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CERTAIN EXTENDED MOCK
THETA FUNCTIONS AND GENERALISED BASIC
HYPERGEOMETRIC TRANSFORMATIONS

SNEH D.PRASAD

1. Introduction.

About thirty years back G. N. Watson [8], [9] studied certain g-series
which were earlier called “mock’ theta functions by Ramanujan. Re-
cently, G. E. Andrews [4], [5] and R. P. Agarwal [1] studied these func-
tions and some of their extensions as consequences of much more general
transformations of basic hypergeometric series.

Watson [9] in his paper had defined certain bilateral series also which
he called the “complete’” mock theta functions. However, he defined
the bilateral extensions of only four mock theta functions of the fifth
order in the form
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which are the “complete’” forms of Ramanujan’s fy(q), f4(¢%), fi(¢) and
f1(q?) respectively.

It seems rather surprising as to why Watson did not go a step ahead
to define “‘complete’ forms for other mock theta functions also.

The object of this paper is an attempt to answer this question to a
fair extent. The ‘“complete” forms that we have studied are extensions
of the generalised third order mock theta functions given recently by
Andrews [4]. Following Andrews we define the ‘‘complete” extended
third order functions as follows:
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The unilateral forms of the above functions become mock theta func-
tions for « =¢" as shown by Andrews [4].

The “complete” functions ¢,(«; q), p,(«; ¢) and vy(x; ¢) are easily seen
to be expressible in terms of Lerch’s Transcendant [6] which in its turn
is a limiting case of a bilateral basic hypergeometric ,¥;-series. In
particular, it can be easily shown that
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where Lerch’s Transcendant is defined as
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The next two ‘“‘complete’” extended mock theta function fi(x;¢) and
w,(x; q) are easily seen to be limiting cases of a basic bilateral ,¥,-series.

The above ‘“complete” functions are more conveniently expressible in
the form of a bilateral ,¥p-series.

Thus far a study has only been made of the type of series ,% . In this
paper we have deduced a general transformation between series of the
type ,¥p in the hope that such transformations should throw some
light by way of unification on the various mock theta functions. We
give in Section 3 a proof of a general transformation between ,¥j-
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geries by means of a transformation of ,¥ ,-series given earlier by L. J.
Slater [7; 7.2.5] and also give a direct proof of it, by integrals.

Later in the paper we derive some interesting special cases, of our
general transformation, which give relations between the functions
Ji(x; @) and wy(«; g).

Finally, we have deduced a general transformation between ‘“‘bibasic”
series of the type ,¥5.

2. Notations.

Let
g% qln = (1—g*)(1—g**) ... (1—¢**"1), [g%qle=1, lgI<l.
(ay) stands for a sequence of N parameters a,,a,,...,ay; when N=4,
it will be dropped out.
By

Py o . P M(x); 2
T0 [ "] orsimty TI[5)""]
we denote the product

=]

u=0

For P infinite it will be dropped from the product symbol.
Bilateral ¥ g-series and ‘‘bibasic” bilateral hypergeometric series of
the type %5 are defined as follows:

, 420,
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when 2 is zero it shall be omitted from the ¥-symbol. For 1=0 this
series converges provided 4>B and |z|<1 or A=B and [¢*®-%@)| <

|z| <1 and for A positive the series converges provided A+ 4 —B>0 or
A+A—B=0 and |g*®-Z@+4-B| < |z,

¥ [q‘“’iql‘d’;m ] -y [(a):(d);w ]
4+DT B+O q%: ¢,; ql!hh A+DT B+C ®): (c); I’y

_ E [9; glu[0s@; gu]namgininDg,PhuniniD)

= s lal<l, gl <1,
—o [9?; 91u[949; 211 !

and we take |g| < |q,| for definiteness.
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This series certainly converges when 1=0, 4, =0, provided 4 >B, D>C
and |z|<1, or A=B, D=C and

|q2(b)—2(a) qlz(c)—z(d)l < lxl < ]_;

when 1>0, 4,>0 provided A+A4—B>0, 4,+D—-C>0 or A+ A—B=0,
M+D—-C=0 and
IqZ(b)—Z(a)+A-B q12(c)—}:(d)+D—cl < |z .

