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THE CLASSIFICATION OF SIMPLY
CONNECTED H-SPACES WITH THREE CELLS II

A. ZABRODSKY

The classification problem of H-spaces with few cells was extensively
studied. The case of H-spaces with a single cell (that is spheres) was
completely solved in [1]. Some further studies concerning finite dimen-
sional H-spaces are listed in the reference which provides only a small
portion of the actual line of papers and only studies directly relevant
to this present paper are mentioned.

The purpose of this study is to give the complete classification of simply
connected CW complexes with three (non-trivial) cells which admit
H-structures. This classification is given in the following

MaIN THEOREM. Let X be a simply connected CW complex with three
non-trivial cells. If X admits an H-structure, then X is homotopy equiv-
alent to one of the following:

S3x 83, SU(3), M, k=0,1,3,4,5, S'x87,
where M, 10 is the principal S bundle over 87 induced by
kw e [S87,BS%] = 7,(BS3) ~ Z,,,

w being a generator.

The proof of the main theorem relies heavily on some known facts.
In section 1 we assemble these facts and derive some simple conclusions.

In section 2 we review the technique of , mixing” and ,,twisting” of
homotopy types used in [8] and [10].

The actual completion of the proof of the main theorem is carried out
in section 3.

We would like to note that there is an overlap between this paper and
independent studies of Hilton—Roitberg [6] and of M. Curtis—G. Mislin-
E. Thomas (Private communication).
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1. Some known results and their simple consequences.
1.1. DEerFintTION. Let X be a finite CW complex. X is said to be of
type (41,%g,. . .,%,) if

HX(X,Q) = Ay, 2y, . .75,), %€ HIX,Q).

1.2. THEOREM. Let X be a simply connected CW complex with three
(non-trivial) cells. If X admits an H-structure, then:

(1) H*(X,Z) has no odd torsion;

(2) HXX,Z) has no 2-torsion;

(3) X s of type (8,3), (3,5), (3,7) or (7,7);

(4) If X s of type (3,5), then H*(X,Z,) = A(x3, Sq2x;);

(8) If X is of type (3,7), then %mg(X) +Z,, where 2me(X) is the two
primary component of mg(X),

(6) S2x .83, SU(3), M, (k=2 mod4), and S7x 87 admit H-structures,
M, 10 being the principal S3 bundle over 87 induced by kw e [S7,BS3]=
7,(BS3)=7Z,,, w being a generator.

Proor. (1) follows from Borel’s structure theorem of Hopf algebras:
If H¥(X,Z) has p-torsion (p-odd), then QH*(X,Z,) will contain at least
two generators y and fB,y, where §, is the r-order Bockstein operation.
Hence there exists ze QH**(X,Z,), z and 2240, and the rank of
H*(X,Z,) as a vector space over Z, will be greater than 3.

(2) Using Borel’s structure theorem for p=2 the only way for
H*(X,Z) to have 2-torsion and H*(X,Z,) still to be of rank <3 as a
vector space over Z, is, if H¥X,Z,)=A(x,B,x). By [3, corollary 4.2],
r=1 and z is odd dimensional. By [9, theorem 1.1], dimz=2¢—1, t=2,
and consequently dimpz=2‘. We now use the methods in [9] and ob-
serve that H*(By(X),Z,), where By(X) is the projective plane of X,
contains a class y with dimy=2/+1, such that y suspends to fz and
therefore y eimp and y%+0. As Sq¢¥-2y vanishes when restricted to
H*(By(X),Z,)= H*(ZX,Z,), 8¢*-2y is in the image of

H*(By(X), By(X); Z,) ~ H¥(By(X),Z,) .
But H*(By(X),B,(X); Z,)~H*2X,Z,)@H*(2X,Z,), and thus
H*-1(By(X),By(X);Zy) = 0.
Hence Sg2'-2y=0 and
0 = (Sg>*8¢%-2+8¢g% Sqlly = Sq¥+1y = 2.

A contradiction.
(3) follows from [4, theorem 1.1].
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(4) follows from [9, theorem 1.1].

