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ON PROJECTION MAPS OF VON NEUMANN ALGEBRAS

ERLING STORMER

An important class of maps in the theory of von Neumann algebras is
the positive linear maps of a von Neumann algebra % onto a von Neu-
mann subalgebra .# which are the identity on .#. Such maps are called
projection maps (or projections of norm one, or expectations). Very
often such maps will not exist, see e.g. [10]. In the present note we shall
show that if # is of type I and .# contains the center € of # then the
existence of ‘“‘sufficiently many’’ projection maps of # onto .# is equiv-
alent to .# being of type I with center totally atomic over .

Following [5] we say a set A of projection maps of &# onto # is com-
plete if for each non zero positive operator 4 in % there is ¥ € A such
that (A4)=+0. A positive linear functional ¢ on £ is said to be singular
if there is no non zero ultra-weakly continuous positive linear functional
yon # with w<p. If J is a positive linear map from Z to another von
Neumann algebra.# then @ is said to be singular if its transpose map
@g* carries normal states of .# to singular positive linear functionals on
2. As pointed out by Tomiyama [9] singular maps play an important
role in the study of projection maps. The author is indebted to J. Tomi-
yama for some useful comments and the short proof of the following
lemma.

LeMMA. Let # be a von Neumann algebra of type 1. Let € denote the
center of Z and suppose O is a positive singular €-module homomorphism
of Z into €. Then O(E)=0 for every abelian projection E in A.

Proor. Let £ be an abelian projection in Z%. Suppose G(E)=+0.
Considering FZ instead of Z# for a central projection F in # we may
assume that € is countably decomposable and @(E) is invertible in %.
Let o be a faithful normal state of €. Then wo@ is a positive singular
functional of #. Hence by [8] there is a non zero projection B, < E in
Z such that wod(H,)=0. Since E is abelian there is a central projection
@ in #Z with E;=GE. Thus o(GO(E))=w(P(GE))=w-P(E,)=0. Since
w is faithful GG(E)=0 contradicting the assumption that @(E) is inver-
tible. Thus J(£)=0. The proof is complete.
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Let Z be an abelian von Neumann algebra and € a von Neumann
subalgebra of & (containing the identity of Z°). A projection £ in &
is said to be minimal in & relative to € if EZ =K%, and & is said to be
totally atomic over € if every non zero projection in & majorizes a non
zero projection in & minimal in £ relative to ¥. These two concepts
and their generalizations where introduced independently in [3] and [4].

THEOREM. Let # be a von Neumann algebra of type 1. Let M be a von
Neumann subalgebra of # containing the center € of #. Then the following
five conditions are equivalent.

1) (resp. 2) There exists a complete set of mormal projection maps of X
onto M (resp. M'NK).

3) (vesp. 4) There exists a complete set of projection maps of & onto M
(resp. MA'NZ).

5) M is of type 1 and its center is totally atomic over €.

Proor. By [7, Lemma 3.4], # is of type I if and only if A#'nZ is
of type I. Thus, if we have shown 1) <= 3) <= 5) then an application
of these equivalences to .#'NZ yields the equivalences 2) <= 4) <> 5).
We shall show 1) == 3) = 5) = 1). Clearly 1) = 3).

3) = 5). Assume there is a complete set 4 of projection maps of #
onto #. Let & denote the center of .#. We first assume .# is abelian,
hence # = %. If w is a normal state of & with support £ when restricted
to € and 4 a positive operator in £Z, the functional B - w(AB) on E¥
has a Radon-Nikodym derivative @(4) e E¥ with respect to w, so
o(AB)=w(P(A)B). One easily sees that @ is a normal projection map
of EZ onto E¥, see e.g. [1, p. 635]. Adding up the different @’s ob-
tained from a separating family of w’s with orthogonal supports when
restricted to €, we see there is a complete family I" of normal projection
maps of & onto €. Let G denote the group of inner automorphisms
A—~>UAU- of # defined by the unitary operators in &. Then all
the maps in A are G-invariant, since if Ae %, U-U-1e€@, and P e 4,
then

GUAU?) =U0A) UL =0(4).

