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ASYMPTOTIC FORMULAE FOR THE COEFFICIENTS
OF A CLASS OF MODULAR FORMS

GUNNAR DIRDAL
1.
Let I'(1) denote the full modular group, i.e., the group of matrices

ab
(C d) = (@b]| ¢d) ad—be=1,

where a, b, ¢, d are integers, and I'y(n) denote the subgroup defined by
¢=0 (modn). A multiplier system »=v»(I", — k) of dimension —k, k inte-
gral, for a group I'=I'(1) is a character of the group I'. A modular form
on I' of dimension —k and multiplier system v=v(I", — k) is a function
F(7), meromorphic in the fundamental domain A(I") of I', which satisfies

F(Mz) = v(M)(cyt+dy ) F(7)

for all M=(-,- | cp,dy) € I' (see Lehner [6, ch. 8]). The set (I', — k,») of
all such modular forms is a vector space over the complex number field.
We denote by C°I, —k,v) the subspace consisting of all cuspforms, i.e.,
modular forms which are regular in A(I") and zero at the cusps of A(I').
In particular, if F(7) e (I,0,1), then F(t) is called a modular function
on I (see Ford [2, ch. 7]).

We will first determine a class of modular forms
[(7) e (Ly(@*), = k), k>0,
whose Fourier coefficients, a(n), at the cusp T=100, can be expressed as
a(n) = o(n)+ R(n)

where g(n) is given in terms of g;(n) or v ,(n), u; ,(n) (see (2,1)-(2,3))
and R(n) is a remainder term estimated by R(n)=O(n¥k).

This is a generalization of the results given in Dirdal [1], where the
author studied a special class of modular forms on I'y(3).

2.
Let

(2,1) oi(n) = 2and*,
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(2,2) U, p(M) = Damwp(d)dht,
(2,3) Uge, p(N) = Dgn@p(nfd)d*1,

Ay, = iks,(k—1)!p*(2r)* 32w (n)n*,
where

wy(m) = (m[p)  if podd,
= x(m)  if p=2

s, = i¥p-t if podd,
= —i2k1 if p=2,
Here and in the following y denotes the real character (mod4), p a prime
and (- /p) the Legendre symbol. Further B, denote the Bernoulli numbers
B0=1,B1=—%,Bz=%,B3=O,B4=_516,....

B,,=0 when k is odd and >1.

By M we will always denote the matrix M =(a,b | c,d), where a, b,
¢, d are inteters and ad —bc=1, and by T' we mean the matrix
(2’4) T = Ttl,lg,m

= (& —(a(ty+ P ) + 1)[po | P, — (8 + PP E))

where ky=2, 1<m=<k,—1, (t1+p"°“’"‘1t2,p)= 1 and x has a value such
that 1<a<p®™ and T € I'y(p**™). Here (-,-) denotes the greatest
common divisor.

By x we denote x=exp(2nit)=e(r) with Im7>0. We use [a] to

denote the integral part of @ and further we let e=0, + 1. Let f() be a
function such that

(@) = 32 a(n)an,

F(= @) = #plrdhd 3% avyan,
and

f(T7) = o(T)epr+dp)if(7), cp = p* ™ dp = —((+0"™,),

where v(T') is a constant depending on the matrix 7'. Then we put

B, p,e = 2((7-/10))=«.ﬂ>{“*(O)‘1'05(0)@"‘2 o 1 e(—=rlp)o(Ty o, kp—1)}s
1P, 8,p,6 = UO) Dripnmep 2f=0 e( =1 PIV(T g 1,m) ™" 5
for (s,p)=1, s=+1,..., + ¥ P ™ -1+[2/p]);
12,5 = a(0) ZF10(T) 0, k9-1) " H{Ztripr=eB Drim=c(rp~(s 1))
= Ziripr=e BE(r8p™) S ce(— 1PN},
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for (s,p)=1, s=%x1,..., +3(p—1), p odd;
0 = zll=0 e(— %rl)v(Tu, ko~2)_1§
oM = a(0) Zzl=0 e(— %l){”(T—l, 1, ko—z)_l +’U(T1,l, ko—2)_1} s
where § is an arithmetical function of » and

((/p)) = (r[p) if pisodd,

=7 if p=2.

