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ON THE APPROXIMATION OF QUATERNIONS

ASMUS L. SCHMIDT

1. Introduction.

For any irrational quaternion & the approximation constant is defi-
ned as

C(§) = lim sup(|g||ég—p|)*,

the limsup being extended over all p,ge H(g + 0), H being the ring
of quaternion integers (in the sense of Hurwitz).
In a previous paper [3] I showed that C(&)=(2.51)}, unless & is equi-
valent to either
£ = 1+ H(1+5i+ 31— 50
or
& = +3(1-5Yi+H(1+5%)].
For &~ &, or £~ &, we have C(&) = (5/2)t
In this note I shall prove the following

THEOREM. For any « € R\ Q, the quaternion
p(o) = $(1+j+ (@ —j)a)

has the approximation constant

Clp(x)) = 24 M(a),
where
M(«) = limsup(lo||xe —=])?,

the limsup being extended over all m,p € Z (o +0), ts the real approximation
constant of x.
ReMark. Notice that by the approximation theorem of Markoff-
Hurwitz (cf. [1]) we have
{Clp(x)) ] »€ RN Q}N10,3-273 = {(}(9-4-Q?))| Qe 4},

where
A = {1,2,5,13,29,...}
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is the set of Markoff numbers. In particular, 3-2-t is an accumulation
point of the approximation spectrum of quaternions.

Notice also that by the result of M. Hall, Jr. [2], every number ¢
6.1007-2-% belongs to the approximation spectrum of quaternions.

2. Two lemmas.

For convenience we put

Cy(p(x)) = limsup(|q| lp(x)g—p))~?,

the limsup being extended over all p,ge H(g+0) with pg-!e ¢(Q)-
Similarly we put
Cy(p(x)) = limsup(|g| |p(x)g—p)*,

the limsup being extended over all p,g € H(g+0) with pg ¢ ¢( Q).

LemMA 1. For any « € R\ Q we have

Cy(p(x)) = 27t M (a) .
Proo¥r. Let zfo, where z,0 € Z,0+0, be any irreducible fraction. Then

p(zfo) = ¥(1+j+(E—j)nfe) = (e+mi+(e—7)j)(20)72,
where

N(e+mi+(e—m)j) = 2n*—mo+0%), N(2¢) = 2-2¢*.
Since g.c.d. (7,0) =1, also g.c.d. (n%—mp + 02, 20%) =1, hence putting
p = (e+mi+(e—n)j)1—9)7, ¢ =e(l+9),
we find that
p,ge H, ged(N(p)N(g) =1 ¢l=fe)=ps?.
Finally, for any x € R\ Q
(lgllp(x)g—2I)~* = (lg1*lp(x) — ple/o) )

= (N(@)13E—3)x— o))
= (2022~ Ha—mfo|)?

= 27¥(lo| log —=l)~* .
Altogether this proves Lemma 1.
LeMma 2. For any « € R\ Q we have

Cylp() S (8/3)* .
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Proo¥r. From the results of [3] it follows easily that there is a unique
«chain of Farey simplices
FSO,F8®, ... ,F8™, ..

containing ¢(x). Also, with a suitable enumeration of the vertices of
F8™,
FS® = FS(po(@,), .., 5(gs))

has the following properties for all n € N,

@) 2" (G™) e p(Q),

(i) N(g;™) = ... = N(g:"),

(iii) Hp™(g") 7+ . .. +25"(8™) ) € 9(Q)
(iv) @(R) L aff(p™(g™) 7, . . ., 2™ (gs™) ) «
Consequently

(o) = 2™ ™)1 > [H(Pa™(ge™) 7+« o« + p5™(g™) 7 — o (g ™)
= (3/8)Hgm|-2
forl=2,...,5.
By Theorem 2 of [3], this proves Lemma 2.

3. Proof of Theorem.
Clearly
C(p(x)) = max(Cy(p(x)), Ca(p(x))) -
Hence in case Cy(p(x)) 2 (8/3)}, it follows by Lemmas 1,2 that
O(p(a)) = Cy(p(e)) = 27 M () .

In case O,)(p(x))<(8/3), it follows by Lemma 1 and the theorem of
Markoff-Hurwitz that M(«)= 5% and that « ~ }(1+ 5%) (in the real sense).
It follows easily that either ¢(x)~ &, or ¢(«) ~ &, hence

Olpla)) = (5/2)F = 27 M ().

REFERENCES

1. J. W. 8. Cassels, An tntroduction to diophantine approximation, Cambridge University
Press, Cambridge, 1957.

2. M. Hall, Jr., The Markoff spectrum, Acta Arith. 18 (1971), 387-399.

3. A. L. Schmidt, Farey simplices in the space of quaternions, Math. Scand. 24 (1969),
31-66.

UNIVERSITY OF COPENHAGEN, DENMARK



