MATH. SCAND. 31 (1972), 89-102

ON CONVERGENCE OF SPECTRAL SEQUENCES
B.G. JOHANSSON

1. Introduction.

We will study spectral sequences which arise from graded exact
couples and we will give criteria for these spectral sequences to converge.
There are several different concepts of convergence in the literature;
we will use Cartan and Eilenberg’s concepts of weak convergence and
strong convergence [3]. A condition on the spectral sequence which is
particularly interesting is the following:

For each p there is an integer N such that d,?=0 for all r= N.

If that condition is satisfied we will say that the spectral sequence has
nice differentials. We will then show this theorem:

THEOREM 1. Given an exact couple (D?,EP,i?,5?,kP) such that the result-
ing spectral sequence has nice differentials and lim {D?,i?}=0. Then the
spectral sequence converges strongly to lim {D?,:7}.

As to convergence to lim {D?,i?} it is in general very difficult to show
that the filtration (F?),., on lim {D?,i?} is complete. It is always the
case that UFpr-—li_gl {Dr,i?}, but N FP need not be zero and lim® {Fr}
need not be zero.

THEOREM 2. Given an exact couple (DP,EP,iP,j? kP) such that the re-
sulting spectral sequence has nice differentials and lim {D?,i?}=0. Then
the spectral sequence converges weakly to lim {D?,7}.

THEOREM 3. Given an exvact couple (DP,EP,iP,j?,kP) such that the re-
sulting spectral sequence has nice differentials and lim {DP,i?}=0.

Suppose that for some p there is an integer N such that ker {D? - Dr-N} =
ker {DP — Dr-7} for all r =2 N (where we have assumed that degree (1?) = —1).
Then the spectral sequence converges weakly to lim {D»,i?} and UFr=
lim {Dr,i?} and N F?=0.
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Finally we will study the special case when for each p there is an
integer N such that E, 5 <E.? for all r=zN (or equivalently: all differ-
entials ending at E,? are zero if » > N). Then, instead of assuming that
the spectral sequence has nice differentials, which in this case means
that for each p there is an integer N such that Ey»=HEyf=...=E.p,

it suffices to assume that for each p
lim (8,7} = 0.

There is some overlap with a recent article of Boardman: Stable
Homotopy Theory, Appendix B Spectral sequence and images, John
Hopkins University Nov. 1970, where the author studies convergence
to lim {D?,i?}. Theorem 3 is proved there with the assumption that

ker {D? - Dr-m} = ker {DP —>Dr-"}

for all sufficiently big m and n replaced by the following condition on
the differentials:

There are integers M and N such that &}, :E,"%, — B is zero for
all m>M and n>N.

2. Review of exact couples and spectral sequences.

The construction of a spectral sequence from an exact couple was
done by Massey [9]. Eckmann and Hilton have generalized this con-
struction to an arbitrary abelian category which has countable unions
and intersections [4]. We will assume that the category is the category
of all graded (or bigraded) R-modules or a category of functors into one
of those categories. In the last case we talk about functorial exact couples,
functorial spectral sequences etc. Without loss of generality we will
always assume that the exact couples (D?,EP,i?,j?,kP) are such that
degree(i?)= — 1. We put degree(j?)=s and degree (k?)=t¢, so

i?: DP — Dp-1 4P : DP — Ep+s and kP : EP - DrH,
DerFiNITION. Given an exact couple (DP,E?,i?,j? kP). The derived
couple (DgP,E,P,1,°,5,P,k,P) is defined by:
D, = i(D), B, = k(i(D))/j(i-}(0)),
1y = 4, Ja=Jgoi™t, ky=kFk.

D, is graded such that the degree of the inclusion D, — D is zero and E,
is graded such that degree(k,)=degree (k).
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So E, is constructed by first making a pull back construction and then

a push out:

N k D

| T

D
D —— kY(i(D)) —> i(D)=D,

U

i(D)=D, 2> E, -

.

