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QUASI-DIRECT DECOMPOSITIONS OF TORSION-FREE
ABELIAN GROUPS OF INFINITE RANK

L. FUCHS and G. VILJOEN

In memoriam Aleksandr Gennadievié Kuros.

All groups under consideration are torsion-free abelian groups, written
additively. For unexplained terminology and notation, the reader is
referred to [4].

Jénsson [6] was the first to observe that the direct decompositions of
torsion-free groups of finite rank into indecomposable summands need
not be unique up to isomorphism. In another paper [7], however, he
pointed out that if isomorphism is replaced by a weaker equivalence
relation, called quasi-isomorphism, then uniqueness can be restored by
establishing a Krull-Schmidt type theorem.

For groups of infinite rank, a new phenomenon arises. It was shown
by Corner [2] that there exists a group 4 of countable rank such that
A=BpC=3y__E, where B, C are indecomposable of rank R, and £,
are indecomposable of rank 2. Consequently, summands of direct sums
of finite rank groups are not necessarily direct sums of finite rank groups.
They need not even be quasi-isomorphic to such a direct sum, but Cor-
ner’s example indicates that they are actually not far from being so.
We wish to show, as a matter of fact, that by replacing quasi-isomor-
phism by a somewhat weaker relation, summands of arbitrary direct
sums of finite rank groups will belong to an equivalence class containing
direct sums of finite rank groups (Theorem 4). This result can also be
interpreted as an analog of the celebrated Baer-Kulikov-Kaplansky
theorem that direct summands of direct sums of rank 1 groups are again
direct sums of rank 1 groups.

Some theorems on completely decomposable and separable groups can
be generalized in our new setting (Theorems 1-3).
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1. Quasi-direct decompositions.

Let G and H be subgroups of a torsion-free divisible group D. Then G
is said to be quasi-contained in H, in notation: @< H, if nG@ < H for some
integer n > 0, and quasi-equal to H, G~H, if both G < H and H <G hold.
A group K is quasi-isomorphic to H if K~ @ with G~H; in this case,
we write K ~H.

Let G and H be as before. We shall say: G is locally quasi-contained
in H, @< H, if for every finite rank direct summand £ of D we have

(1) GnNnE<HNE.

The definitions of local quasi-equality G~*H and local quasi-isomorphism
K ~*H are analogous.

It is obvious that for groups of finite rank, the local and the global
properties coincide. It is straightforward to check that the relation <
is reflexive and transitive, while both ~' and ~- are equivalence rela-
tions. The following observations are elementary.

(a) To check (1) for some Z, it suffices to show that GNnE'<HNE'
for some summand E’ of D containing E.

(b) If D’ is a summand of D, then G<'H [G~* H] implies GnD’' <"
HnD' [GnD'~HnD'].

(e) If Gy~ H; for i €I, then

@Dier G5 ~ Duer Hy s

and similarly, for ~- rather than . This fails to hold for infinite index
sets [ if ~ is replaced by ~.

If A and B are quasi-contained in @ such that Ga~A@ B, then we call
G~A@ B a quasi-direct decomposition of G, and A,B quasi-direct sum-
mands of G. The definition of local quasi-direct decomposition is ana-
logous. Similar definitions apply to decompositions with infinitely many
components. There is a third kind of direct decomposition we shall
need : this is stronger than local quasi-direct decomposition, but weaker
than quasi-direct decomposition.

Let A; (3 € I) be subgroups of the divisible hull D of G. We write

G~ @ e Ay
and call this an admissible [local quasi-direct] decomposition of G, if

(i) G~ Dier Ay
(ii) for the sth coordinate-projection ¢; of D onto the divisible hull
D(A,;) of A;, we have 0;G~A4;, for alliel.

1 In general, D(A) will denote the divisible hull of the group 4.
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Manifestly, for a finite index set I, an admissible decomposition of @
is nothing else than a quasi-direct decomposition. But for infinite index
sets I, we obtain something new, as is shown by the following examples.

ExampLE 1. Let a4,...,a,,... be a basis of a vector space D over the
rationals @, and for a prime p, define

G ={ay,...,0,,...,p™May+a,,) forall n=1).

Then G~ @;_,<a,y, but this is not admissible, since the projection o,
to the divisible hull of {a,) does not satisfy oy Ga{a,).

Exawmpre 2. Using the same notations, we now define
H = {ay,....ay,...,p™a,+0a,,) forall n=1).

Then H~" @™, {a,), but H~ ®,{a,) fails to hold.

A group G is said to be strongly indecomposable if it has no non-trivial
admissible decompositions.