Further, if f(7) is regular for Im 7> 0 and f(7) € (I'y(p*), —k,»), we shall
prove the following theorems:

THEOREM 1. Let k be even>2 and v(M)=1, when M e I'y(p*). If
ko=1 then

(p*—1)(2k)~1B,a(n)
= (a*(0) — a(0)p*)o;,(n/p) + (a(0) — a*(0))oy_1(n) + O(nt¥) .

If ko2 2, uy, ., real and u®,, o, =0, for ky>2, 1 =m=ky—2, then
(p*—1)(2k)1Bya(pn) = a(0){o}y(np~ ) — pFoy_(np~*o D)} +
+ Pk'lﬂk, D, o{0x-1(np™1) — 01 (n)} + O(ni¥) .
Further, if y®, ,=0, then
Hp—1+2/p)(P*— 1)(2k)Bra(pn+71) = — py, p, Tp-a(pn+7) + O(nt¥)
for e=((r[p)) and r=1,...,p—1.
THEOREM 2. Let p be odd, k=3%(p—1) (mod2), k>1 and »(M)=(d/p)

when M e Ty(p*).
If ky=1, then

A pa(n) = a(0)r p(m) + (— 1) pHa* (), p(n) + O(i®)
If kyz2, py p, . real and y®,, o, =0 for ky>2, 1 <m <ky—2, then
Ay, pa(pn) = a(0)vy, H(np~ D) 4 (= 1Yeph=32, ), guy, ,(n) +O(ni*) .
Further, if u®; (=0, then
Hp—1)(r[p) Ay, pa(pn+1) = (= Lfp=uy 5 0 p(pn+1)+O0(ni) ,
Jor e=(r[p) and r=1,...,p—1.
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THEOREM 3. Let k be odd>1, ko= 3 and v(M)=y(d) when M e I'y(2%).
If 6 and py o, are real, v, o, ,=0 for ky>2+¢% 1=<m=ky—(2+¢?),
then

4y .0(2n) = a(O)”k,z(n2—(k°~3)) - 2k_1Hk, 2, 0%, 2(20) + O(nik)

Further, if 60=0, then
Ay 0(2n+1) = —3a(0)0v;, (21 + 1) — 251 5 1y o(20+ 1)+ O(mi¥) .

Similarly results can be optained for a*(n). (For an example see sec-
tion 5).

Asymptotic formulae for a(n) can easily be derived from these theo-
rems. For example, if we put

e(n) = (a*(0) — a(0)p¥)oy_1(n/p) + (a(0) —a*(0))o;4(n) ,
and a(0)=+a*(0), then g(n)>C;n*-! since o;_,(n)>Cyn*-1, where O,
j=1,2 are constants. Hence putting k,=1 in Theorem 1, we have
(p*—1)(2k)1Ba(n) = g(n){1+O(n-H+1)} .
This formula is also valid when a(0)=a*(0)+0 if p|=n.

3.
We define a linear operator L, , acting on any power series

x) = > ,-n b(n)a"
by
Lp, rg(a;) = anﬂ'gN b(pn+,’-)xpn+r .
Noting that /

roe(lin—r)p)=p if n=r(modp)
=0 if n%r (modp)
we obtain

Lemma 1. If h(v) has a Laurent expansion in z, then
L, () = p 315 e(—=lrp~ k(v +1p?) .

In particular we observe L, , =L, ,, if r;=7, (modp).