Repeating the construction and putting d,=j,0k, we get a spectral
sequence (E,?,d,?),.,. For r=1 we have E,=F and d,=jok. Further-
more

degree (d,) = degree(j)+degree(k)+r—1,

50 d,p:Bp — EProttir-1,

DEerFiniTION. We put

U = D|Ui-(0) graded such that D — U has degree 0,
I = Ni™(D) graded such that I — D has degree 0,
E, = k'(I)/j(ker{D—->U}).
So E_, is constructed in the same way as the derived couple and graded
such that degree(k,)=degree(k) and degree(j,,)=degree(j):

D2 E XD

l T

U g e

The homomorphism ¢:D — D induces homomorphisms I - I and
U - U of degree —1. The next two propositions are due to Eckmann
and Hilton [4].

ProposiTiON 2.1. There is a short exact sequence
0~ U/im{U~>U}— E ,—> ker{I->1}—>0
where Ulim{U U} - E, is induced by j,, and E, — ker{I>1I} is k.
The canonical homomorphism D? - lim {D?,i?} factors through U?

so we have a homomorphism &?:U? — lim {D?,i?}, and the canonical
projection lim {D?,i?} - DP maps into I? so we have a homomorphism
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pr:lim{Dr,i?} —~ I, We define filtrations (F?),., and (GP),., on
lim {D?,47} and lim {D?,i*} respectively by:

F? = im{Dp—lim{D?,ir}}, GP = ker {lim{D?,ir} > Dr} .

Then &? induces
a?: UP[im {UP+— UPr} - Fr[Fr+
and f? induces
pP:GP-1/GP — ker {IP -~ IP-1} |

ProrosiTiON 2.2. For each p, oP is an isomorphism and [P is a mono-
morphism.

In general it is not the case that all f? are isomorphisms:

ExampLE 2.3. Let (D?,E?,i?,57,k?) be an exact couple with Dr=
@y Z for p>0, D°=Z and D=0 for p<0. Let ¢?:D? - D?-1 be the
inclusion if p>1,?=0if p<1 and ¢': D' - D° gends (a,) to 3,a,. Then
we get I°=Z and I-1=0 so ker{I°>I-1}=Z but lim{D?,i?}=0 so f°
is not an isomorphism.

3. The concept of convergence.
The following terminology is introduced by Cartan and Eilenberg [3].

DrriniTioN. We say that the spectral sequence converges weakly to
lim {D7,4?} if the homomorphisms

Fp/Fp+l (’=: Up/im{UpH_,Up} -~ E pts

are isomorphisms for all p. We say that it converges weakly to lim {Dv,iv}
if the additive relations

Go-1YGP > ker {I» - [0-1) — E v~
are isomorphisms for all p.

There is a necessary and sufficient condition for weak convergence to
lim {D?,37} which is due to Cartan and Eilenberg [3]: The spectral se-
quence converges weakly to lim{D»,?} if and only if I? - I?-1 is a
monomorphism for each p. The proof is immediate from proposition 2.1.
As to convergence to lim {D?,s?} there is no equally simple condition,
since the homomorphisms P are not in general isomorphisms.

If the spectral sequence converges weakly one may expect the E_7-
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terms to determine lim {D?,57} (or lim{D?,i?}) uniquely up to exten-
sions. This is in general not the case unless one puts certain conditions
on the filtrations (FP), ., (or (GP),.7):

DEriNiTION. Given a decreasing filtration (#?),., on an object F, i.e.
...cFrticFrc . ..cF. We say that the filtration is complete it
UFP=F and if the homomorphism F — lim {F/F?} is an isomorphism.

The condition that F — lim {F|/F?} should be an isomorphism is equiv-
alent to the following condition: N FP=0 and lim® {FP}=0. It is clear
that if the filtration is finite and if N F? =0 then it is complete, however,
the standard filtration on the p-adic integers is an example of a filtration
which is complete but which is not finite. If F is a countable module,
then every complete filtration on F must satisfy Mittag—Leffler’s condi-
tion (see proposition 4.1) and so F'» =0 for some p. We recall the following
result due to Eilenberg and Moore [5].

