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SPLIT EXTENSIONS OF HOPF ALGEBRAS AND
SEMI-TENSOR PRODUCTS

LARRY SMITH

Introduction.

A homology Hopf algebra over the field k is a (positively) graded con-
nected Hopf algebra over & with commutative comultiplication. The
category whose objects are homology Hopf algebras over k and whose
morphisms are morphisms of Hopf algebras is denoted by #,5¢/k.

In [4] the formal resemblance of 5#, 5[k to the category of all groups
was exploited to develop an analog of the derived series for homology
Hopf algebras. In the present note we will exploit this formal resemblance
by carrying over to ., |k the relation between split short exact
sequences and semi-direct products. The notion of the semi-direct
product of an algebra 4 and a Hopf algebra H may be found in [1] and [2].
We will follow the notation A ®H of [1] and review the relevent facts
in sections 1 and 2.

Our main result is the following:

THEOREM. Suppose that
[ Ry ; G ; Ny

L

18 a split short exact sequence in S, [k. Then there is a natural iso-
morphism of Hopf algebras H~H' ©H".

Clearly there is a “dual” result for coexact sequences in the category
H [k of cohomology Hopf algebras that involves the ““cosemitensor”
product (not a semi-cotensor product!). The formulation and details
are left to the reader. They are just the formal duals of those presented
here.
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18 LARRY SMITH

1. Preliminaries.

In this section we will review some elementary facts concerning Hopf
algebras. The classical reference for the basic facts is [3].

NoraTioN AND CONVENTIONS:

k is a fixed field referred to as the ground field; ® = ®,;

AlJk denotes the category of (positively) graded connected k-algebras;

H W[k denotes the category of homology Hopf algebras over £,
we refer to [4] for several of the basic properties of this category;

M [A is the category of graded (left) modules over the algebra
A € objAlk.

If M,Necobj#|H, H € objH [k, then as is well known [5] MQN
may be given the structure of a left H-module via the composite

AR1®1 1®T®1

HR(M®N) ~ HQHRM RN ~ HOQMQHQN

PMOPN
{
NM,
where A is the comultiplication in H, T is the twisting morphism and

@u> ¢y are the H-module structures on M and N respectively. (Recall
that the twisting morphism

T: LiQLy~ Ly®L, | T(h®L) = (—1)*eh ek,
for any L,,L,eobj.#|[k.)
DEriniTION. Suppose that A4 e€objAdl/k and H €objs# k. If

¢: HRA -~ A is an H-module structure on 4 then A is said to be an
algebra over the Hopf algebra H iff the multiplication morphism

u: AxA - A4
is a morphism of H-modules.

The notion of an algebra over a Hopf algebra arose originally in
algebraic topology and is due to Steenrod [5].

DeriNiTION. Let A be an algebra over the homology Hopf algebra H.
The semi-tensor product of A and H, denoted by A®H, is the object
of Al/k defined as follows:

(1) as a k-module AOH=AQH;

(2) the multiplication in A ®H is given by the composition
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(AGH)Q(AGH) = AQHRARQH

1Q4Ar®1®1
AQHRHQRXAQH
IRIRT®1
AQHRARHRH
1Qpa®1®1
AQAQHQH
ra@uu

AGH = AQH.

The notion of semi-tensor product was introduced in [1] and [2]
where one may find a proof that the multiplication defined above is
associative.

As we shall soon see, © plays a role in J#,5¢ [k analogous to the semi-
direct product of two groups. (See also [1] especially the examples in
the appendix.)

A more accurate notation would be A® H, where 9: AQH —~ A is
the H-module structure on 4. We have no need of this extra precision
at present.

The following is an elementary consequence of the definition:

Lrvuma 1.1. Let A’ be an algebra over the homology Hopf algebra H'
and A" an algebra over the homology Hopf algebra H''. Then A'QA" is
in a natural way an algebra over the homology Hopf algebra H' QH'' and
there is a natural isomorphism of algebras

(A’ RA")OH'QH") 2 (A'OH)YQ(A" ©H") .
Norariox. Let 4 be an algebra over the homology Hopf algebra H.
Then there are natural morphisms of algebras
x: A->ACH, c: H—-AGH
given by the morphisms
a: a-—>all, o: h—>1Qhk
of underlying k-modules.

