MATH. SCAND. 28 (1971), 247—251

POWER SUMS OF INTEGERS WITH MISSING DIGITS

TORLEIV KLOVE

In this paper 3*, denotes summation over all n not containing the
digits s,,...,s, when expressed in the scale of r. Let

SAK;7;8y,...,8,) = 8(A4LK) = 3t .xn,
S(A; 75 81,0+ 8, = S(A) = limg_ o S(A,K) ,

where S(A) is defined only if the limit exists. It is well-known that S(—1)
exists (when m>1), cf. [1; p. 120]. In the sequel we find expressions
for S(4,K), 420, A integer. Further we find formulae giving upper and
lower bounds for 8(4), A< 0. In particular we give numerical bounds for
S(—=1;r;r—1) when 3=r=20.

2.
Put

@.1) 8'(A,K) = S(, K) when 1 > 0,

= S(0,K)+1 when A =0.
Let A120, K=0. Then

S'(A,K+1) = Eé"ga« Zé'sb«x (ar¥ +b)*

A
= z:§a<r z:gb<,x z;;o (j)(arx)l_jbj

A . .
= 2}=0 (‘7) rK@-=9 E:§a<r a?-s z:§b<rx b
Put, for 120,
(2-2) u(l) = S’(A:l) = z(?sn«' nt = z:n;l() nl_z;”-I ’gil .

Explicit expressions for the %(4)’s may be found by using the well-known
expressions for the ordinary power sums. In particular we note that

(2.3) w(0) =r—m.
With this notation we get
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(2.4) S'A4LK+1) = u(0)S'(A,K)+3* =0 (J) u(A—j)rEe-n8'(j,K) ,

where the last sum is 0 when 4=0. Applying (2.4) repeatedly we obtain
(2.5) S'(AK+1) = (0S8 (A K+1-k)+
+341 (;) w(A—j) S w(0)ErE-DA-D S, K —L) .

Put
(2.6) T(4,5,K) = S1-gu(0)erE-D04-D§'(j,K —L) .

Then, with k=K in (2.5), we get
@7 ShE+1) = w0)Fu(i) + 31} (j) w(h—§)T(4,j, K) .

In particular
(2.8) S§'(0,K) = u(0)K .

We now prove by induction the following theorem.
THEOREM 1. For A=0 and K =0 we have
S'(A,K) = 3*_ (A, ) (ru(0)E,

where the constants x(A,v) are given by

x(0,0) = 1;
A\ ulk .
a(l,0)=% zkﬂz,zk( )ZEO;cx(l—k,v—k)r,_il, A>0;

A\ u(k 1
(A, ) =341 (k)%zx(l—k,v—k)r'—_l, A>0, O0<v<4A.

First we see that (2.8) proves the theorem for A=0. By an easy induc-
tion we see that

(2.9) 3} _oax(A,v) =0 for 1>0.

This proves the theorem for K =0 and all . Now suppose the theorem is
true for all ' <A. Then, by (2.6),

T(2,5,K) = ZEqu(0)F rE-DG= 50_, o(j, p) (r#u(0)) < ~E
500, ) u(0)K TE_Gra—HdE-D) |

Combining with (2.7) we get

S'(A,K+1)

A . (A—F+uNE+1) _ ph—+p
= u(0)Eu(d) + ,=o( .)u(a ) S ol ) u(0)E -

rA-its— 1
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Putting k=4—j, k=1,2,...,4, and v=k+u=24A—j+u, v=~kk+1,...,4,
we obtain

S'(A,K+1)
_u(d) 1 . (A w(k) 3 (ru(0)) K+ — r"u(0)K+1
= @T())M(O)KH-FZ":I Ev:k (’{;) IITO)OC(A—]C,’V ,C) 1

= Zf=ooc(l, »)(r'u(0))E+1

which proves the theorem for . This completes the induction.

3.

We shall need the following lemma, verification of which is easy and
will be omitted.