A term of the type (4)' —k, stands for the sequence
hy—ho,hg—bpy. o by _y—hp by —hp. . By —h, .

The parameter —[x]* in the product denotes a term of the type
ITo-o[1 +g*+%].

3. A transformation.
We now proceed to deduce the following transformation:

(), 1—(0), 1=z -z +a; g (©); (—g-1)4-Cqm; A—
(1) H[(a),l-—(a) ] [(b) C]

— Tl 1+(®)—ay,2—~2—a—ay,a,—(c),a,—1+z+a;q »
9 (@) +1—ay,1—ay,a,—(a),a,

1+(c)—ay; (—q)4C¢"; A -
xo¥s [1+(b)— , O] "

+ idem (a,; @,,...a,),
provided

(i) A>Cor A=C and |¢®| <1,
(i) A>B or A=B and [gZ®-20)] <[¢7| <1,

where o =3 (¢)—X(a).
To prove (3.1) consider the following transformation of Slater [7;7.2.5]:
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@) T [ 2y O O [

G +r+a—1,2—a;—x—n,a,—(04), 1 +(by)—ay;q
=1l [a1,1—al,al—(a)',1+<a>'—a1 8

I+(cqy)—ay; 47| | . )
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where a =3 (c4)—3(ay,), lg*| <1.

If in (3.2) x is replaced by  —cp 3 —Coia— . . - —C4 a0d €041,6049,- - - C4
tend to oo while bp,;,b5.,,...,b, tend to oo, we get (3.1).

(3.1) can also be derived by evaluating the integral

__l__"j{t 1 [1—-8—( c),(b)+s8,1+s—x—x, x4+ —38; q]d
2mi - (@)+s8,1—8—(a),1+s, —s ’
—n,

where & =3 (c)— 3 (a) and there are 4 of the “a” parameters, B of the
“b” and C of the “c’’ parameters.

If in (3.1) we take A =C, we get the following transformation between
(A+1) ,Vp-series:

[ m ]

—0,2—T—x—0y,0,—C4q,0;—1+x+x;q
- —ay 1 1%L A>¥1
| [“) "+1-ay,1-ay,a,—(a),a ]

14+ (cy)—aq; ¢° . .
X 4Pg [1+(b)—a1 + idem(ay; as,...ay),

where a=3(c)—3(a), provided 4> B, and if 4 =B, |gZ®-Z0)| < |¢g=| < 1.

4. Relations between ‘complete’ extended mock theta functions.

The following identities between f;(«; q) and w,(x; ¢) shall now be
established :

@1)  TI[-[* dfes o) = TT [-[2-cl*; a]fule*< 9)
~11-[10% g
CE S N P
+¢t 11 [: E;]*I]i [;][f, ]; _%c q](l —° oy (g¥; ¢ +
—c _[G_%]*,—[g—c]*:l;q .
eIl | Ty Vi - o

(4.3) ¢ TT [c—3; qloy(9¥; ¢F) = q T [3—c; qloy(¢*¥%; ¢t) .

(4.1) can be deduced from (3.1) by taking B=2, =1, 4 =2, replacing
¢, by ¢, —z and letting 2 - oo and then putting b,=1+mift, b1=cl+m,/t
a,=}+mift and ay=c,, where g=e~",

Math. S8cand. 27 - 16



242 SNEH D. PRASAD

On the other hand if in (3.1) B=2, C=1, 4=2, ¢, is replaced by
¢;—z and x — oo and then b,, b,, a;, and a, are replaced by 1+ =i/t
c,+mift, $+mift and ¢, +nift respectively, we get (4.2) because

oo qn(n+1)q—cln _ 1
n=0[9; alalg®; qln  TI[g*~ ;4]

For (4.3) take B=2, C=1, 4=2 and replace ¢, by ¢c;,—z+1, let z >
and then set b,=c,+ 4, b,=4%, a;=$}+xift and a,=c, in (3.1).