Remark. (1) Note that 4 is an algebra over the Hopf algebra & and
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o: Az AQk. Also k is an algebra over the Hopf algebra H and
o: H~k(®H.
(2) If A eobjdl/k and H € objo# ¢ [k, then there is a trivial action

of H on A given by

e®1

HgA - kR4 xA.

It is elementary to check that relative to this trivial action 4 is an
algebra over H. Moreover, as may also be readily checked,

AGCH ~ AQH
as an algebra.
RecorLecTiON. If H €o0bji#’ 5[k, then there is defined an anti-
automorphism [3, section 8]

yg: H->H

called the canonical anti-automorphism of H. A formula for yg is
given inductively on degrees by

xah) = —h— Z b xu(hi),

Ah) = h@1 +1Qh + 3 b/ QR .

where

An alternate definition of yz may be given by requiring that the diagrams

E— H—2% , HeoH
‘|
XH k 1Qxn
”l . ¢
k H H" __ HoH

be commutative. The composite morphism H %5 v H is often called
the trivial morphism and denoted by *.

Norarion. If A is an algebra over the homology Hopf algebra H
and ae€ A, h € H we will denote by a ©®h the element of A ©@H correspond-
ing to the element a ®% of A ®H under the natural identification of these
two k-modules.

Let H € objo# [k and A € Aljk. Suppose that f: H - A is a mor-
phism of algebras. Define a morphism
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by the diagram

Hod 2%, ponga '°7., HedcH

‘Pflr jl®l®){}l
At sgpiaed {2 HosoH

One readily checks that ¢, gives 4 an H-module structure.

REMARK. Suppose that G and L are groups and f: G@ — L is a homo-
morphism. One should compare the above construction to that of letting
G act on L by inner automorphisms via f.

ProrositioNn 1.2. Let H cobj# [k, Aecobjdllk and f: H - A.
View A as an H-module via @;. Then the multiplication

e ARA > A

is @ morphism of H-modules. Hence 4 i3 an algebra over the Hopf algebra
H via g;.

The proof is a straightforward, though messy, diagram chase and
is deferred to Section 4.

2. Functorial and universal properties of ©.

In order to carefully delineate the functorial properties of the semi-
tensor product we find it convenient to introduce a few more categories.

Derintrion. The category of algebras over homology Hopf algebras,
denoted by Al[# ., has as its objects triples (4,H,p) where

Aeobjdllk, Heobj# [k and ¢: HRA A

is an H-module structure on A making 4 into an algebra over the Hopf
algebra H.

A morphism in Al # from (A',H',¢") to (A”,H"”,¢") is a pair
(f,g) where

(1) f: A’ - A" is a morphism in 4l/k;

(2) g: H — H" is a morphism in 57, ¢ [k;

(3) the diagram
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H’®A' __‘p:__) A

I f f
‘L ¢/I \L
HI’ ®AII LN AII
is commutative.
If (f.9): (A", H',¢') — (A",H",¢") is a morphism in Al/5#,#, define
a function
f®g : AI@H’ _)AII@HI'
by the formula
(fO9N(@' OI) = f(a")Og(k') .

It is straightforward to check that fOg: A’OH - A” ®@H'"' is a morphism
of algebras. In addition we readily obtain

ProrositioN 1. ©:AlH H — Allk is a funcior.

REMarK. (1) Note that there are morphisms

(4,k,) " (4 Hyp), (6 H,) "0 (4,H,g)
which induce the morphisms
x: A=A0k—- AQGH, o: H=koOH>AGCH.
(2) A more precise notation for the functor ® would be
(4,H,9) > AQH .

As previously remarked we have no need for this extra precision at
present.
(3) Note that @ provides a product on the category Al/:# £ by
setting
(AI,HI’¢I) x (AII’HI,’¢II) = (AI®AII’HI®HII,¢1®¢II) .

Lemma 1.1 then says that © preserves products.

Derintrion. [1] Let (4,H,¢) e objAlj#,#. An (4,H,p)-module is
a triple (M, ¢, py) where

(1) Meobjdlk,

(2) p 0 AQM — M is an A-module structure;
(3) pg: HQM — M is an H-module structure;
(4) p 0 AQM - M is a morphism of H-modules.
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Norariox. If f: A — B is a morphism in Al/k, then we define a left
A-module structure on B by the composition

i AeB1® . BgB " . B,
DerintrioN. Let (A4, H,¢) € obj Alj# # and B e objAllk. A g-mor-
phism from (4, H,¢) to B is a pair (f,g) where
f: A-B, ¢g: H->B
are morphisms of algebras such that (B,A,,4,) is an (4, H,¢)-module.