Let E be an abelian projection in #. By assumption there is g e A
such that G(E)+0. By [9, Cor. 1,1], 4 is uniquely decomposed into the
sum of a positive singular Z-module homomorphism Jg and a positive
normal Z-module homomorphism &, of # to &. Then, if y e I', pody
and pod,, are respectively positive singular and normal €-module homo-
morphisms of # to €. Choose y such that y(J(F))+0. By the Lemma
YoJy(E)=0, hence yod,(E)=yoP(E)+0. Let » be a normal positive
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linear functional of € such that woyod, is a normal state of # with
woyod,(E)+0. Since g, is a Z-module homomorphism of # to Z,
woyod, is G-invariant. Now if A4 is a non zero positive operator in #
then A majorizes a positive multiple of an abelian projection, hence we
have shown the existence of a normal G-invariant state o of # for which
0(A4)+0. Thus £ is G-finite in the sense of [6]. By [7, Thm. 3.5], &
is totally atomic over €.

We next consider the general case. If .# is not of type I there is a
central projection E in .# such that E#E has no type I portion. Con-
sidering ERE, E#E, and the projections 4 —~ J(EAE) we have a com-
plete set of projection maps. By [9, Thms. 3 and 4] every projection
map from EZE to EAE is singular. Now every von Neumann algebra
possesses a complete set of normal projections onto its center . Indeed,
it suffices to show that there is a complete set of normal projections of %’
onto #. But by [7, Lem. 4.11] and the remarks following it there is a
faithful normal projection of #’ onto a maximal abelian subalgebra 2.
Compose this projection with a complete set of faithful normal projec-
tions from 2 onto # as constructed above to obtain the desired set.
We thus obtain a complete set of singular projection maps from EZE
to the center of E.AE and thus to E€. But these projections annihilate
all abelian projections in EZE by the Lemma. Thus every projection
map in A annihilates every abelian projection majorized by E, hence A
is not complete, contrary to assumption. Thus .# is of type I.

As shown above there is a complete set I" of normal projections of .#
onto Z. Then the set {yod: pe I, J e A} is a complete set of projec-
tion maps of #Z onto &. By the first part of the proof, Z is totally
atomic over €. We have thus shown that 3) = 5).

5) = 1). Assume .# is of type I and its center & is totally atomic
over €. Then >€. Let #=2Z'nZ%, and let G denote the group of
inner automorphisms A4 - UAU-! of # defined by unitaries U € Z.
Then & is the fixed point algebra of G, and #'NZ = Z is finite of type I,
and its center (=Z2) is totally atomic over ¥. By [7, Thm. 3.5], #
is G-finite, so there is a faithful normal G-invariant projection @ from #
onto & [6]. Thus in order to construct a complete set of normal projec-
tions from Z to . it suffices to do this for # replaced by #=2'n4.
Therefore we may assume #Z=Z'n%, hence Z=%. If we can construct
a complete set of normal projection maps from E,# to E, # for an
orthogonal family of central projections in # with sum I, then we can
add up the different projection maps to obtain a complete set of normal
projections from # to #, see e.g. [5]. Therefore we may assume %
homogeneous, and by cutting down by central projections in .# (so by
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projections in €) we may also assume .# is homogeneous. Say # =
CRAB(A) and #=FRH(»). Since A <%, and the case when x is finite
dimensional is trivial, we may assume »=2"®% " and

M = CRAB(H)RCy < CRB(H)RB(H') = X .

If w is a normal state of #("’') and ¢ is the identity map of ¥RZ(X")
onto itself, then (®w is a normal projection map from Z to .#. Indeed,
if p is a state of .# and ¢’ its restriction to €% (X"), let A; € CRQB(X"),
B,e #(X"), i=1,...,n. Then

o(1Bw(Z4;®B))) = Zo(4;Quw(B)I) = Zo'(4)w(By) = ¢'®@u(Z4,QB;) .

Thus go(:Qw) is a state for each state ¢ of .#, hence :®w is positive.
Clearly :®Qw is a projection map, and it is normal, for if p is normal then
o’ is normal, and therefore go(1Qw)=p'Qw is normal. Since (Qw is a
normal projection for each normal state v of Z(4"'), we have obtained
a set of normal projection maps from Z% onto .#, which is easily seen to

be complete. This completes the proof of the theorem.,

REMARK 1. If Z=%(x) with x» a separable Hilbert space the theorem
was shown by de Korvin [5] by different methods. He conjectured that
it was also true for non separable » when #=%(x). However, the result
in this case follows from [9, Thm. 5].

REMARK 2. With the assumptions as in the theorem and with G the
group of inner automorphisms of # defined by the unitaries in .#'nZ%
[7, Thm. 3.5] states the equivalence of the following three conditions

1) # is G-finite,
i) M'NZ is finite and there exists a faithful normal projection of %
onto .4,
iii) A'nZ is finite of type I, and its center is totally atomic over €.

Thus, with a proper definition of G-semi-finite our theorem should be
viewed as a G-semi-finite extension of [7, Thm. 3.5].
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