(5) follows from [11, main theorem IJ.

The non-classical part of (6) involves only M, 19, k=3,4,5. This follows
from M9 ,~M,10, M0~8%xS? and M,°~Sp(2). The fact that M0
admits an H-structure has been proved in [5], and the cases M %, M 10
have been treated in [8, theorem 2].

2. Mixing and twisting homotopy types.

In this section we review some of the ideas introduced in [10] and used
in [8]. For the sake of simplicity, we shall make a few unnecessary as-
sumptions to suit the applications in this present study.

Let X,u be a simply connected finite dimensional H-space and sup-
pose H*(X,Z) -~ H*(X,Z)/torsion splits as a morphism of Hopf algebras.
There exists an H-mapping

v: X > [LK(Zn) = X,

yielding an isomorphism of H*(-,Z)/torsion.

2.1. If y®: X > X O = T, K(Z,n;)
y®: X > X® = T1;K(Z,m,)
are H-mappings yielding isomorphisms of H*(-,Z)[torsion, then there
exists p: X, W3 X @ with ep®ay®,

2.2. Let P be the set of primes, P,<P. There exists an H-space
X(Py,v), unique up to homotopy type, and H-mappings ', so that

'/)’: X - X(PI:’/J) ’

v’ X(Py) > X,

Yoy =y,
and the fibers of ¢’ and 3"’ have finite homotopy groups of orders prime
to P, and P—P, respectively.

2.3. Mixing homotopy types: Let X, and X, be H-spaces. Suppose
H%X,,Z) > H*(X,, Z)[torsion splits as a morphism of Hopf algebras,
t=1,2. Further assume H*(X,,Z)/torsion~H*(X,, Z)/torsion as Hopf
algebras. Thus we have H-mappings v;:

X,

1...

Xl _‘__V_l__) Xo = HIK(Z,’II,,) B
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Let P,<P and put P,=P—P,. The mixing of X,,P, and X,,P, is given
by the H-space W. Consider the diagram

W " Xo(Py, w,)

X,(Py,wy) LN Xo

where W is the “pull back” of ¢,” and y,” given by

W < X (P, 91) x PXyx Xo(Py, )
W = {zy,025 | " (2) =x(0), ;" () =x(1)} .

The map r; yields an isomorphism of rational and modp (p € P;) coho-
mology where p € P,, i1=1,2. If X, are finite dimensional so is W.

2.4. ExampLE (see [8]). Let P,={2}, X;=83x 87, X,=8p(2), X,=
K(Z,3)x K(Z,7). Then W=DM~Mg° Choosing P,={3}, we get
W =M~ M,0.

2.4.1. ExampLE. Suppose 2eP;,, X,=G,, X,=@, xS X, ,=
m=1aK(Z,dm—1), where (G,,d) is either (SU(n),2) or (Sp(n),4). It
follows from a theorem of Adams [2] and can be proved by a method
similar to the proof of Proposition 3.1 in [10] that S°%(P,) is an H-space.
Hence, X is an H-space. If my, o(G,_)=Z,, it seems that X has the
homotopy type of M(n,A), where M(n,A) is obtained by the induced

fibration
7

Mn,A)y —— G,

gan-1 _J*_, gan-1

where deg f,=4 and A is the maximal integer satisfying (4,p)=1 for
p e P;and A|m. (See conjecture 0.1.1 in [11].)

2.5. Twisting homotopy types: Let X, X, and v be as in 2.1-2.3.
Let ¢: X, -~ X, be an H-mapping yielding an isomorphism of modp
cohomology, p € P;<P. Put P,=P—P,. Consider the diagram
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X(Py,9)

o
X(Pyp) 22— X, —— X,.
The ¢,P, twisting of X is the H-space Z=Z(p,P,) given by
Z -2 X(P,vy)

r1 l v’
v

X (Py, ) pover, — X,

Z being the ,,pull back’ given by

7Z = X(Py,p) x PXyx X(Py,v)

Z = {my, 0,2, | 9" () =x(0), poy,”(x)=a(1)}.
If X is finite dimensional so is Z. Further, Z is equivalent to X if and
only if the morphism

o*: H*(X,Z)[torsion -~ H*(X,Z)[torsion

can be realized geometrically.