The following result embodies the universal mapping property of ©.
It is a sort of restricted coproduct property.

PropositioN 2.2, Let (A,H,p) € objAl|# 4, B e objAllk, and
(f,9): (4,H,¢) - B a p-morphism. Then there is a unique morphism of
algebras

f@g : AGH - B
such that the diagram

AT p
L Fjor;
ACH —— B
1
ag . H g

18 commutative.

Proor. We define

(fO9)(a®h) = f(a)g(h) .
‘We then have

(fONU@o)(BON] = X elfOg) (@h/bOR"T) = 3 &:f(ah;b)g(RT),

where
Vh = z ki’ ®h¢'” and g = (.__ l)degb degh’i .

However since (B,A,4,) is an (4,H,p)-module we have

gm)f(@)gl) = 3 &:9(h)f (@) g(R;")g(l)
= 2 &g(h/)f(@)g(h/'T) .

Thus using the formulas
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f(h-a) = g(h)f(a),
fla-k) = 3 &;9(h)f(@)g(h;"),

we obtain

(fO9N((20g9)(d o) = f(a)g(®)f(®b)g()
= ((fOg9@oh)((fOg)@®eD),

and hence f(®g is a morphism of algebras as claimed. The remainder is
routine.

DerintTioN. Let H',H' € objs# [k and let ¢: H'QH' - H' be
a morphism of k-modules making H' into an H"-module. Then H’ is
a homology Hopf algebra over H'' iff

(1) the multiplication morphism u': H'®@H’' -~ H’ is a morphism of
H''-modules and

(2) the comultiplication morphism 4’: H' -~ H'QH’ is a morphism of
H''-modules.

Exampres. (1) Let G be a connected topological group with
H*G; Z,) € HWH[Z,,

p a prime and Z,=Z/pZ. Let (*(p) be the mod p-Steenrod algebra [6].
Then the Cartan formula shows that H*(G; Z,) is a homology Hopf
algebra over G*(p).

(2) Let H',H" € objs#’w#[k and f: H” —~ H' a morphism of Hopf
algebras. Let ¢,:H""®H’ — H' be the H''-module structure defined in
section 1. Then H’ is a homology Hopf algebra over H''. (See the
proof of Proposition 1.2 given in Section 4.)

DerFintTION. The category of homology Hopf algebras over homology
Hopf algebras, denoted by .| H#, is defined as follows:

(1) the objects of ¢ |#H# are triples (H',H”,p) where
H',H" eobjot, |k and ¢: H'QH' -~ H' is an H"-module structure
on H' turning H' into an homology Hopf algebra over H";

(2) a morphism in [ from (H',H",p) to (L',L",p) is a
pair (f,g) where

(a) f: H — L' is a morphism in 5, ¢[k;

(b) g: H'— L" is a morphism in #,5¢[k;

(c) the diagram
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HII ®Hl _ q’ s HI
IR f Ii
LII ®LI ,__.,E._._) LI

is commutative.

Prorosition 2.3. If (H',H",p) € obj i |H H, then H' OH" is a
homology Hopf algebra in a natural way.
Proor. We recall that for any H € objo# [k,

is a morphism of Hopf algebras. (That A is a morphism of algebras
is part of the definition of a Hopf algebra. Since H has commutative
comultiplication it is easily seen to be a morphism of coalgebras.) Thus
we have a morphism

4',4"): (H'.H",9) > (H'QH', H'QH", ¢Q¢)
in S |H# . This provides a morphism of algebras.
A4'0A": H'OH" - H'QH')OH"QH")
(Lemma 1.1)
(H'OH")@(H'OH") .

Thus 4'©A" gives H' @H'' a Hopf algebra structure. The commutativity
of A'®4" is immediate and thus 4’ © A" provides a homology Hopf algebra
structure on H' ©H".

COROLLARY 2.4. There is a commutative diagram of functors

oG H|H 0 s A H |

|
Az/Lo*af o, Alfk

where the vertical functors are forgetful functors.