ProposiTION 3.1. Let (F?),., be a complete filtration on F and let
(G?),.z be a complete filtration on G. Suppose that f:F — G is a filtration
preserving homomorphism which induces isomorphisms Fr|Fr+1 — GP[GP+1
for all p. Then f is an isomorphism.

We remark that it suffices to assume that the filtration (G®),.; is
such that UGP=G and NG?=0. In fact, if UF?=F and N FP=0 then
f is a monomorphism, and if im®{Fr}=0 and UGP=G and NGP=0
then f is an epimorphism. Following Cartan and Eilenberg [3] we use the
following terminology.

DeriniTION. We say that the spectral sequence converges strongly to
lim {D?,i?} if it converges weakly to lim{D?,:?} and if the filtration
(FP)pez on lim {DP,7} is complete. We say that it converges strongly to
lim {Dr,ir} if it converges weakly to lim{D?,i?} and if the filtration
(GP)pez on lim {D?,?} is complete.

Then, if (¥,?,d,?),., is a functorial spectral sequence which converges
strongly to lim {D7,i?} (or to lim{D?,i?}) and if f:X —Y is such that
E. »X)->E/?(Y) is an isomorphism for each p, then limD?(X) —
lim D?(Y) (lim D?(X) - lim D?(Y)) is an isomorphism.

ExamprE 3.2. Let X, be the unit circle §* and let f,: X, -~ X, ; be
the identity if p<0 and be f,(x)=2? if p>0. Put DP=H, (X,; Z),
EP=H*(Cfp; Z) and define the homomorphisms 47, j» and k? using the
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exact homology sequences of the maps f,,. Then we get an exact couple
(DP,EP,iP, 5P kP) with DP =7 and P:DP -~ DP-1 is the identity for p<0
and is multiplication by 2 if p> 0. So I? =0 for all p, and so the spectral
sequence converges weakly to lim {D?,i?}=Z according to the criterion
of Cartan and Eilenberg. F?=Z for p<0 and FP=2rZ for p>0 so
UFr=F and N F? =0 but im® {F?} + 0 so the filtration is not complete.
The map f:8* - 8! given by f(x)=22 induces a homomorphism of the
spectral sequence into itself (in fact, the construction above is functorial
on the category of topological groups) which induces isomorphisms of
the E ?-terms. But the homomorphism lim {D?,?) - lim {DP,i?} is
multiplication by 3:Z — Z so it is not onto. This example shows that
even in the category of finitely generated abelian groups, it does not
suffice to assume UF?P=F and NF?=0 to assure that the K P-terms
determine lim {D?,i?} up to extensions.

In general it is difficult to say anything concerning strong convergence
to lim{D?,i?}. We have defined F?=im{D?-lim{D?,i?}}, so it is al-
ways the case that UF?=F. Example 3.2 shows that lim® {F»} need
not be zero, even if the spectral sequence is weakly convergent and
N Fr=0. It may also be the case that N F? 4 0 as the following example
shows:

ExampLE 3.3. Let (D?,E?,:?,j?,k?) be an exact couple such that
Dr =@y Z for p>0 and D?=@F Z for p< 0 and ¢?: D? — DP-1 is defined
as follows:

P is the inclusion for p> 0 and

P APZL > ATZ

for p =0 is defined by sending (a,,) to (b,), where by=a,—a, and b,=a, ,,
for n>0.

Then I?=0 so the spectral sequence converges weakly to lim {D?,i?}
according to the criterion of Cartan and Eilenberg. If we have degree(j?)
=1 and degree(k?)=0 then E?=7Z for all p, and for each p there is an
integer r such that E?=Ep=...=EP=Z and Ef =E].,=...=
E? =0. But

F? = im {D? - lim {D?,i7}} = lim {DP,i?}

so N F? + 0. So this example shows us an exact couple with lim {D»,i?}=0
which converges weakly to lim {D?,i?}, and such that the filtration on
lim {D?, 7} is finite, but N F? is not zero.