5. A general transformation.

In this section we shall obtain the following general transformation
between “‘bibasic”’ ¥y type of series which extends (3.1):

A (@ +1—fufi—(b),2—x—a—fr,x+a+f—1; ¢
(5.1) lltZH[ Pie e g ]

(¢)—m[fi]+1—uy, — (@) +m[fi]+us; ¢y
11 [(h)+1—m[f1]—u1, — (k) +mLf] +u, ] .

u=0

)+ 1=f: 1+(d) —m[fi]—uy; @

X 50 ¥as0 [(a) +1—f1: 1+(c) —mf1] —uy; qF_B%H_D] "

+idem (fy; fo,- - -.fm) +

(@),1=(b),1 —x—x,x+x;q
+ 1t EH[I L) 1-(f) E

(©)+m{0] +1ug, 1 — (d) = m[0] — uy ; g
XTI |3} 00 e — () (0] o iE

®) : (@) +m[0]+uy; 2 ]+

< w0 ¥ase ()10 i) v g5-2052

(@)+ 1= M[hy],2— 2 — & — M[h)], @+ o+ M[hy]— 1, M (k) - (b); g
+1/6 11 [(fH.1_M[hl],2—M[h1],M[h1]—(f):M[hq]_1 ] g

)+ 1—=hy, by — (@) ¢
! [(h)+ ]

s [0 1ML 1D ]
B0 T4 [ (@) 41— MThy] : 1+ (0) —hy; g7~Pgy 7P

+idem (hy; hy,. .., hg) =0,

-+
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where u, =2nmiuft, x=3 (b) -3 (f),
2 = (_ 1)B+D—F—H qB—F+zq1D—H—2(d)+E(h)+(H —D)Xml[0]+uz)
Q, = (—1)B+D-F~HgB-F-a+(F-B)yu g D~H~E(d)+E®)+H Dy
with 4 = 1,2,
b =1-fi,&=1-Mk], n=1-mlfil-wu, n,=1-h,
r is a positive integer such that
rty, £t < (r+ 1)

and m,, is the sequence of least integers for which

—afty £ Im{m[(f)], M[(R)]} < =ft;,

where the numbers («x)+ 2nim,[t have been abbreviated to m[(«)] and
() + 278myy[t; to M[(x)]. The parameters in (5.1) are subjected to the
restrictions

(i) F>B or F=B and Rexz >0,

(iil) H>D or H=D and Re[3 (h)—3(d)]>0,
(iii) >4 or F=A4 and Re[3(a)—-3(b)—x]>0,
(iv) H>C or H=C and Re[X(c)—3(h)]>0.

(5.1) can be proved by evaluating the following integral (see Section 3
of [2] and [3]):
infty
1 (@)+8,1—(b)—s,1—x—x+8,x+x—8;q
2mi H[(f)+s,1—(f)—s,l+s,—s ] %

—infty
©+8,1—(d)—s; g
"H[(h>+s,1—<h)—s ] @,

where & =3 (b)—3 (f).

By taking B=F=A and D=H=C in (5.1) we get (3.3) of [3].

Further by taking A=B=C=H=F=1, D=0, replacing « by x—h —
m[0], b by b—z and x — «, setting a=b+nift, c=1+mft, —m[0], f=
3 +nift, h=b—m[0] we get

5 —[b]*, —[31*, —[—41*; ¢ 1+nefty+u; g
Ty | Il b P B

0 qin(n—l)q 1}n(n—l) q 1(b +up)n

x 2

n=-—00 [— qb; Q]n [ - QILH" 5 QI]n
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b+ 1— MIH] +76ft,§ — MTR]+ e, M[h] — § —mift; g
+111 [g + it — M[h],2 — M[h], M[R]— }— ift, Mh] — 1 ]

b

y H [2 — i /t _ b; ql] oo q}n(n—l)qlin(n+1)q(l—M[h])n _
1,1 oo [— gt -MIL; g [ 4,275 il

where h=5b—m[0].
This result is an extension of (4.1) as seen by taking ¢=g¢; in it.
Similar extensions can be obtained for (4.2) and (4.3) in the same manner.

I am grateful to Professor R. P. Agarwal for his kind guidance through-
out the preparation of this paper. My thanks are due to the Council of
Scientific and Industrial Research for the award of a fellowship during
the preparation of this paper.
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