Further we shall need the following lemma

Lemma 2. If k() has a Laurent expansion in x and

WM7) = o(M)(ct+d)h(t), M e Ty(p*), ky=2
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then
Sri=er Lp, AMT) = 0(M)(cT+ D) D(ripnaer L, Si(7)

if v has the property v((a,b | ¢,d))=2((a’,d" | ¢’,d")) when d=d’ (modp*?),
(a": b’ l C,yd,) € Fo(pko)'

Proor. We note that

(apt+pb)(ct+d)+1  A(pr+m)p'+B
P ~ O(pr+m)pt+D’

where A=a+lep~t, B={pb+ld—m(a+lcp~)}/p, C=c¢, D=d—mep?.
Here AD—BC=1, and 4, C and D are integers.
Since (p,a)=1 we can solve the congruence

am = ld(modp), 0=lsp-1,

that is, for each I we get a unique m, 0Sm=<p—1. With this value
of m, B also becomes an integer thus

(4,B| 0,D)e Iyp*).
Observing that D=d (modp*~!) we have
MMz+1p-t) = v(M)(cv+d)Yeh(v+mp1).
From this, Lemma 1 and the fact that —Ir= —ma?% (modp) we obtain
L, (M) = o(M)(er+d)Ly, h(x) ,
and the lemma follows immediately.

Put
Fi(t) = —(2k) By + 351 0 (n)2™
Vi n(7) = Aj p+ 2501 v p(0)2"
Uy, o(7) = ey Uy p(n)a™ .

From Gunning [3] and Kolberg [5] we obtain
Fi(v)e(I'(1),—k,1), keven >2.

When p is odd and k=}(p—1) (mod2), k>1, we have
Viol®) € (To(p), —E7,)
Uy, () € (I'o(p), —k,7p) ,

Vk,p( - (pt)_l) = ik(k+2)pk~*tkvk,p(t) ’
Up,p(— (p7)71) = d*Ek+Dpiak Y, (1) ,

where v,(M) = (d/p).

Math, Scand. — 16
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When k is odd > 1;

(3'1) Vk, 2(7) € (F0(4)» —k,vz) )

Uk,2(7") € (F0(4): _k’vz) ’
Vk,z(—(‘h')_l) = _i22k_ITkUk,2(T) )
Up,o( —(47)71) = —i27%V;, o(7),

where vo(M)=y(d).
Finally we shall need the following result
LemmA 3. For k odd > 1 we have

Vi oM7) = 2(@)(ct+d)5(Vy o(37) = Vi 2(7)) »
Uy, oM7) = g(d)(ct+a)e(21-FU, o(37)— Uy, (7)) »

when M e I'\(2), 4tc.
Proor. We shall prove only the first part of this lemma, the proof of
the second part is quite similar. It is easily seen that

(3.2) LyVi,o(v) = Vi, o(27) ,
LzUk,z(T) = 2k-1Uk,2(27) .

Here L,=L, ,. Following the proof of Lemma 2
Vi, oMM +1)) = V. o((A3(z+m)+ B)/(Ck(z+m)+ D)) ,
and noting that (4,B | C,D) e I'|(4), we have from (3.1)

(3.3) Vi o 3 (Mt +1) = 2(D)ct+d)eV, o(3(z+m)).
Observing that

A=a+cl,

D = a+cl (mod4),

m = b+1 (mod?2),

we conclude from Lemma 1 and (3.3)

Vi, oM7) = 3x(d)(ct+d)e{y(ad)Vy, o( (z+0)) +
+ x(ad+cd)V, o(3(z+b+1))}.
(3.2) yields
Vk,z(%(""‘ 1)) = 2V, o(7) = Vi, al37)
hence

Vk, o M)

{x(ad) — y(ad +cd)}Vy, 5(37) + 2x(ad + cd) Vy, o(7) if 2|0

_ k
AT Gad+od) - 2(ad)} Vi shr) + 2ad) Vi ofr) i 24D,
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which completes the proof since

xlad) = (=1, ylad+cd) = (—1)+1,

4.

The fundamental domain A(I'y(p*)), k, =2, has the following cusps,
=100, T=0 and 7=sp™* where

&p) =1, 1sm<k-1, s=+1,...,+}pv"—1+[2/p]).
The local variable at the cusp P e A(Iy(p*)) is given as
tp = e(Vp1),
where Vp is a non-singular matrix. If P4ioco then
Ve = (0, = 1| yop™, —yp"P), o = p"[(p"p*™) .