Example 3.3 shows that one has to put additional conditions on the
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exact couple in order to be able to say something on the filtration
(F?),cz. We will study one such condition in paragraph 4.

We now turn to the filtration (G®),.; on lim {D?,i?}. We have defined
G? =ker {lim {D?,i?} -~ DP} so it follows at once that (1 G?=0. There are
short exact sequences

0—>G? > lm{Dr,?} > X? >0 0->XP>DP—>Y?—>0
so in the following diagram the row and the column are exact:

0
}
0 > NG? > lim {D?,i?} — lim {X?,i?| X7} - Lim® {G*} -> 0
4
lim {D?, 7}

The homomorphism lim {D?,i?} — lim {D?,s?} is induced by the canonical
projections lim {D?,i?} - D? so it is the identity, and so lim®{G?}=0.

In general, of course, UG? need not be lim {D?,i?}, so we make the
extra assumption that the homomorphism lim {D?,i?} - lim {D?,i?} is
zero. Since the sequences

0 - G? - lim {D?,iP} - D»
are exact it follows that
0> UG@? - lim {D?,i?} - lim {D?,r}

is exact, so UG@?=Ilim {D»,i?} and we have proved the following propo-
sition:

ProrosiTION 3.4. Given an exact couple (DP,E®,iP,jP kP) such that
lim {D?,47} — lim {D?,i?} s zero. Then, if the spectral sequence converges
weakly to lim {DP,iP}, it converges strongly to lim {D?,i?}.

4. When the differentials are zero.

We will now study the following condition on the spectral sequence:
For each p there is an integer N such that if » > N then d,?=0. If that
condition is satisfied we say that the spectral sequence has nice differ-
entials.
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LemMma 4.1. If the spectral sequence has nice differentials then for each
p there 18 an integer N such that if r= N then

im {DP+N - DP} 0 ker {DP -~ DP-1} < im {D?+"— DP}

Proor. If d,?=0 then E,? - D P+ —~ E p+sti+n-l jg zero, so

ker {D,?+-> D, p+-1} = im{E,? - D,?+} < ker{D, P+ — E,p+s++n-1]
= im {an+l+1 _>an+1} ,
and so

im {Dp+t+n-1_ Dp+i}  ker {DP+— DP+-1} < jm {Dp++n — Dp+}
and the lemma follows.
Lrmma 4.2. If the spectral sequence has nice differentials then for each p
and each n there is an integer N such that if r 2 N then

im {DP+N— DP} 0 ker {DP - DP-"} < im {DP+r— DP}

Proor. Induction.
We will need the following well known result:
ProOPOSITION 4.3. Given an inverse system of modules {A?,f?}, , which

satisfies Mittag—Leffler’s condition:
(ML) For each p there is an integer N such that if m,n= N then

im{4™—>A4?} = im{4"—> 4?7} .
Then, lim"W {47} =0.
Conversely, if imW{AP}=0 and if AP is countable for all p, then
{4P,f?}, .z satisfies (ML).
Proor. See Grothendieck [7] and Gray [6].
Now, put K»r=ker{DP+*—Dr} for n20. Then {KPn,iP|KP"} , is

an inverse system.

ProPOSITION 4.4. If the spectral sequence has mnice differentials then
{KPm, 2| KPmy, o satisfies (ML) for all p, hence lim, D {KPm 49| KPn}=0
for all p.

Proor. For each p and for each n there is an integer IV such that

im {Dp+n+N . Pp+n} A ker {DP+r— DP} < im {DP+n+7— Drin}
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for all »=>N. But

im {Dp+n+N s Dp+n} q ker {DP+7 > DP} = im {KPn+N— KPn}
and
im {Dp+n+r - Dp+n} 0 ker {DP+7 —» DP} = im {KPn+7—> KPm}

In particular, if D?=0 for p<0 then K-1»=D"-1 and so we have
the following well known result (see e.g. Brocker and tom Dieck [1]):
If the spectral sequence has nice differentials and if D?=0 for p<0
then {Dr,iP}, ., satisties (ML) and so lim® {D»,57}=0.