2.6. A problem (related to conjecture 0.1.2 in [10]): Let X be an H-
space. Suppose
H*(X,Z) = A(x2n1+1>x2n2+1,' .. ’xz'nk«i-l) ’
Tonj41 € PH*™+Y X Z), ny<ng<...<m.

It follows that Tgngea(X)ftorsion=2Z, j=1,...k. Let f;: X > K(Z,2n;+1)
represent g, ., and suppose

Jigt Mopa(X)/[torsion - 7y, 1(K(Z, 20+ 1))

is given by fi.(g,/)=4;9;/", where g,,g,”" are generators, 1; being an
integer. Let

k
Pt Xo = HK(Z,2nj+ 1) > X,

J=1
be given by

* _ e
P banj+1 = lonjer if j<k
= Milyy, 4y if j=k.

Put P,=P,(m)={peP|(p,m)=1}. Is Z(p,,Py(m))~Z(p,,Py(n)) if and
only if m= + 7 mod4,?
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In particular we have ([7, theorem 2]): Let X =Sp(2), 1,=12, and
Py(7)=P—{7}. Then

Z(‘P7’P1(7)) ~ MM % Z(g,,0) ~ Sp(2)

while Z(gp;,{5})~M 0~ M.
We would like to note that if X is a loop space, 8o is Z(p,,,P,(m)).
We also have the following:

2.7. ProposITION. Let X be a simply connected CW complex.
HMX,Z)=A(x4,%;). Then we have:

(8) X(P)=(8°x 87)(Py) if P,={peP|p>3).

(b) If X({2))=MI2({2}), X({3)=MIA(3)),
then X ~M}? for some integer ks.

3. The proof of the main theorem.

In view of 1.2, the 3-celled H-spaces are divided by their types. We
divide the main theorem accordingly. As simply connected complexes
with

HYX,Z) = Azg,2y'), x5,z € H(X,Z),
or

H*(X,Z) = A(zq,2;), xq,2, € H(X,Z),

are necessarily homotopy equivalent to products of spheres, we have the
following obvious statements:

3.0. THEOREM. A simply connected CW complex with three cells of type
(3,3) or (7,7) which admst an H-structure is homotopy equivalent to S3 x S®
or 87 x 87 respectively.

Next we treat the type (3,5).
3.1. LEmMA. 7,(SU(3))=0.

Proor. We have H*(SU, Z,) = A(ws, Wy, Wq, W, Wyy, - - - ) and Sq2w, =1w,.
Further H*(SU, Z) = A(®;, W5, W,,. . .). Let f;: SU - K(Z,7) be the map
realizing @,, then f,* is a monomorphism of rational cohomology and
of modp cohomology in dim<9. It follows that the fiber F, of f, satis-
fies H*(F,,G)~A(wy,ws',w;") in dim<9, G=Q or Z,. The inclusion
SU(3) = SU can be lifted to g: SU(3) - F, and ¢g* is an isomorphism of
rational and modp cohomology through dimension 8, hence the fiber
of g is 7-connected, 7,(SU (3)) ~m,(F,;). We have the exact sequence
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0»@@9»m@UM¥ZJEHMKaﬂ»wZ,
the map f,, not being 0 is a monomorphism and 7,(F;)=0.
3.2. ProPoSITION. Let X be a simply connected CW complex, H¥(X,Z)=
A&y, %5). If HYX,Z;)=A(x3, Sq%r;), then X is homotopy equivalent to
SU(3).