COROLLARY 2.5. Let (H',H",p) € objo# ([ o and H € objt  H [k.
Suppose that f: H — H, g: H"” —~ H are morphisms of Hopf algebras such
that (f,g): (H',H",p) - H is a @-morphism. Then there is a unique
morphism of homology Hopf algebras
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fGg: H'GH” - H
such that the diagram

= H

commules.

3. Split exact sequences in 5,5 k.

We will begin by recalling some elementary facts about exact sequences
in #.[k. More complete details may be found in [4].

Suppose that

H/ f/ H f// H”

is a sequence in S, [k, that is, f”f’ is the trivial morphism H' - H"'.
A criterion for exactness of this sequence is the following (see [4; sec-
tion 2]):

View H'' as a comodule over H via the structure morphism

-2 gen %, nenr,
Since f”':f’=* there is a unique morphism of homology Hopf algebras
(the cotensor product, O, is defined in [3])
f: H >kogH".

Exactness (at H) is equivalent to f being an epimorphism.

ExamprLE. Let (H',H",p) € objot [ . Then we have the se-
quence

HI i_) HI @HII i» HII
of homology Hopf algebras where
(1) f’ is induced by the morphism

(H',k,") ~ (H',H,¢p)
in W H|[H H and
(2) f" is induced by the universal property of ©® from the p-morphism

(HI’HII,q)) - HII ,
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where H' — H'' is the trivial morphism, and H'' —~ H'’ is the identity
morphism.
Notice that the trivial action given by

e®1

H'@H 2" koH —=- H’
yields under this construction the trivial sequence

f’_) HI®HII -__/'___) HII .

H' -

(It is easily checked that the trivial action of H” on H’ leads to an
isomorphism
HI@HI' g H’®Hll

of homology Hopf algebras.)

DEFINTTION. A split short exact sequence in 5,5 [k is an exact sequence
of homology Hopf algebras

I QRN SR L
together with a morphism of homology Hopf algebras
o¢: H'—~H, suchthat f'-¢=1: H'->H".
We will often use the notation

k—H' ~—,—>H I, H' >k

L

(o]

to denote a split short exact sequence in 5, /[k.

ExampLe. If (H',H",p) € objo#t H |5 5 then the sequence

k%H"—f—,—*HIQHH __-i:_) H"—>k

[

G
is split short exact.

ConvENTION., Throughout the remainder of this section,
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]c——>H'—~f—l—> l—» H" - K

L
I
g
will denote a fixed split short exact sequence in S, /k.

DErFiNITION. Define a morphism
¢: H'QH - H

by commutativity of the following diagram:

Hll ®Hl i@_l__) Hll ®HII ®HI __‘I-_®_1_y_> HII ®H' ®HII
7 11y
18 . ’
H - multlply H®H®H <_U®f ®E_ Hn ®HI ®HII
Lrvma 3.1,

(1) ¢: H"QH' — H is a morphism of homology coalgebras.
(2) f'¢: H'QH' — H" is the trivial morphism.

Proor. By definition ¢ is a composition of morphisms of homology
coalgebras and the first assertion is immediate. (Note A’ is a morphism
of coalgebras since H'' is cocommutative.)

To prove the second assertion recall that the conjugation y satisfies

2/ y(x) =0
for any x € H"" with degx > 0 and
Az) = 3 z/Qux;" .

To show that f”’ @ is the trivial morphism let a®se H”” @ H' be of positive
degree. Then if degs> 0 we have

(/" P)a®s) = 3 a;/f" 1" () x(a;"")
= Ya;/0x(a) = 0.

If degs=0, then dega >0. Thus
(f"P)a®s) = s 3 a;/y(a;") = 0.
Hence f""¢: H'QH' — H" is the trivial morphism.
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Lemma 3.2. Suppose given a diagram of connected coalgebras
B2, ¢
|
C"

with f"'g: B — C" the trivial morphism. Then there is a unique morphism
9: B — kOg.C such that the diagram

— kO ~C’
{T Dclo
¥

B — C
J
Gl’

commules.
Proovr. Direct from the definitions.

ProrosiTioN 3.3. There is a unique morphism of coalgebras
(p . Hr/ ® HI - HI
such that the diagram
HII ®Hl q) H'

commules.

Proor. Consider the diagram of homology coalgebras

H, = kDHﬂH

lf'

HoH P H
|
H".
By Lemma 3.1 the morphism f"’¢ is trivial. Apply Lemma 3.2.