One may also show that if {D?,i?}, , satisfies (ML) then the spectral
sequence has nice differentials. This result does not require .D? to be zero
for p<O.

ProrosiTION 4.5. If the spectral sequence has mnice differentials then
pr: GP-1@P — ker {I? — IP~1} is an isomorphism for all p.

Proor. There are short exact sequences
0> Kpnr > Dpin > D 20,
80 passing to the limit we get an exact sequence

0 - lim,, {K?,i2| KPn} — lim {D?,ir} — I? - lim,® (Ko, 7 | Ko} >

*

but lim® {KP»,i7 | KP*} =0 and so lim {D?,?} - I? is onto.

THEOREM 1. Given an exact cowple (D?,EP 1P, 4P kP) such that the spectral
sequence has nice differentials. Then the spectral sequence converges weakly
to lim {D?,i?} if and only if D? - lim {DP,i?} is onto for all p, and it con-
verges strongly to im {D?,i7} if and only if D? — lim {D?,57} is onto for
all p and lim {D?,i?} — lim {D?,i?} 4s zero.

Proor. fr:GP-1/GP — ker {IP -~ I?P-1} is an isomorphism for all p, so
the spectral sequence is weakly convergent if and only if F?/FP+1=0
for all p which is equivalent to D? — lim {D?,i?} being onto for all p.
The rest of the theorem follows from proposition 3.4.

CoroLLARY. Given an exact couple (DP,E? 1P, j?, kP) such that the spec-
tral sequence has mnice differentials and lim {DP,i?}=0. Then the spectral
sequence converges strongly to lim {D?,i?},

CoroLLARY. Given an exact couple (D?,E? P, 4P kP) such that the spectral

Math. Scand. — 7
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sequence has nice differentials and lim {D?,i?}=0. Suppose that for some p
there is an integer N such that ker {D? — DP-N}=Kker{DP > Dr-"} for all
r2N. Then the spectral sequence converges strongly to lim {D?,i?} and
LHm®{Dr 7} = 0.

Proor. It is clear that
ker {D? - DP-N} = ker {D? —1im {D?,i?}} = D» ,

so Kp-Nmn—= Dp-N+n for n > N, and so li(r_n“’{D%i”}:O.

THEOREM 2. Given an exact couple (DP,EP,iP,jP kP) such that the spec-
tral sequence has nice differentials. Then the spectral sequence converges
weakly to lim {D?,i?} if and only if lim {D?,i?} - D? is mono for all p.

ProoF. pP:GP-1/GP — ker {I? - IP-'} is an isomorphism for all p, so
the spectral sequence is weakly convergent to lim {D?,:7} if and only if
GP-1/GP =0 for all p, which is equivalent to G being zero for all p.

CoroLLARY. Given an exact couple (D, EP,iP,jP kP) such that the spec-
tral sequence has mice differentials and lim {D?,i?}=0. Then the spectral
sequence converges weakly to lim {D?,?}.

THEOREM 3. Given an exact couple (DP,EP,iP,jP kP) such that the spec-
tral sequence has mice differentials, lim {D?,i*} —~ DP is mono for all p
and such that for some p there is an integer N such that ker {D? —>DP-N}=
ker {DP —D?-} for all r2 N. Then the homomorphism lim {D?,i?} —~ N F?
18 an tsomorphism.

Proor. lim {D?,i?} - D? is a monomorphism for each p, so
lim {D?,47} - lim {D?, 7}

is a monomorphism. If x € N F? there are elements 2? € D? which map
to z in lim {D?,i?}. Without loss of generality we may assume that there
is an integer N such that ker {D°—D-N}=ker{D°-D-"} for all r2 N.
Then, for p= 0 let ? map to y? in DO. Since the elements y? map to the
same element  in lim {D?,?}, they map to the same element y in D-V.
So y € I-N and since lim {D?,?} -~ I-¥ is onto,

x € im {lim {D?,i?} - lim {D?,¢P}} .

