MATH. SCAND. 34 (1974), 231234

A SIMPLE PROOF
OF THE DAUNS-HOFMANN THEOREM

GEORGE A. ELLIOTT and DORTE OLESEN

A theorem of Dauns and Hofmann (III, 5.2 and 8.16 of [5]) asserts
that every bounded continuous scalar-valued function on the spectrum
of a C*-algebra multiplies the algebra (see 3 below for a more precise
statement). Previously this result had been obtained by Kaplansky for
the special case of a liminary C*-algebra with separated spectrum
(Theorem 3.3 of [9]). Subsequently a somewhat different proof than
that of [5] appeared in [7], based on the decomposition theorem of
Stermer [11] for the positive part of a sum of closed two-sided ideals.
Later a quite different proof was given in [10], as an application of a
theory of general (i.e. noncentral) multipliers.

Alfsen and Andersen proved in [3] a generalization of the C*-algebra
theorem stating that the Banach space of realvalued continuous affine
functions on a compact convex set K is a module over the facially con-
tinuous functions on the extreme points of K. (For a definition of the
facial topology see [1] or [3].) This theorem was further generalized
by Alfsen and Effros in their work on the structure of real Banach
spaces (theorem 4.9 of [4]).

The purpose of the present note is to give a proof of the Dauns-Hof-
mann theorem which is sufficiently simple that it in fact also proves
the Alfsen-Effros theorem referred to above. The argument of the note
follows closely the lines of the proof of Dauns and Hofmann, but instead
of using approximate bounded decompositions of a sum of ideals it uses
exact bounded decompositions. In the C*-algebra setting the possibility
of bounded decomposition is already known (it follows e.g. from Ster-
mer’s theorem) and in fact with a better bound (1 instead of 3) than
is given in lemma 1 below. The merit of our proof of existence of bounded
decompositions (see lemma 1 below) is that it is simple, and moreover
uses only a very weak property of two-sided ideals, which can be de-
cribed as orthogonality in the sense of the norm, modulo intersections.
A further investigation of this property will be carried out in a sub-
sequent publication [8].
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1. LEmMMA. Let A be .a normed linear space. Let J,...,J, be closed
subspaces of A such that for each k=1, ... ,n the canonical linear isomor-
phism

ot -+ T+ ... +) 0Ty > (Jot oo+ 1) [ iia

18 an isometry. Let x be an element of Jy+ ...+J,. Then there exist
xg€dy,...,x, €J, such that x=xy+ ...+, and for each i=0,...,n,
llsll < Bllec]].

Proor. We shall prove by induction the stronger version of the state-
ment obtained by replacing the estimates |jz;|| < 3||z|| by
ol = (2+e)l=[l ,

where ¢ > 0 is fixed but arbitrary.

The conclusion is trivial for n=0. Suppose that k=0,1,... and the
strengthened conclusion is known for n=#%, and suppose that the hy-
potheses are satisfied for n=k+1. Denote by ¢ the canonical linear
map A > A/J;,;. Then

P(Jot ...+ i) = (Jo+ ... +J3),

so there exists y € Jy+ . . . +J; such that p(y) =¢p(x), that is, x —y € J ;4.
Moreover, since the canonical isomorphism of (Jo+...+J )/ pe
with

(Jot+ .o+ ) (Jo+ ... +J) NSy

is isometric, ¥ may be chosen with norm less than (1+ ¢')||p(x)||, where
&' > 0 will be specified later. By the inductive assumption, y=xy+ ... +x,
with z, e J,, . ..,2, € J; and

lleoll = 2+&")yll, ..., el = (2+&")llyll
where &'’ > 0 will be specified. Moreover, with z, ., =x—y,
Thpra € and  [mpell = Jlell+ iyl -
Thus, z=y+(x—y)=2¢+ ... + %4, and
ol = (24+&")A+&)ll, .., [l = (2+")(1+)l],
sl = (2+&)]]| -
With ¢ and &'’ sufficiently small that 2¢'+¢&"" +¢&'’¢' <¢, it follows that

Zy, . . .,y Vverify the strengthened conclusion for n=%k+1.

2. ProBLEM. The case in which A4 is two-dimensional with unit ball
a parallelogram shows that the bounds |j;|| < 3|l (actually |jz|| < (2 + &) )
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cannot be made sharper than |z, <2|z|. Can these “best possible’”
bounds be realized? If the orthogonality hypothesis is strengthened to
be symmetric in Jy,...,J,, it seems reasonable to ask for the bounds
[l < [l2]| (or at least |j;|| < (1 + &)]l])).

3. THEOREM (Dauns-Hofmann). Let A be a C*-algebra, let x be an ele-
ment of A, and let f be a bounded continuous scalar-valued function on
Prim A4, the space of primitive ideals of A endowed with Jacobson topology
(3.1 of [6]). Then there exists a unique element fx of A such that

(fx)(@) = f(t)x(t), tePrimAd,

where x(t) for t € Prim A denotes the canonical image of x in Alt.

Proor. We may suppose that 0=f<1. Fix n=1,2,.... Let
f—l(](i— Dn-1, (i + l)n—l[) =U; i=0,...,n

Set PrimA =X, Set
nteX\UitzJi, 1 =0,...,n.

Then, since U?_, U,=X, we have 37  J,=A (if 3 ,J;+A then by
1.8.4 and 2.9.7 (ii) of [6] there exists € X such that 37_, J,<¢; that is,
teNP, X\ U,=@). Hence by lemma 1 (in which J,,...,J, satisfy
the orthogonality condition by 1.8.4 of [6]), =37 ,x; with |jz;|| < 3|z||,
1=0,...,n. Set

Yo in e = g, .

Fix te X. Then for each 7=0,...,n, either te U,, in which case
[f@)—in-=nl, or te X\ U,, in which case x,(t)=0. Moreover, the
first possibility can happen for at most ¢=4, and i=¢,+1 for some
1,=0,...,n. Hence

£ @)2(®) —ya®)] = [IZiso (fE) —in)2y(t)
20 L) =i |ly(2))]
n=1 30 )l £ 6nYa]

=19

l(/\ IIA

Since ||y||=sup, x|ly(¢)|| for any y in A (2.7.3 of [6]), the sequence y, is
Cauchy, and by the preceding inequality the limit satisfies the require-
ments for fx.

4. TaroreM (Alfsen-Effros). Let A be a real Banach space, let x be an
element of A, and let f be a bounded continuous scalar-valued function
on Prim A, the space of primitive M-ideals of A (see II, section 3 of [4])
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endowed with the structure topology (II, proposition 3.2 of [4]). Then there
exists a unique element fx of A such that

(fx)(t) = f(t)x(t), tePrimd,

where x(t) for t in Prim A denotes the canonical image of x in Aft.

Proor. (For notation, the reader is referred to [4]). The proof is a
word-to-word translation of the preceding one. That the intersection of
M-primitives forming a closed set (X \U,) is an M-ideal follows from
the fact that each M-ideal is an intersection of M-primitives (use II,
proposition 3.5a of [4] and the observation made directly from the defi-
nition of a primitive M-ideal that the norm of an element is the supre-
mum of its norm in primitive quotients). Thus the J,’s are in fact M-
ideals, and it follows from (II, corollary 2.4 of [4]) that their sum is
also an M-ideal and that they satisfy the orthogonality condition of
lemma 1.
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