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ATTRACTIVE FIXED POINTS AND
CONTINUED FRACTIONS

JOHN GILL

The iteration of a Mobius transformation with distinct fixed points
has a very concise and descriptive representation.

Let
az+b
1 = -
and
(2) Ti(z) = t(z), Tu(2) = T,4(t2)), n=2,3,4,....
Then
T.(2)—u 2—1u

3 SR
®) T.(2)—v K 2—v

where u and v are the fixzed points of t, u+v. K=(a—cu)/(a—cv) is the
indicator of ¢, with w and v chosen so that |K|<1. If |K| <1, then u is the
attractive fixed point of ¢ and v is the repulsive fixed point of {. A more
complete discussion can be found in [1].

A periodic continued fraction

b b

) d+d+...

may be interpreted in this notation. In (1) let @ =0, ¢=1. Then, in place
of (8) there is the indicator form of (4):

(5) (T(0) = u)/(T1(0) —v) = (wfo)r+t = Kn+t,

where T',(0) is the nth approximant of (4) and tends to w if |u| < |v].
(5) may be written in a form which gives the exact a priors truncation
error for (4).

(6) T,0)—u = —uK™1-K)[(1-K").
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If |K| <%, then a convenient estimate obtained from (6) is
(7) IT(0) —u| < |u|lK[*1.

Much of the remainder of this paper is devoted to using the contrac-
tive power of Mobius transformations, as quantified by the indicators,
to induce convergence or at least boundedness of compositions of trans-
formations giving rise to continued fractions not necessarily having a
periodic or limit-periodic structure. Specifically, a truncation error esti-
mate is obtained, having a form somewhat similar to (7). Information
on the limit-periodic case can be found in [2] and [4].

Set

t,(2) = b,/(z+d,), n=1,2.3,...,
Ti(z) = t,(2), Tp(z) = T,1(t,(2)), n=2,3,....
Let w, and v, be the distinct fixed points of ¢,, and K,=wu,/[v, be the

indicator of ¢,. Assume |u,|<|v,|. T,(0) is the nth approximant of

(8) by b, U0 UgVy
dyi+dog+ ... U+V—UgFVy—. ...

The theorem that follows provides, among other things, a truncation
error for (8) in terms of the indicators, {K,}.
Set
T, Mz) = tyotyq0...08,(2) n2h,

F [ [oa! 1] - h=1,2
L= | I =1,2,....
[%p 41— Up| + [%p 41

Define s, (when it exists) by

[ps1—up| = (L4+8p)|upals 0 < 8 S |wpfUpial, |wal, [wpia] + 0.

v -1
_ [ [0l +1] '
Sp| U4l

If s, exists, set

THEOREM 1. If
(1) O<m<|u<M<oo, j=12,...
and
(i) Jogl > Lllugea —wgl + lugal), 422, j=1,2,...,
then
(a) ITM0)—up| < [uplFp, h=1,2,... hsn.
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If, in addition to (i) and (ii), also
(i) TIZ, (1-4)2K;| =0
18 satisfied, then lim,,_, T,(0) exists,
(b) M T,(0) —u,| = |uy|Fy
and the truncation error can be estimated by

(c) |7,(0) =im T,(0)] = 2u,|(Z,— 1)1 TTt ™! [(1 =172 K]
2M I ' [(1— L) K]
21 4TI K.

A IIA - TIA

Finally, of (1), (ii), (iii) and
(iv) s, extists for some h
all are satisfied, then

(d) [up| G, < T, 2(0) —up| < |uy|Fy, .

RemArk. The apparent complexity of (iii) is misleading. This condi-
tion is merely a relaxation of J]{° (4|K;|)=0.

Proor. Consider the disk
Clen,uy) = {21 [t,(2) —u,| Se,}
= {z : |z_un| écnlz"(un'i'vn)l} s
where ¢, =¢,[|u,| <1.

C(e,,u,) is a circle of Apollonius with respect to the points u, and
u, +v, (see figure). If ¢, <1, then one may define

(9) Nep,up) = t,(Clen,u,)) = {2: [2—u,|Se,} .
Computation provides the following expressions for the center g, and
radius R, of C(e,,u,).

(10) In = tUn—Cy Vp(l—c,%) 7",

(11) R, = culvnl(1—0c,?)7 .

The procedure is to determine a sequence {,} sufficient to guarantee
the following three conditions

L t,(Clen,u,)) = N(eyou,) n=1,2,...,
2. 0 e C(e,,u,) n=12,...,
3. N(e,,u,) < Clep_y,Up—1) n=2,3,.
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Then T ,*0) € N(gp,up) h=1,2,...; n=h (see figure).

C (Gh.,,uh"

Condition 1. holds if 0<c, <1, that is,
(12) 0 < e, <|u,l.
Condition 2. is equivalent to
(13) e 2 [Ul?/ |10+,

Condition 3. requires a certain overlap of circles (see figure), which is
equivalent to the inequality

(14) Iu-n+1'—gnl+8n+1 = -Rn .
Using (10) and (11) we find

Iun+1_gnl +ént1 = lun+1_’un| +éppat lun —gnl
= Rn+ Iun+1_un| +€n+1—cn]vn|(l +cn)—1

The right side of the last expression is less than or equal to R,, provided

lun+l - unl = cnlvnl(l + cn)_l —Ept1>
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or, by (12), if
lun+1_un| = Cn’vnl(l 'l'cn)—l~ Iun+ll ’

which in turn is equivalent to

(15) [unlF < &
If we require

ivn‘ > ln(lun+1—unl + lun+1l)’ ln 22 s
and set ¢, = |u,|F,, then the sequence {¢,} satisfies (12), (13) and (15):
0< |un|2/|un+vn| S |u,F, = &, < |u,l,

as is easily verified.
We have seen that T',*(0) € N(e;,,u,), so (i) and (ii) imply

[T M0)—up| < |uplFp, h=12,...,
which proves the first part of (a).