CoROLLARY. Given an exact couple (D?,EP,iP,j?,kP) such that the spec-
tral sequence has nice differentials, lim {D?,i?}=0 and i?:D? — D?-1 4s a
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monomorphism for p<0. Then the spectral sequence converges weakly to
lim {D?,i#} and N F?=0.

CorOLLARY. Given an exact couple (D?,EP,i?,jP,kP) in the category of
graded R-modules, where R is a noetherian ring, such that DP is finitely
generated for some p. Then, if the spectral sequence has nice differentials
and if im {D?,iP} =0, it converges weakly to lim {D?,i?} and N FP=0.

COROLLARY. Given an exact couple (D?,EP,iP,jP kP) such that the
spectral sequence has mice differentials, lim{D?,i?}=0, im®{D?,i?} =0
and such that for some p there is an integer N such that

ker {D? - Dr-N} = ker{D?—>Dr-"}  forall r=zN .

Then the spectral sequence converges strongly to lim {D» 7},

CoROLLARY. (fiven an exact couple (DP,E?,iP,jP, kP) such that the spec-
tral sequence has mice differentials, lim {D?,i?}=0, E% =0 for all but
finitely many p and such that for each p there is an integer N such that

ker{Dl’—>D1’—N} = ker {D” —>D1’—”} forall rzN .
Then the spectral sequence converges strongly to lim {D? 47}

The following example is due to Eilenberg and Moore [5].

ExampLE 4.6. Let A be a differential filtered group, and suppose
that the filtration (F?4),., is complete. Put D?=H(F?A4) and
Er=H(FPA|F?+14). Then we get an exact couple and lim{D?,i?}=
H(A) and the filtration on H(A4): FP=im {H(F?A)—>H(A)} is complete.
Hence, if the spectral sequence has nice differentials it converges strongly
to lim {DP,i?}=H(4).

5. When E, } < E,? for r sufficiently big.

r+1
We will now study the special case when for each p there is an integer
N such that
drp—s—t—r+1 . Erp—s—t—r+l > Erp
is zero for all r2 N, that is B, f < E.? for r > N. If the spectral sequence
has nice differentials, this means that for each p there is an integer N
such that E?»=Eyfi=...=E_?. Now, assume that for each p,
lim W{F »}=0. Put
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CpP = Ep[im{Dp-¢-"1>EP}.
Then lim, @ {C,?} =0 for all p, and there are short exact sequences
0 C,p — D+ » DEH 0,
and so there is an exact sequence
00— ]i}_nr {Cp} - I+ — [PH-1 lil_nr(l) {Cr}—~ ...

Hence, I? — I7-1 is onto for all p, so lim {D?,i?} - I? is onto for all p,
and so
pP:GP-1/G? - ker {IP? - IP-1}

is an isomorphism for all p. Hence we have proved most of the following
theorem:

THEOREM 4. Given an exact couple (D?,EP P 4P kP) such that in the
spectral sequence for each p there is an integer N such that E, L <E P for
all r= N. Then, in theorem 1, 2 and 3 and their corollaries, the condition
that the spectral sequence should have mice differentials can be replaced by
the following condition: For each p, lim,W{E P}=0. )

The proof of the second corollary of theorem 1 requires a new argument:
lim W{E »}=0 for all p, so

lim, V{D,P} > lim,®{D,»~1}

is an isomorphism for all p. But for some p there is an integer N such

that D? — DP-N is zero, hence lim,®{D,»-N}=0, hence lim,®{D*}=0
“~—

for all p. The homomorphism I? - IP-1 is onto for each p, and so it

follows that lim ,®{D?,4?} = 0. (This can be shown by picking convergent

sequences in complete modules. In the work of Boardman there is a

stronger result: There is a short exact sequence:

0 - lim® {[7} — im®{D7 57} - lim , {lim,®{D,?}} - 0.)

