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ON FORMAL GROUPS AND SINGULARITIES IN
COMPLEX COBORDISM THEORY

NILS ANDREAS BAAS

1. Introduction.

It is natural to ask if there is a tower of homology theories between
complex bordism and ordinary homology theory. Or in other words if
there is a tower of spectra factorizing the so-called Thom-map

MU — K(Z) .

As pointed out in [4] and [5], one way to do this is to introduce bordism
theories based on manifolds with a suitable type of singularities. Intro-
ducing singularities corresponds to killing certain bordism classes. The
main problem up to now with these theories has been that one has not
been able to show whether they are multiplicative or not.

So one may ask if there are other ways to obtain towers of this type
in which the spectra are multiplicative. We will here show that some
towers can be obtained by extending the Quillen—Adams’ splitting method
based on formal groups in complex cobordism theory. The theories we
get from this method are multiplicative by construction, but they have
larger coefficients than Z.

But not all theories can be obtained by the idempotent method,
namely those having just a finite number of ‘‘polynomial” generators in
the coefficient-ring. We will see that we then get coefficients Q which of
course is considerably less interesting.

2. Theories constructed by singularities.
We recall that
e (MU) = Z[xg,%4,. .+, %gpyse -] -

Let &% be a collection of unitary manifolds and D(&¥)<Z+={1,2,...
n,. ..} such that

S = {Si}'is D)
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and passing to bordism classes we have that
[8;] = @y .

By the methods of [4] we now introduce the collection % as singulari-
ties and obtain a geometrically defined homology theory whose represent-
ing spectrum we denote by MU(Z).

The results of [4] give

THEOREM 1. For any set & as described there exists a spectrum MU(S)
and map
MU - MU(S)
such that

T(MU(F)) = Zlwy | i € Z+—D(F)]  (additively)

and the map induces the canonical projection on the coefficients.

Let
Lo Py P

be a sequence of manifold collections satisfying
g=SfKH<SfH<..cHHhc...c=U1 %

where D(%,,)=Z+ such that %, contains a manifold representative for
every polynomial generator.
By application of Theorem 1 to all the %,’s we get a tower of spectra

MU(&) = MU
v

'
MU(S,)
{
'
MU, = K(2)

and
no(MU(S,) = Zlwy | i € Z+=D(F)] .

This is the general setting for constructing towers and we can now
specialize the ¥,’s to obtain towers of particular interest.
For example if we choose &, such that

Z+-D(&) = {1,2,...,n}



ON FORMAL GROUPS AND SINGULARITIES . . . 305

we get the tower considered in [4] and [5] with

MU(S,) = MU
and
T (MURY) = Z[x,,. . ., %] -

We asked if the following two statements were equivalent

I. MU (X) > MU{n)(X) is epic,
II. hom dimyy, MU (X)<n+1.

This question was motivated by work of Conner, Smith and Johnson
(see [7], [9]).

But later on Johnson found a counter-example for n =2 showing that
I. is not in general equivalent to II. Then Johnson and Wilson (see [10])
discovered that if the question is considered one prime at a time, the
statements are equivalent. So for a fixed prime p one introduces Q,-
coefficients in the theories M U(¥,) where &, is such that

Z+_D('Z¢) = {p—l,pz—-l,. . .,pn_l} ’

and we obtain the so-called BP-tower since MU(S,)Q

, i8 the Brown
Peterson spectrum for the prime p:

BP

BP{0) ~ K(Q,) .
We recall that

7 (BP(n)) = QplZap-1)s- - > %apn-] -
We now quote the following interesting result of Johnson and Wilson
[10]:
THEOREM 2. For a finite CW-complex the following statements are equiv-
alent:

(i) hom dimy,; QP,MU Qu(X)=n+1.
(ii) hom dimpp, BPy(X)Sn+1.

Math. Scand. 33 — 20
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(iii) The map BP,(X) - BP{(n)4(X) is an epimorphism.
(iv) The map
BP{n)y @pp, BPy(X) - BP{n),(X)

88 an tsomorphism.

We should also point out that in the cases where Z+— D(,) only
contains elements of the form p/—1 the cohomology of MU(%,) has
been calculated as a module over Steenrods algebra in [6]. We get

THEOREM 3.
H*(BP<n>; Zp) ; A/A(Q()’ Ql; LA ,Qn)
as left A-modules where A 1s Steenrods algebra mod p.

Other interesting results on the spectra BP{n) have been obtained
by Wilson [15].

3. Theories constructed by formal groups.

Let us start by recalling from [2] that for any positive integer d one
obtains a map of ring-spectra

e(d): MU Z[d-1] > MU Z[d-1]

where MU Z[d-1] is MU A (Moore spectrum of Z[d-1]). The action on the
coefficients is given by
[CP"] if n = —1modd

G(d)[OPn] = { 0 if n = —1modd

We also have that e(d)2=e(d) and for any two integers d and &, e¢(d) and
¢(6) commute.