Proor. Consider the Postnikov system given by

E,
K(Z,5) —*~ E, — K(Z,,7) x K(Zs,7)
K(Z,3) -~ K(Z,6),

r; being the fibration induced by h;:
he*ig= 1%, Je*h* 1 ® = 8¢Pe’,  h*u® = rg* Pyly’

where
i€ HYK(Z,3),Z), ige HYK(Z,3),Z),
"™ e H(K(Z,,7) x K(Z3,7),Z;), k=2,3,
i’ € HYK(Z,5),Z,), 3" € HYK(Z,3),Z,)

are the (reductions of) the fundamental classes. We have:
SU(3)
lf:
X —— E,,

where K, is the Postnikov approximation of SU(3) in dim<6,
J: 7n(SU(B)) - 7, (E,) is an isomorphism for m =<6, and 7, (E,)=0
if m> 6. By 3.1 it follows that 7,(SU(3))=0. Hence, E, is the Postnikov
approximation in dim < 7:

f,s;: 7‘7(SU(3)) B 7, (By) .

Hence, f,*: H*(E,,G) ~ H*SU(3),4) is an isomorphism in dim<S8.
Now, f,*: H¥(E,,G) - H*(X,Q) is an isomorphism in dim <7. But since
H%X,3)~H*(SU(3),d), f,* is an isomorphism through dim8 and both
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X and SU(3) are of the homotopy type of the 8-skeleton of E,. Com-
bining 1.2 (4) with 3.2 we have:

3.3. THEOREM. A simply connected CW complex with three cells that
admits an H-structure and is of type (3,5) s homotopy equivalent to SU (3).

Now we turn to the type (3,7). We first note that in this case S® — X
is the inclusion of the 6-skeleton. Hence 74(S3) — m4(X) is onto, and thus
ag(X)~Z,, k|12. By 1.2 (5), ng(X)=7Z,, k=2 (mod4).

Throughout this section, let X be a simply connected H-space with
three cells of type (3,7). Let P,={2}, P,={3}.

3.4. ProposITION. If H*(X,Z,)= A(z4,P4'2,), then X(P,)~~Sp(2)(Py).

Proor. Consider the diagram

l'— K(Z,,6) ——_l

B, LK(Z,,7)

" l
!

X ¥ X, ~ K(Z,3)x K(Z,7) - K(Z,,7),

1

where 7, is the fibration induced by k,;, h*i,=2';,01-1Qi,, 0+i; €
HI(K(Z,j),Z;)~Z;, and y induces isomorphism of H*(X,,Z)/torsion —
H*(X,Z). Now y may be chosen so that h,op~*. Hence, y lifts to v,.
As H*(E,,Z3)=A(r*(1301),7*(1Q1,)) =A(z5',2,') in dim =10, E, is the
Postnikov approximation to Sp(2)(P,) in dim<9. Let

7
B, 2> EB._,~>...~>E

be the Postnikov system for Sp(2)(P,). As the k-invariants of E;jz1,
are of dim>10 while H™X,d)=0, m>10, the map v, lifts to
Poo! X — Sp(2)(P,), and p, is an isomorphism of rational and mod3
cohomology factoring y. Therefore, we have Sp(2)(P,) ~X(Py,v).

3.5. ProrosrtioN. If H¥(X,Z,)=A(24,2;) and Pl2;=0, then

X(Py) ~ (83 x 87)(Py) ~ S3(Py) x S7(Py) .
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Proor. Consider the diagram

LK(Z,,7)

X — X, = K(Z,3)x K(Z,7) — K(Z,,7)
7
J2

S(Py) ,

where h*i,=P1,®1, §*: H¥(X,, Z)/torsion —~ H*(X,Z) is an isomor-
phism, and j, is the composition

S7(P,) - K(Z,7) -~ K(Z,3) x K(Z,7) .

The map ¢ lifts to ,, and j, lifts to §,: S(P;) - E,. Now, E, is the Post-
nikov approximation for X(P,) in dim=<6. Hence the k-invariants
leading from E, to X(P,) are all of dim>7. Hence, j, lifts to
j: 87(Py) > X(Py). Let

o: S3(Py) x 87(P,) — X (P,)
be the mapping given by «(a,b)=pu,(k(a),j(b)), where u, is the multi-
plication in X(P,) and &A: S3(P,) — X(P,) is induced by S3<X. Then «

is an isomorphism of H*(-,Z)/torsion and mod3 cohomology, hence a
homotopy equivalence.