One may ask if the condition that lim,®{E,?} =0 for all p is necessary
for convergence. This is in general not the case, which the following
example shows:

Examerr 5.1. Let (D?,E?,i?,57,kP) be an exact couple such that
Dr=7Z for p=0, D?=0 for p<0, i?:DP -~ Dr-1 ig zero if p<0 and is
multiplication by 2 if p>0. Assume that degree(j?)=1 and that
degree (k?)=0. Then EZ =0 for all p, and since lim{D?,i?}=0 and
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lim {D?,i?}=0 the spectral sequence converges strongly both to
lim {D?,i?} and to lim {D?,i?}. But E,%=27-1Z and so lim,®{K %} 0.

The following proposition applies to the Atiyah—Hirzebruch spectral
sequence :

ProrosiTiON 5.2. Let (D?,E?,iP,jP,kP) be an exact couple such that
Dr=0 for p<0. Then limW{E »}=0 for all p if and only if the spectral
sequence converges strongly to 1im {D?,i?} and im® {DP, 37} =0,

Proor. If the spectral sequence is strongly convergent and if
Lm®{D?,iP} =0, then lim,M{D,P}=0 for all p. We show by induction
that the homomorphism lim {D?,7#} — I? is onto for all p. Forr>p—s+1
there are short exact sequences

0—>EpP->Dpr+H > DM 50,
and so there is an exact sequence
0+ B Ir¥t o> [ri-1 > Tim, (B} — Iim® (D744 = 0,

and [P+ — [P+-1 i3 onto, so lim M {£ *}=0.

ExampLE 5.3. Let A be a cohomology theory and let X be a CW-
complex. Then the bigraded exact couple defined by D?¢=hP+e(XP),
Era=pp+e(XP,XP-1) etc., generates the Atiyah—Hirzebruch spectral
sequence. Then it follows from proposition 5.2 that the spectral sequence
converges to lim {,*(X?)} and the natural map

hrti(X) 1i+1_n {h’“‘l(X”)}

is an isomorphism if and only if lim,® {£,?"~-?} = 0 for all p. In particular,
if lim W{F Ppn-2}=0 and lim,W{E,"-1-P}=0 for all p then the spectral
sequence converges strongly in degree n to hA*(X).

Remark. If, in the example above, h has countable coefficients and
X has finite sceletons then D?-¢ and EP¢ are countable abelian groups,
and so lim W {D?»-r} =0 if and only if it satisfies (ML) which is equiv-
alent to the spectral sequence having nice differentials in degree n.
Hence, the map

h’”‘l(X) - 1i<£n {hn+1(Xp)}

is an isomorphism if and only if for each p there is an integer N such
that EyprP=E{V?=...=E,P"»? Compare Buchstaber and Mi-
S¢enko [2] and Landweber [8].
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ExamPLE 5.4. Let & be a cohomology theory defined by an £2-spectrum.
Then, if X is a paracompact space, there is an isomorphism lim_ {#"(X )} -
h*(X) for each n, where {X_} is the family of nerves of coverings of X.
We define an exact couple (D»,E?,i?,j? k?) by taking the direct limit
of the exact couples (D?,E.?,17P,j.P,k7P), where D P=nX_P) etc. We
get

Byppn—r = lim {E57 P} = lim {H?(X; k*-?(point))}

= fIP(X; h*-?(point)) .

So if lim, W {E »n-P}=0 for all p then the spectral sequence converges
strongly in degree n to lim, {DP»-?}, and lim,®{DPn-P}=0. Byt using
a variant of Milnor’s lemma (cf. [10]) we see that there is a short exact
sequence

0 - lim,® {lim, {A"(X,?)}} - lim, {A"+1(X )} - lim,, {lim, {A"+1(X P)}} 0,
so Iim®{DPm-»} =0 if and only if the homomorphism
h+y(X) — li<r_n {Dpn+1-p}

is an isomorphism. Hence, if 1im,®{# »»-?}=0 and lim W {E Pn-1-P} =0
for all p, then the spectral sequence converges strongly to A*(X).
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