The idea of the construction of e(d) is as follows: We know from [2]
that maps of ring-spectra

g: MUR—-> MUR (Z<Rc<Q)
are in 1—1 correspondence with power series of such that
gx(@MU) = fl@MV) = 3o, dy(aMU)i+t

where MU is the canonical class in MU R*CP*) and d; € n,(MU)QR
and we assume that d,=1.

So what we have to do is to pick the right power series. The power
series Adams picks is obtained by a modification of the logarithm of
the universal group law u in complex cobordism. For if
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log xMU — zigo mi(xMU)i+1
with
m; = [CPY)(i+1)en,( MU)RQ
Adams defines

mogzMU = 3. o (g m;)(@MU)i+1
from which it follows that

flz = exp mogz.
Then he takes

mogz = logz—d-logé&,z+ ... +log&;z]
giving
f2 =2 (d) {2+, ..+ ,£;2)

where &,,...,£&; are the dth complex roots of unity. It is easily seen that
f~1z and hence fz in have coefficients in

ae(MUZ[dY]) = a, (MU) Q Z[d-1]

and the corresponding e(d) will have the required properties.
Let D<Z+ be a multiplicatively closed subset, and order its elements
into a sequence

D = {d,,dy,...,dy,...}.
We will now define an idempotent ¢(D) — depending on D,

e(D): MUR - MUR
where
R = D'Z = Z[d,"\,d,7}, ..., d;%,...].

We simply put
e(D) = Hd,,ep e(dy)

where TT means composition, and this is well-defined since the product is
convergent in the complete and Hausdorff skeleton filtration topology of

MUR*MUR).

Analogous to the case of e(d) we read off ¢(D)’s effect on the coefficients
to be
a _ JICP?] if n %= —1modD.
e(D)[CP] = 0 if n= —1modD.
and clearly

e(D)? = e(D).
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For any complex X consider
e(D)*: MUDZ*(X) -~ MU D'Z*(X)

Ime(D)* is a new cohomology theory and by Brown’s representation
theorem it is representable by a spectrum MU(D) and since e¢(D) is a
map of ring spectra it will be multiplicative. We also have canonical
maps of ring spectra making the following diagram commutative

MUDZ 2, yup-z
E3)) iD
LMU(D) J

npoip = id: MU(D) - MU(D) .

such that

It remains to calculate m,(MU(D)). By passing to the indecomposable
quotient and studying the effect of e(D) there — as in [1] — we get that
(M U(D)) is a polynomial algebra over D-1Z. We only have to find
the dimensions of the generators. Since the CP™s represent polynomial
generators in 7, (MU) ® Q, e(D)’s effect on the CP™’s gives that

7a(MU(D)) ® Q = Qlugq_y | i € Z+—(D)]

where (D)=Ug,p(d;), (d;) is the ideal generated by d;, and hence there
exist w,’s in 7 (M U(D)) such that

7a(MU(D)) = D1 Z[wyy_y | i € Z+—(D)] .

Analogous to the situation in [1] we have that n, (MU D-1Z) is a free
module over m,(MU(D)), and representing the basis elements by maps

Ji: 8" > MUDZ
we then consider the map
9: V:8"® A MU(D) > MUD-Z
whose sth component is given by the composite map
S A MU(D) 122, MUD-1Z A MUD-Z — ™~ MUD-Z.

Clearly g induces an isomorphism of homotopy groups, so we have a
splitting
MUD?Z = \/;8"®MU(D) .

Let us collect the results in:
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THEOREM 4. For any multiplicatively closed subset D of Z+ there exists
a ring spectrum MU(D) with the following properties
(1) MUD-Z ~ \/; S"OMU(D).
(ii) The inclusion
ip: MUWD) > MUDZ
and the projection
np: MUDZ - MU(D)
are canonical.
(iii) x(MU(D)) = D1 Z[wy;_y, | 1 € Z+—(D)] .
for suitable w’s in 7, (MU(D)).
(iv) If Dy Dy=Z+ and D,, D, and Dy,— D, are multiplicatively closed
then there are canonical maps
#(Dy, Dg)
(D1, Dy)

such that 71(Dy, Dy)os(Dy, Dy) =idysyr(p,) where R=D, 1Z,
Furthermore we have

MU(D,)R MU(D,)

MU(D,))R = \/; S"®MU(D,) .
In fact by composing $(Dy, D,) by the inclusion map
MU(D,) - MU(D,)R
we have a canonical map
MU(D,) - MUD,) .

Proor. The only remaining point is (iv) which follows from the fact
that
e(Dy) = e(Dy—Dy)oe(Dy) .