In order to determine the value of a function g(7), g(v) € (Iy(p™), —k,»)
at a cusp P +1i00, we have to express g(z) as (see Lehner [6])

(tr=P)e(—xpVpT)g(7) = 9(tp),
or as we will be doing
(Vp*r—P)e(—npt)g(Vp*t) = p(x), Vp* = (Vopk°P: -1 I Vopkoy 0),
where
e(_nP) = V(MP) s
Mp ((1 —VopkoP)"}’opkopz I —'}’opko’(l +70Pk°P)) .

Now, we turn to the proof of Theorem 1 in the case that k,=2 and
p odd. Since »(Mp)=1, xp=0 for all cusps P € A(Ly(p*)). Put

9(v) = a(0){p*F(p*r) — Fr(p" 7)) — p* Yy pp o Fr(0%) — Fi(p7)}
(4.1) H(7) = (p*=1)(2k) By, (Zirimr=e 1) 2tripr=e Lo, nf (T) +
+ szluk,p, € z(r/p)=e Lp, rFk(r) + (l - ez)g(r) .

From the definition, H (7) is seen to be regular for Imv> 0. Further,
from Lemma 2 we conclude that

H (1) € (Ty(p™), —k,1) .

It is immediately seen that H (t) has a zero at t=tc. Let P=sp™ o,
If ky>2 we examine the class of cusps where 1<m <ky,—2. From (2,4)
we have

T o1 m((Vp*1) +1p-1) = ap=®o™ 4 gp2m/(pho, p2m) |
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When using the transformation formula for f(7) we get

fap™Fom g pm)(ph, p2m)) = f(Ty 1 w((Vp*7)+1p))
= 0(Tg 1 m)P* ™ (yop"1) 4 ((Vp*7) +1p1) .

Hence, from this and Lemma 1 we obtain
Ly, f(Vp*7) = p™ 0 pophor)e 3075 e( —rip=1)o(T 1, )2 -
flop ™ + 7 p2m(plo, prm)) .
Similarly L, .F(V p*7) is found. Consider the matrices
D; = (o, (—ogs+ 1)o7 | plod, —g), j=1,2,
where x8=1 (mod p**™), and the corresponding transformations
DypVp*7) = oyp™ 40D 4z pim](pho, pim) .
From the transformation formula for F,(t) we obtain

Fojp®omD 4 g p2meif(pho, p2m)) = F(D,(p'V p*v))
= phomk(y pro )k F(V p*7) ,
or

Pk -1F k(Pj Vp*7)
= (poptor)ipm RO (o pkod=m) | g pemi] (pko, pm)) |

Now, subjecting (4.1) to the transformation v — Vp*7 we obtain
(4.2)  (yop"7)*H,(V p*7)
= P(m_k°)k_l(f’k —1)(2k) _lBk(Z(r/p)=e 1) z(r/p)=e Zf’;‘é e(—rlp1)-
(T g1, ) 7 (™0™ - 7 p2m (0, p2m)) +
+ &% p, P Diprae 210 e(—1lp7Y)-
< Fifap™®™ + vpm|(p*, pm)) +
+ (1= e2){a(0)p O (Fy(y7) — Filyopr)) —
= i, p, 0P TR (gt - pppima2(ple, pim)) —

— Fk(% p—(ko—l-Jm) + g pimil /(pk", pzm)))} .
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Similarly, when m=k,—1, we get
(4.3) (p*7)*H(Vp*7)
= pFUp* — 1)(2k) B Zrjpr=e 1) Zisimr=e €(rsp™):
Seo a*(m)en + 371 e(—rlp=)o(T), o, kp-1) L f (6p~2 + 5 0)} +
+821uk,p,sp_k_1 Z(T/p)=s e(rsp‘l) *
{PF(p"00) + 3P2) e( = rip ) Fifoap~ + 9P 0)} +
+(1— 82){a(0)p(1_k°)k(F w(T)—F k(PT)) "Hk,p,op_k_l(F k(Pko_zT) -
—PEF(p* 7))}

Hence we conclude from (4.2) and (4.3) that H,(t) has zeros at all cusps
P =sp™*, where

tL...,+3@""-1), 1=2m<=<k-—1.

(p) =1, s
The value of H,(7) at =0 is obtained from (4.3) if we put s=0,

(o) *H (- (p"7) 1) = Z31 v, o),

thus H (7) has a zero at 7=0.
Hence
H,(7) € OLo(p"™), —k,1) .