Recall that an endomorphism # of the divisible hull D of G is said to
be a quasi-endomorphism of G if G <@. These 5 form a ring, called the
quasi-endomorphism ring of G. [One should note, however, that the local
quasi-endomorphisms fail to form a ring, in general!] Condition (ii)
evidently guarantees that all the projections o; are quasi-endomorphisms
of G.

By a result of Reid [9], the quasi-endomorphism ring of a group G of
finite rank is local exactly if G is strongly indecomposable.

2. Elementary properties of admissible decompositions.

We are going to list a few elementary properties of admissible decom-
positions which will be required in the subsequent discussions.

(A) If G D" A; and if A;~B; for every i, then G~ ®" B, too.

B) If G @145 and if A;n @4 ;0y5, then G @7, ;04 too.
(The converse implication fails unless J is finite.)

(C) If G~ D" A;, then GnD(A4;)~4;.

(D) If GaB®C and if BKX <G, then X~B®(CnX).

The proofs of (A)—~(D) are straightforward from the definitions, and
therefore may be left to the reader.
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(BE) If G~ @14 and G~ @D";.;C;, and if A, is contained in
D(C;,®...®C;,) for some m, then A; s a quasi-direct summand of
C;,®...®C;,

Let ¢,: D(G) — D(4;), ¢;: D(G) - D(C;) be the obvious projections.
Then
Ojl@' . .®ij y (Uj1+ ..t 0,

Im

&3
implies
Qil(le@. . .@ij) Y Qil(()’jl—{— v e +Gjm)G o) Ail

whence the assertion is immediate.

(F) If G~ @" ;1 A; and if I=1,Ul, is a partition of I into two disjoint
subsets, then
G ~ @Aielg P4,

where @ denotes the canonical map D(G) — D(G)[D; with Dy =D(@ycr, 4,)-

To show that @G is locally quasi-equal to @¢A,, it suffices to show
that pGneD(A,;)~pA, for all ¢ € I,. This is an immediate consequence of

pd; ~ p(D(4,) N G) £ ¢(D(4;) N¢G £ @oG ~ pA;

where o, stands for the ith projection D(G) -~ D(4,). That the decomposi-
tion is admissible can be verified by using the obvious equality &,¢ =¢o;
where &; denotes the ith projection ¢ D(G) — ¢D(A;). We have, in fact,
690G =go,G~pd;.

(@) (The exchange property.) If GaX @Y with X of finite rank and
if G~B;®...®B,, then there are quasi-direct decompositions B;~
B/'®B;" (i=1,...,n) such that

(2) G~X®B'®...®B, .

If X is strongly indecomposable, then its quasi-endomorphism ring
is local, and it follows that X has the exchange property (see e.g. Reid [9],
[10]). Since every group of finite rank is a quasi-direct sum of a finite
number of strongly indecomposable groups, the assertion follows by a
straightforward induction (see Crawley and Joénsson [3]).

Note that X ~B," @...®B,", so that if X is strongly indecomposable,
then X ~B;” for some ¢, and for all other indices j, B;,’=B; may be
assumed in (2).
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3. Completely quasi-decomposable groups.

Now we turn our attention to the analog of completely decomposable
groups.
A torsion-free group G' will be called completely quasi-decomposable if

(3) G~ @ s 4,

where each A, is of finite rank. Since every group of finite rank is quasi-
equal to a direct sum of strongly indecomposable groups, we may re-
place the 4, by these direct sums to obtain an admissible decomposition
(3) with all 4, strongly indecomposable.

Analogously to completely decomposable groups, a uniqueness theo-
rem can be established, though the proof is now more laborious.

TaEOREM 1. Let
G * @Aiel 'Ai and G ° @A]‘GJ C]

be two admissible decompositions of G where all the groups A;,C; are strongly
indecomposable of finite rank. Then there exists a bijection f between the
index sets I and J such that

A; ~ Cpyy  forevery 1el .

If I is finite, so is J, and the assertion reduces to Jonsson’s theorem
[7] on finite rank groups.

Next, let I be countable; then so is J, and there is no loss of generality
in assuming [ ={1,2,...,n,...}=J. Now, 4, is quasi-contained in a direct
sum C; ®. ..® C,, for some integer m. In view of (E), 4, is a quasi-direct
summand of C; ®...PC,,. By the exchange property (G), one of these
C;, say Oy, is quasi-isomorphic to 4, and can be replaced by 4,, that is,

C,®..®0, ~A4,0C,®...®C,,.
We obtain

G A D D e Cn
If ¢, denotes the natural projection D(G) - D(G)/D(4,), then (F) implies
PG~ @ pze 4, and 90~ @z 910y -
We can now repeat the argument with ¢,C, in the role of 4,, in order to
obtain, say ¢;Cy~ @, 4, [and hence Uy~ 4,] and
P20 ~ @ 23 P2dn, P20~ D nzs P20

where @,: D(G) — D(@)[D(4,@C,) is the natural map. The existence of a
correspondence f is now clear in the countable case.