The convergence of {7,(0)} is shown by the following argument. Con-
sider a disk

D= {z: |z2—c|<r} < Cleg,u,) .

Then, D'=t,(D)={z: |z—¢'|<r'}<N(e,,u,). The points ¢ and oo are
symmetric with respect to D. Therefore, t,(c) and t,(c) are symmetric
with respect to D’. This gives

P2 = |6t 0 — ' (U + 0 — ) [t + 0, — |,

and
r? = lun+vn_c|lc'(un+vn_6)_unvnllc’l_l .
Thus,
r'lr = |c'|[|wy+v,—¢| .
Now,

ICI] = lunl + IC, '—unl < Iunl +é&, < lun[ + Iunl(ln"’ 1)—1
= |u,/(1=1,71)71,

together with ¢ € C(e,,u,) and u,+v, ¢ C(e,,u,) imply

Iun+vn~cl > Ign+ann/[vn|_(un+vn)[
= !unvnl/([unl + &)
> |'Unl(l—ln_l) ’
give
7"/7' < ]un/vnl(l—ln_l)—z = IKnl(l—ln_l)_z .

It follows that
diam T,(Cleg, %)) < 2lw,|(L,— D)2 TIT ™ IEI(1=471)72,
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and {T',(0)} converges to a limit in N(e;,u,). An a priori truncation error
estimate is given by
T(0) —Hm T(0)] < 2Ju,| (8~ 1)~ TTT ™" [1EG1(1=1,71)72]
S 2M I 4K,
This proves (a), (b) and (c).
The relationship between |K;| and I; is
K| < 11,

since [v;] > Li(|w;43 —w;| + [uj44]) 2 Uluyl.

When ¢, < |4y, — 4| hypothesis (iv) allows a slightly sharper formu-
lation of the region containing 7',*(0), for n 2 k. t;(N(ep41,%p1)) is & disk
properly contained in an annular region with center u,, outer radius
&, = |uy|Fy, and inner radius J, yet to be determined. Clearly T,*(0)
lies in this ring.

Assume

[Upa—upl = (L+8p)upsal,  0<8, S |up/upiql -

(A more precise criteria could be obtained from
[Uns1—unl = (1+8p)[UpsalFpsy 5
but this is difficult to apply in practice.) Let
On = lup|(|val/spltpsal + 1)1 = us|Gy

which is equivalent to
lupldp™ = Gp~1.

If x;, and 7, denote the center and radius, respectively, of #, (N (8, %)),
then an easy computation using (11) yields

G Mol (G 2= 1)1

=7'h.

SplUp11] — 0p)(Gp2— 1)1
We also find

|p — Up4a] [Up 41— Up| — [04|(GR~2— 1)1
[tp 1] + [SplUpal — Al (G2 —1)71]
[upsa| Fpsr+1s

Ep+1tTh

v v

so that
IntC(y,up) N Int N(ep 1, up4q) = 9,
and this implies
[unlGn = |TRM0) —up| S |uplFy
which proves (d).
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ExamprE 1. Let |u,|=10, |v,|=100, s, =.9. Then convergence occurs
and

.825 £ |lim7,,(0)—u,| < 4.085.
A truncation error estimate for n=26 is

|T6(0) —lim T, (0)] < 4x 1014,

ExampLE 2. Consider the periodic continued fraction given by u, =1,
v, =10. Error estimates are derived from: 1. The Parabola Theorem [5],
2. Theorem 2.3 of [3], 3. Theorem 1 of this paper, and 4. the indicator
form [5] giving the exact error.

1. 2. 3. 4.
|T4(0)—Lm7T,(0)] < 8.2x10-3, 9.7 x 10-4, 5.7 x 10-5, 9x 10-7 .

We conclude with an application of the geometrical techniques devel-
oped for theorem 1 to a certain type of limit-periodic continued fraction,

(16) |

1 ] ,  Wwhere a,(2) = u,2(u,z+1), 2+0.
1

THEOREM 2. If
(i) {lu,|} decreases monotonically to zero,

(i) |u,z—%|l <&, and

(i) |Upiq—Uy| < |y, are all satisfied with regard to (16), then (16) con-
verges, and an error estimate 1s given by
(17)  |T,(0) —Lim T, (0)]

< 2lz]* Ju| TI7 lag(@)I (w2 + 1] — |uy2] — [u492])72
REMARks. The fixed points of ¢,(w)=a,(2)/(1+w) are wu,z and

—(u,z+1). Conditions (i), (ii) and (iii) insure that N(|u,z|,u,2)<
C(|u,_s2|,u, _42), and the proof is similar to that of theorem 1.

The following two examples provide applications of (17) of theorem 2.

ExampLE 3.
[1 / ('n + 3)] *
1 n=1
actual error error-estimate

n =25 1x10-5 2.5x 10—
n==~6 1x10-6 5.5 %105
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ExAMPLE 4. zf(2), where

=[5 .

1 n=0

the continued fraction of Ramanujan. Let z=4,.

actual error error estimate
n=2 1.3x10-5 5.9x%x 104
n =3 3.3x10-° 1.5 x 107
n =4 5x10-14 2.3x10-12
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