su<x Oxp A5 Mg, 4%g, .

Here AX denotes any difference operator of order K.
Now, as a function of 4, d, is a polynomial of degree m so we must
have
AR-M A, | < O(L+ |A|ymFeH.
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Thus since ¢ has compact support we get

(2.4) 14%d (D, £ C Zprgr 7™ XM [ AYplp,

It is however easy to see that

lplh, = Crligling

and by iteration, which is possible since any difference of ¢ has support
of the same kind as ¢, we obtain

14 g, = CrE=|ipll,x
and hence by (2.4)

I ap( Ay < Crmliglyz -

Taking K =0 and K =2L our final estimate of the multiplier norm fol-
lows from lemma 2.1 by interpolation.

REMARK. Since m;<m,, p=1, all these estimates trivially also yields
m,, results. Sharper m,, results can however be obtained from the corre-
sponding trivial m, case by interpolation with m, if 1<p<2 and by
duality if p > 2. This is used e.g. in the proof of theorem 3.2 and theorem
3.3.

3. Formulation of the results.
The multipliers we shall be concerned with are all of the type

@A) = Y(H(A+9)/N)

where W(¢) is defined for = 0 and H (&), & € Rl is a homogeneous function
of positive degree infinitely differentiable and positive for £+ 0. We also
assume that H(£) is invariant for the Weyl group i.e. H(S&)=H(¢&) for
every S € W. Then (2.2) is true.

Three theorems are listed below, each of them containing a condition
on ¥ which implies that |||, is uniformly bounded in N. The proofs
as well as the formulations are almost identical with those of theorems
10.1, 10.2 and 10.3 in [5]. There one can find estimates of the 63/>! norm
of suitable decompositions of ¥ which by virtue of lemma 2.2 may be
applied directly to our case.

THEOREM 3.1. Let W(t) be infinitely differentiable on 0 <t < oo and sup-
pose that for some positive x and B

|P(t) - P(0)] < Cyt*, 0<ts1,

|P(t)] = Cot?, 1St<oo,
|[DIP(t)| £ Cyt~ min(t%,t7), O0<i<oo, j=1,2,....
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Then
IP(H (A +)/N)llm, = C.
THEOREM 3.2. Let ¥(t) be infinitely differentiable on 0<t< oo and sup-
pose that
|DIY(t)] < Cyt=*  for B>m|pt—1}|, j=0,1,2,... .
Then

IP(H(A+)/N ), < C.

THEOREM 3.3. Let WP(t) be infinitely differentiable on 0 <t < oo except for
one point t,>0 and suppose that

IDIV()| S Cjlt—to|=d, t+ty j=0,1,2,...,

for some o such that o> (n—1)|p~t—1}|. Assume also that the support is
compact on 0 =t<oo. Then
IP(H(A+ )|Vl < C.

ReEMARK. Only the case when H(&)=|£|2 is treated in [1] and even in
this case the “right”’ bound is not obtained for example if ¥(t)=1t-fet
for large t. Clerc’s bound for L, is 8>[4n]+ 1 instead of the “right’ one
B> in which is obtained from our theorem 3.2. If ¥(¢)=(1-—1¢)3 we ob-
tain the result on Riesz means mentioned in the introduction.
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