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SEVERI’S CONJECTURE ON
0-CYCLES FOR A COMPLETE INTERSECTION

KNUD LONSTED

We consider non-singular, complete connected surfaces F over the
complex numbers C. Severi has introduced the concept of rational
equivalence of algebraic cycles on ¥, and for this we refer to Mumford’s
recent paper [4] as well as Chevalley [1].

Let A(F) denote the abelian group of cycles on F modulo rational
equivalence. Grading it by the codimension,

A(F) = ANF)DAYF)DAXF) ,

where AYF)~Z, AY(F)~Pic(F) and A3%F) is the group of 0-cycles.
The map associating to a 0-cycle 3np P its degree X np lifts to the degree
map d: A%F) - Z. Denote by 4,(F) the kernel of d.

Severi conjecture 1 (disproved by Mumford).
Ay (F) is “finite-dimensional”.
Severi conjecture 2.
AyF)= (0) <> Fisrational .

More precisely, one has concerning the first conjecture

TaEoREM M (Mumford).
P, F >0 = AyF)is not “finite dimensional” .

Here p,F=dimcH*F,0p) denotes the geometric genus of F, and
“finite dimensional’” means that there exists an integer n such that
every C € A% F) can be represented as a difference C=C,—C_, where
C, and C_ are effective cycles of degree at most n.

Below we shall prove the second conjecture in the case where F is
birationally equivalent to a complete intersection, by means of a direct
computation and using Theorem M.
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I should like to express my heartiest thanks to professor Y. Manin
for advising me during my stay in Moscow 1968, and for telling me about
the conjectures.

Recall that for non-singular complete surfaces over C the coho-
mology is a birational invariant (see [6, Lecture 5]), and that two non-
singular complete surfaces over C are birationally equivalent if and only
if they are dominated by the same projective surface, obtained by blow-
ing up a finite number of closed points [6, Lecture 4].

Lemma. If F' is the blow-up of a closed point P € F, then
A%(F) s A¥F') .

Proor. Denote by E the exceptional divisor of F’, and let for any
scheme X, |X| be the set of closed points of X. We shall construct
group homomorphisms ¢ and p, making the following diagram commu-
tative:

Oz —> Q2
J li’

AXF) —— AXF).

Here j and j' are the natural surjections. We choose a point P’ in |E|
and define ¢ by letting it be the identity outside the component over P,
Zp, and letting it map Z,, identically onto Zp.. The composed map j'o g
is surjective because £3 P! and AY(P1)=0.

We now claim that j’ o ¢ factors through j, giving rise to a surjection
y: A%F) > A% F'): Denoting by S™F the symmetric product of ¥ taken
n times (see [4, p. 195] for details), one has that two 0-cycles 4, and 4,
on F are rationally equivalent if and only if 1) they have the same
degree n, 2) there exists a 0-cycle B of degree m such that 4,+ B and
A,+ B are effective, corresponding to the points x, and z, on S*+mF,
and 3) there exists a morphism f: P1 - S*+m F with f(0)=2x,, f(oc)=2,.

Let C be the image of f, endowed with the reduced structure. In the
non-trivial case, C is a rational curve connecting z, and z,. We may
furthermore suppose that the closed points of C do not all contain one
and the same fixed coordinate, because in that case f would factor through
a closed subscheme of S*+™ F' isomorphic to S**m-1 F, and by a change of
B we could get another morphism P! — §7+m-1F defining the equiv-
alence between A4, and 4,. Defining U=F\{P}, S**mU is a dense,
open subset of S*tmF and of S*+mF’. Further, C;,=C\8"t"U is a
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dense open subset of C, and its closure C' in S*+™F’ is a rational curve.
The restriction fj;-1(c, extends in a unique way to a morphism f’:
P! - (', as P! is non-singular and C’ is complete. The blow-up F’' — F
defines a proper, birational morphism z: S*tmF’ — Sn+m F which satis-
fies wof'=f, and whose effect on a (n+m)-tuple (P;,.. ,P,.,) in
|Sm+tmF’| is to change all coordinates in |E| to P, and hold fixed the
remaining ones. Choose z," € n~(,) and z," € #~'(x,). Then xz," corre-
sponds to a cycle 4," on F' and x," to a cycle 4,". According to the previ-
ous remarks 4,"—A," —(p(4,) —p(4,)) is a 0-cycle on F of degree zero,
thus rationally equivalent to zero on F'. As j'(4,)=j'(4,’), this shows
that j'op(4,)=j"op(4,), and so completes the proof that j'o ¢ factors
through j.