And the wedge-splitting comes from an argument analogous to the proof
of (i).

We have determined n, (M U(D)) so it is natural to ask for the coho-
mological structure H*(MU(D); Z,) for some prime p.

Let R=D-1Z. The universal coefficient formulae (R is not a
finitely generated abelian group!) give

H*MUR;Z,) = R®,Z, H*MU; Z),
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and clearly H¥MU(D); Z,) sits as direct summand in H¥MUR; Z,)
which is zero if p is invertible in R or in other words p € D.

We know from Milnor [12] that H*(MU; Z,) is a free A/(Q,)-module
where A is the mod p Steenrod algebra. So from these facts we conclude:

TuEOREM 5. H¥(MU(D); Z,) is a free A[(Q,)-module if p ¢ D and st is
trsvial if p e D.

REMARK. The number of summands of A/(Q,) is a decreasing function
of the number of elements in D.

Let us now specialize D. For a fixed prime p let D= D(p) so that

Z+—D(p) = {p,p?...,p"%...}.
Then we see that

MU(D(p)) = BP
the Brown-Peterson gpectrum for the prime p as given by the Quillen—

Adams construction (see [2] and [14]).
Furthermore let P, be the set of all primes ordered into a sequence

P°° = {pl’pm-- sPns- - .},

Pn = {pl’Pz’- . '7pn} ’
pr = {pn+1:pn+2" . '} ’

let

and let (P,)-, (P™)~ denote the multiplicative closure of the sets.

We now apply Theorem 4 and obtain spectra M U(P")~ and these are
obviously generalizations of the Brown—Peterson spectrum to a collection
of primes P, instead of just a single prime, so we will denote them by
B(P,). And from Theorem 4 it also follows that

n*(B(Pn)) = (npePn Qp)[w2(i~l) I S (Pn)— = Z+— (Pn)-—]

for suitable w’s.
Furthermore we deduce

B(P,,11)Z[1/pp4q] ~ Vi S0 B(P,) .
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In fact we have a tower of ring-spectra

B(P,) = MU

B(P,) = BP for the prime p,

and we see that this tower extends naturally the tower of BP{n)’s con-
sidered in section 2.

Localization at a collection of primes instead of just a single prime
has been emphasized in [13] and it seems natural that the B(P,)’s will
play the same role with respect to P,-torsion as BP,, , does for p,-torsion.

The two towers we have mentioned are very different in many ways.
The B(P,)’s are ring-spectra by construction, for the BP{n)’s the ques-
tion is open. Also the cohomological structure is rather different.

One could possibly ask if spectra of the BP{n)-type could be obtained
by the splitting method used to obtain the B(P,). The answer is no,
because we would then have to take

D= {pln+l’p2’p3" . '}_
Z+— (D) = {pl)plz’ cee ’pln}s

D-1Z = Q

such that

but then

so we would be reduced to the case of Eilenberg-MacLane spectra.

We could also see this in a different way. If spectra of the type BP{(n)
should split off from MUR (for some R) the corresponding projection
map would be epic for any space contradicting the results mentioned on
homological dimension. So at the moment the only way to construct the
BP{n)’s is by using bordism theory of manifolds with singularities.

4. Remarks.

The idempotent splittings here have been constructed in a different
way from Adams’ in [1]. There he first splits K-theory with coefficients
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R (or the classifying space BU R) and then lifts the splitting to cobordism.
So it seems natural to ask when splittings of the type considered here,
obtained in cobordism by formal group laws, or other methods, can be
pushed down to K-theory via the Thom-isomorphism to obtain a split-
ting of BU R for suitable R=D-1Z. Would then the component we split
off —say (BUR)” — serve as some sort of classifying space for MU (D)
such that MU(D) could be viewed as the Thom-spectrum of the R-
localized universal bundle pulled back to (BU R)™? If so it would mean
that 7,(MU(D)) classifies U-manifolds with a lifting of the R-localized
normal bundle to (BUR)". It would certainly be interesting to have a
geometric interpretation of these spectra — say BP.

As suggested for the splitting in [1] one should also have Conner and
Floyd type theorems.

For the theories M U(D) it is important to have polynomial generators
in n,(MU(D)) with “nice” properties. In the case of BP it has been
shown by Liulevicius [11] and Hazewinkel [8] that

7ix(BP) = Q,[vy,...v,,...]

where degv,,=2(p"—1) and such that the image of v, by the Hurewicz
homomorphism can be given explicitly. The v,’s can be considered as
elements in 7,(MU Q,). Liulevicius then conjectured that v,’s actually
lie in 7, (M U). This has been proved by Alexander [3]. It seems natural
to guess that there are polynomial generators with the same properties
for the spectra M U(D).
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