Math. Scand. 33 — 14



210 L. FUCHS AND G. VILJOEN

If the index sets I and J are uncountable, then — using a famous
Kaplansky argument — one can find well-ordered ascending chains of
subsets,

G9=Iyc...cl,c...cl =1

g T
and

g=Jyc...cJ,c...cdJ =J
for some ordinal 7, satisfying the following conditions:

1. I,.,\1,and J ,,\J, are countable, for every o;
2. I,=U,_,I,and J,=U,_,J, for limit ordinals o;
3. for every o, the divisible hulls of ®;.; 4; and ®;;,C; are the same;

let D, denote this common divisible hull.

If we denote by ¢, the canonical map D — D[D, (where D= D(Q)),
then (F) guarantees that

(PUG ' @Aiel\lq (PaAi and (puG ~ @A.‘iEI\Ia ‘Png :

Intersecting with ¢ D, .,, we have the admissible decompositions

A~ A~
D ter,01\ g p,4; and @ jedg1\ g ®,C;

of the group ¢,Gne,D,,;. This reduces the general case to countably
many summands settled above.

4. Quasi-separable groups.

A group G will be called quasi-separable if every finite subset {g,,...,9,}
of G can be embedded in (the divisible hull of) a suitable quasi-direct
summand A4 of @ such that A is of finite rank; that is, G~ ADB with
g1+ - -»9n € D(A) of finite rank and B<G. Naturally, 4 can be replaced
by a direct sum 4,®...P4,, of strongly indecomposable groups 4;.
The property of being quasi-separable is visibly invariant under quasi-
isomorphisms.

It is readily checked that the quasi-direct summand B has to be quasi-
separable, too.

Completely quasi-decomposable groups are evidently quasi-separable.
We turn out attention to a partial converse which corresponds to Baer’s
theorem that countable separable groups are completely decomposable

[1].

THEOREM 2. 4 countable quasi-separable group G is completely quasi-
decomposable.
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Let {g,,....,9,,. ..} be a generating system for G. There is a finite rank
group A; such that g, € D(4,) and G~A4,®B,. In view of the quasi-
separability of B, there is an A4, of finite rank such that B;~4,®B,
for some B,<B, and D(4,) contains the D(B,)-coordinate of g,. Then
GrA,DADB,, and ¢,,9, € D(A,PA,). Thus continuing, we obtain

G~ @& . 4,.

This must be an admissible decomposition, for the projection a,: D(G) -
D(4,) does not change when B,, are split (m = n).

It is easy to establish the following theorem (the corresponding result
on separability seems to be considerably deeper, cf. Fuchs [5]).

THEOREM 3. If G is quasi-separable and if G~B®C, then both B and C
are quasi-separable.

Let b,,...,b, € B. There exists a finite rank quasi-direct summand X
of @, G~ X@Y, such that b,,...,b, € X. In view of (G), there are quasi-
direct summands B’,C’ of B,C, respectively, such that G~XPB' PC’.
From (D) we infer that

B~ B O®IX®C)nB].

Here the group in the square brackets contains b,,...,b,, and — as is
easily verified — is of finite rank.

Our last result is an analog of the important Baer—-Kulikov-Kaplansky
theorem [8]:

THEOREM 4. A quasi-direct summand of a direct sum of groups of finite
rank is completely quasi-decomposable.

Let G=®;;4;~B®C where A; are of finite rank. Using again a
standard argument, one can find a well-ordered ascending chain of sub-
sets,

g=I,c...cl, =...cl

for some ordinal v such that
() I,,,\1I,is countable for every o,
8) 1,=U,_,1, for limit ordinals o,
(y) G,=[G,nD(B)1P[G,nD(0)] for all o, where G, =D;c1,4;.

We obtain
Ga+1 n D(B) = [Ga n D(B)] @Ba
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for some B,. Since B, is countable and since G ., can be viewed as a
quasi-separable group, Theorems 2 and 3 imply that B,~*®",, B,, with
all B,, of finite rank. Now B~"®, ,B,, is obvious. To see that this is
admissible, notice that B,, <B is clear, thus the projection 7: D(B) —
D(B,,) satisfies B, <zB. Since = can be factored as

D(B) -~ D(G,.,) > D(B,) -~ D(B,,)
with the obvious projections throughout, we have nB<B,, , too. Hence

B~"®" B,,, in fact.
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