The coefficients y, p(n) in the expansion of H(7) at the cusp P are
estimated by (cf. Hecke [4, pp. 644-707])

Ve, p(n) = O(ni¥) .

Thus the proof is completed when equating coefficients of (4.1) at the
cusp T=1c0.

Similar results are obtained for a*(n) when equating coefficients of (4.1)
at the cusp 7=0.

The rest of Theorem 1, Theorem 2 and 3 are proved in quite a similar
way.

5.

As an application of the results given in section 2, we will find asymp-
totic formulae for ,(n) and £,(n), k even. r,(n) is the number of represen-
tations of n as a sum of k squares (with the usual convention as to sign
and order). Similarly, #,(n) is the number of representations of n as a
sum of k triangular numbers.



246 GUNNAR DIRDAL

In particular we put r,(0)=%,(0)=1. Then we have
Do rrn)a® =TI, (1= (=)L + (—z)")~*,
Do tr(n)a™ = TTno; (1—a™) (1 —a2m)%
Dedekind’s eta function is defined by

n(.[) = gl/24 H;o=1 (1 _xn) .
If we put

Ey(7) = n(0)*m(27)%;  EX7) = 5(27)*[n(7)*,
then

Ey(v) = 330 (= 1)ri(n)an;  Ep*(r) = adk Do tu(n)a™
From Weber [8, § 38] and Kolberg [5] we have
E (7)€ (o(2), — 3k,v), »(M) = e(3k(3dc—d—c+1))

and
Ey(—3t7) = (—0)tkaik2kE, *(7) .
Hence
Ek(r) € (Fo(lﬁ/(‘i,k))’ - %k’vlc) ’
where

(M) =1 if 4|k,
= y(d) if 41k.

From the Theorems 1 and 3 we then obtain the following known asymp-
totic formulae (see for example Hilfssatz 7 in Suetuna [7] or Hecke
[4, pp. 644-707)).

If 4|k, k>4 then

(6.1)  (2¥—1)k-1B ;. 1i(n)
= {ox, no'gk—l(n) - 2“‘”%—1(”/ 20 {1+ O(”’ik“)} )
and if 44k, k>2

(5.2) A}k’zrk(n) = {”ik‘,z(”)*‘(—1)*‘k”z“”'l?“‘“luik,2(%)}{1+O(n“*k+1)}

where
0k, = (—1)* if 8]k =1 if 8|k
= 1 if 8tk =2 if 84k.

The technique used in proving Theorems 1-3 is to construct a cuspform
from a given modular form. Hence, to each result in these theorems there
corresponds a certain cuspform whose explicit form is seen immediately
hereof. Thus from Theorems 1 and 3 we obtain:
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If 4|k, k>4 then
(5.3) (28 —1)k~2BysLy 1Bi(7) + pyr, 2,102, 1 Fi(7) € C%To(4), — 3k, 1) ,
and if 4¢k, k>2

(5.4) Ay oLo 1Ey(7) + 37(0)0Ly 1 Vi, o(7) +
+ 28y 0 1 Lp 1 Uy o(7) € C%I'y(8), — 3k,v) ,

(_1)}k+1 if 4|k

(—1)H6-D if 41k and 6=2.

where »(M) = x(d), Mk 21 =
Now, subjecting (5.3) and (5.4) to the transformations 7 - —1/4z,
7 - —1/87, respectively, and using (5.1) and (5.2) we obtain after some
calculation:

If 4|k, k>4 then

2k-1(2%k — 1 )E~1B t,(n)
= {(A—D)oysy(2n+ 3k) + 242 (0, (3(2n + 1h)) —
- G}k—l((2n + t}k)/%k)) 14 0(n-tk+1}
and if 41k, k>2
2k—1A*k, obp(n) = vik,2(4n+ %k){] + O(n—:}k+1} .

In this paper we have studied modular forms on I'y(p*?). Carrying on
by the same method which led us to Theorems 1-3, we may obtain
analogous results for modular forms on I'y(q), ¢ an integer >1.
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