To finish the proof we have to show that y is injective. So, let 4, and
A, be 0-cycles on F such that woj(A4,)=vpoj(4,). Then there exists a
0-cycle B’ on F' such that ¢(4,)+B’ and ¢(d4,)+ B’ are effective of
degree », and there exists a morphism f': P! - 8*F’ with f'(0)=x=,’,
f'(0)=2w,’, ;" corresponding to ¢(4,)+ B’. We decompose B'=B""+ B'",
where B’ is a cycle on E of degree m, and B’ a cycle on F’'\ K. Then,
with B=B"+m-P, the cycles 4,+ B and A,+ B are effective of degree
n and correspond to the points x, =n(x,") and z,=n(x,") on S*F. Now
either the image C of P! by mof’ is a point, thus 4,=4,, or C is a ra-
tional curve on S"F connecting z, and z,. This proves that in either
case j(4,)=j(4,), which ends the proof of the lemma.

CoROLLARY. The group of O-cycles A%(F) is a birational invariant for
non-singular complete surfaces F.

ProOF. An immediate consequence of the lemma and the remarks
preceding it.

As A?%(P?)=(0) is trivial, the corollary trivializes one sense of the
bi-implication in conjecture 2. Concerning the other sense we now state:

THEOREM. If F i3 a complete non-singular surface, birationally equiv-
alent to a complete intersection, then

AyF) = (0) < F isrational.
Proor. By the previous corollary we may assume that F is a com-

plete intersection of multi-degree (a,,...,a,) in PT+%, that is, given by r
homogeneous polynomials in C[T,,...,T,,,] of degrees a,,...,aq,.
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According to Theorem M, if p,F >0, then Ay (F)+(0), so we only
want to focus on surfaces F satisfying p,F =0. As

2(F) = 1 — dim HY(F, Op) + p,F > 1

implies p,F >0, we shall determine which complete intersections have
2(F)=1 and then discuss case by case.

Let V§, . .., denote a complete intersection in P™+" of multidegree
(@q,- . .,a,). Hirzebruch’s formula [2, p. 160] says

® ® 1 T (42y)%— (1—2)%
Vn,_Qn D+t — ,
,Zo ,Eoﬂ )y (1—zy)(1—2) ;=; (L +zy)"+y(l—2)*

where V=V, ., and (V" 0QP) is the Euler characteristic of the sheaf
of p-forms on V™.
Calculating the coefficient of 22+7, one finds with a=a, ...a,,

r

2
A7) = af\( 3 @-1) +4 3 @12 =3 3 @-1+1].
i=1 ;
Using that the unit-ball in R® is strictly convex, which gives that
2(V?) for a fixed sum Y (a;—1) is minimal precisely when all a;’s are
equal, one gets the following estimates:

1) If r=1 and a = 2, then »(¥?) 2 1 with equality only for =2 or a=3.
2) If r=2 and a;22, then x(V2) =1 with equality only for r=2 and
Oy =ay,=2.

Now, the only cases of complete intersections we have to check are
the following:

(i) P2
(ii) Cubic hypersurface in P3.
(iii) Intersection of two quadrics in P4

P2 is rational, so there is nothing to see. A non-singular cubic hyper-
surface in P3 is the blow-up of 6 points in P%, see [5], hence rational.
Finally, according to [3, Chap. XIII, § 11], any irreducible component
of the intersection of two quadrics whose vertices do not meet, is rational.
In our case the intersection is connected and non-singular, therefore
irreducible and an intersection point of the vertices would necessarily
be singular.
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