LemmMA. If &0 and x+y =0, then
1 AN At+e yotu
= Z4-0 ( ) + 30— 1)t ( )

(x+y)» 8 | artd A—w/ar+e (x4 y)
Put
(3.1) QAK,L) = 3k pexn? = 8(—4,K)-8(-4,L),
Ate betu
(3.2) R(e, K1) = zr§a<r5 2:§b<rm Zﬁ=1 (l—u) (—1)~ (ﬂKa)“"‘(aTlK-I-b)u.
Then
(3.3) S(=1,kK) = SEA0(, 1+ 1)K, IK) .

By the lemma,
(3.4) QA,(+1)K,IK) = 3 . & So<penx (@K +b)-2

* * s -4 b
= Dl<a<rk 205b<rk Za=o( S ) (MIK)E«T"
Ate be+u
A _ &4u
F2ua(=1) (a - u) (ariE )it (arE 1 b)“}

= -0 ( —(3/1) r1EG+08"(8,1K)S(—A—08,K) + (— 1)*R(e, K, 1) .

Combining (3.3) and (3.4) gives

(3.5) S(—A,kK) = Q(4,K,0)+3%1Q(2,(1+ 1)K, IK)

= 8(—4,K)+35-0 ( _al> S(—A—6,K)u(K,d,k)+

+):£:i( - l)s.R(é‘,K,l) )
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where
(3.6) u(K,8,k) = Sk1p1E@+9.8'(6,1K)
— Z{‘:i r—1E@A+9) Zj’,,ooc(é,y)(r"u(O))’K
= Zh-o ®(8,0) ZIZI (A u(0))E .
Put

(r*-2u(0)®
1— (r#=4-0u(0)) K"

u(K,8) = 3 _ox(8,)
Then, by (3.6),

(3.7) w(K,8) = lim,_, u(K,d,k) .
Let
(3.8) Pw,u,K) = 8(=v—u,K) when w is odd ,
= Ylcacre@™®(@+1)"*  when u is even;
(3.9) Pw,u,K) = 3t , ,ka~"(@+1)"% when % is odd,
= S(—v—u,K) when u is even;
(3.10) __Pi_(v,u) = l%mK_mI_j(v,u,K),
Pw,u) = limg_,  Pv,u,K) .

We note that

(8.11) ar'k < arkK+b < (a+ 1)K  when 0sb<rK .
Hence, by (3.2), (3.8), and (3.9),

(3.12) 3k 1R(e,K,l)

< SICi S (t;) (=18 (e+u, LK) P(A+e,u, K)r- 1Kt

(3.13) IF1R(e, KD

> shish (ifi) (= 148" (e +u, LK) P(A+ &, u, K)r- K@)

Let
(3.14) (e, K) = limy_, ., S¥1R(¢, K 1) .

Letting & — oo in (3.5) we obtain, by (3.7), (3.12)—(3.14),
THEOREM 2. For A>0 and K >0 we have

S(=2) = S(—A,K)+Zf,=0(;A)S(—A—a,K)u(K,6)+(—-l)'r(e,K) ,

where
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Ao (=1 (lir;) P(A+e,u, K)u(K,&+u)

A
< (e, K) S Sh_ (— 1) (i+€)P(}.+suK) w(K,e+u) .

Putting K =1 and ¢=0 in Theorem 2 we obtain

TaEOREM 3. If for each r we have specified a set {sy(r),...,s,(r)} with
m fixed, then

S(=1;7;8/(r),...,8,(r) = rlogr+O(r) as r— oco.
In particular,

S(=1;r;r—1) = rlogr+0(r) asr—> .

4.

We have done some numerical calculations on S(—1;r,r—1). Note
that in this particular case (3.11) may be improved, since

arlk 1b < <a+—l) PE

This gives a better upper bound for r(e, K). We used K=4 and ¢=2
in Theorem 2 with this improved bound and obtained the following
lower and upper bounds, S and S, for S(—1;r; r—1).

S S r N S r 8 S
2.679 2.683 9 19.534 19.672 15 40.276 40.596
5.154 5.170 10 22.774 22.941 16 43.994 44.345
7.749  7.783 11 26.111 26.308 17 47.773 48.156

10.494 10.551 12 29.536 29.763 18 51.611 52.026
13.382 13.464 13 33.042 33.300 19 55.504 55.953
16.399 16.509 14 36.624 36.913 20 59.449 59.928

W 1w

The numerical calculations were performed on the IBM 360/50 H at
the University of Bergen.
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