3.6. CorROLLARY. X(P,)~ M ,10P,) for k=0 or 1.
3.7. ProrosrITION. If 274(X) a0, then X(P;)~Sp(2)(P,).

Proor. Let E; and E; be the Postnikov approximation of X(P;) and
Sp(2)(P;) in dim<5. Then as 8% is the 6-skeleton of X and Sp(2), it
follows that E ;~E;' as H-spaces. Since

2ng(X) = mg(X(Py)) = 0 = 7,(Sp(2)(Py)) ,
E;=E; and E¢=E; are indeed the Postnikov approximations in

dim = 6. Hence, the k-invariants from now on are of dim=8. We thus
have:
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E:I
4
5,
y

I's ‘?8

S 7
¢

X —— By —;—> K(m(Sp(2)(P1)), 8) .

The map fg'* yields an isomorphism of mod2 cohomology and of
H*(-,Z)[torsion in dim=<7. Now fi’ is an H-mapping, and since
H¥X,@)=0, the map f' lifts to f,”: X -~ E,'. The obstruction to lift
the H-structure of f;’ lies in H’(X AX, n7(Sp(2)(Pl))) =0. Hence, f,’ is
an H-mapping. As H%X,G)=0, and H3XAX,R3)=0, the map f; lifts
to an H-mapping fy': X — E'.

Now the next k-invariant «,, is primitive and as PH9(X,@)=0, it
follows that fi'*x;0=0, and fy lifts to f,': X — E’.

From now on all k-invariants are of dim>10 and H*X,3)=0 if
k>10. Hence, fi': X — K¢’ lifts to f=f_: X — Sp(2)(P,).

f induces an isomorphism of H*(-,Z)/torsion and of mod2 cohomo-
logy, hence Sp(2)(P,)~X(P,).

3.8. ProPoSITION. If 2ny(X)=2Z,, then X(P,)~S3P;) x S7(P,).

Proor. The proof is similar to that of 3.5. We are seeking a lifting
of f, as follows:

— X(P,)

v’

83 x 87 I K(Z,3)x K(Z,7),
where f, inducing isoﬁorphism of H*(-,Z)[torsion. Now
88 I, gax g T, K(Z,3)x K(Z,7)
lifts. If we can lift
87 B, g3 81 P, g(zZ,3)x K(Z,7)

by multiplying these two liftings we obtain a lifting f.
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Now, S3< X is the inclusion of the 6-skeleton. Hence, 7g(S3) - 74(X)
is onto and so is 7g(S3(P,)) — 7g(X(P,)). But these two groups are iso-
morphic to Z,. Hence

71g(S3(Py)) 3 mg( X (Py))

and therefore the 6-dimensional Postnikov approximations E;’ of
S3(P,) and X(P,) coincide, and

H*E",G) > H¥X(P),d), G =2Z or Z,,

is a monomorphism in dim=<7. Further H'(E,",G)=H(S%*P,),G)=0.
Consider the mapping

[ = (fd" xh)A: X(P)) -~ B¢ x K(Z,7) = E,”

given by: f,/': X(P,) > E¢" is the approximation, and bA,;: X(P;) »>
K(Z,7) yields an isomorphism of H?(-,Z)[torsion. Now f,”” induces
isomorphism of H*(-,Z)/torsion and of mod2 cohomology in dim <7.
Hence E;”,f,” is the Postnikov approximation of X(P,) in dim<6. It
follows that the mapping S7 - E;"" x K(Z,7) given by the composition

8?2 K(Z,7) > By xK(Z,7),

where g, is the inclusion of the 7-skeleton, lifts to 87 — X(P,), and this
is a lifting of

87, ga 81 I, K(Z,3)x K(Z,7).
3.9. CoroLLARY. X(P,)~M %P,), k=0 or 1.
Combining 1.2 (5), 2.7 (6), 3.6 and 3.8 we obtain:

3.10. THEOREM. Let X be a simply connected CW complex with three
cells and of type (3,7). If X admits an H-structure, then X~M 2,
k=2 (mod4).
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