Proposition 3.3 provides H’ with the structure of an H'’-module
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via @. The remainder of this section is devoted to establishing that
(H',H",p) € objot o |# o and that the sequence

k— H' -—f~,—> H ———-,-’—> H' >k

L

g
is isomorphic to the sequence

k_)HI_‘)HI@HII—_)HII—_)_k;

the semi-tensor product being taken with respect to ¢.

ConveENTION. Henceforth the H''-module structure on H' given by

the map
@ HH®H/ s H/

constructed in Proposition 3.3 will be referred to as simply the H''-module
structure on H'.

REMARK. A local formula for the H''-module structure on H’ is given
by
aos = f'-1 [z sia(ai’)f'(s)ax”(ai”)] s

where
V(ie) = > a;/Qa;"”,
82’ — (___ l)degai' degs,
and y" is the canonical anti-automorphism on H’'. The multiplication

and sum on the right being taken in H.

ProrosiTioN 3.4. The comultiplication
A': H -~ H QH'

18 a morphism of H'-modules.

Proor. By Proposition 3.3 the morphism
¢: H'QH - H'

is a morphism of coalgebras. Thus the diagram
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H oY, i on om QH
l 1IRTR1
¢ H’I ®H/ ®H’I ®H'
|
lw@w
H : H' QH'

commutes.
The assertion that A’ is a morphism of H'’-modules is equivalent to
the commutativity of the diagram
” 7 (p ’
H'QH —— > H
1®4° a4’
+ v ¥
HII ®HI ®HI T H/I ®HI
where

y: H'QH'QH' - H QH'

is the H''-module structure on H'®QH’. From the definition of y we are
reduced to showing that the diagram

HII ®HI (p HI
1®4’

H'QH QH'
A"®1 A’
H'@H"QH QH'
1IRT®1
H'@H oH"oH 2% H'o’

commutes. However this is the diagram that asserts ¢ is a morphism of
coalgebras, and as we saw above, commutes.

Prorosrrion 3.5 The multiplication
‘Lt’ . HI ®HI > Hl

ts @ morphism of H''-modules.
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The proof of Proposition 3.5 may be simplified somewhat by the
following device. Define an H''-module structure on H by the map

9. H'®H-H",

where ¢, is defined as in section 1 by the diagram

H'oH -2 pren en 1, HreHeH"
10102
2 ffl "QHRH"
‘ ocR1Ro
H maltiply Helsl

As a special case of Proposition 1.2 we then have:

Prorosrrion 3.6. The multiplication
u: HRH -~>H
18 @ morphism of H''-modules.

By a simple modification of the proof of Proposition 3.4 we also
obtain:

ProrosrrionN 3.7. The comultiplication
A: H-~HQH

is @ morphism of H''-modules.

COROLLARY 3.8. (H,H"”,qp,) € objot (| H o H .

Proor or ProposiTioN 3.5. We have a diagram

H// ®H' __L@_f’__'_) H”@H
1®u I@u

H”@H'@H' _}@l@_ﬁ_} H”@H@H

. .
e 1® | HeH

lu’ 7
’Hl f/ H(— ,
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where the right hand rectangle commutes (Proposition 8.6) and the hori-
zontal morphisms are injections ([4, Proposition 2.1(2)]). It therefore
follows that the left hand rectangle commutes.

CoroOLLARY 3.9.
(H',H",p) € obj HH |y and (H',H" ¢ AR (H,H",p,) s a mor-
phism in K H|H .

Analogous to the proof of Proposition 3.5 we also obtain:
Prorosrrion 3.10. The morphism
e 79 goH —*, B

18 a morphism of H''-modules.

Prorositiox 3.11. The pair of morphisms
ff:+ H->H<« H":¢
s a p-morphism of (H',H,p) to H.
The proof of Proposition 3.11 is a tedious diagram chase and is de-
ferred to section 5.

It follows from Proposition 3.11 and the universal property of ®
(Corollary 2.5) that there is a commutative diagram

7

ANy H H” >k
” |f®a ”
¥
rom o men I g

of homology Hopf algebras. It follows from [3; Proposition 4.4] that
f'©c is a bijection of graded k-modules and hence is an isomorphism of
homology Hopf algebras. Thus we have proved:

TuEOREM 3.12. A split exact sequence of homology Hopf algebras

-f’ f”_) HII k

L_J

is 1somorphic to the split exact sequence of homology Hopf algebras

k—-H ——

Math. Scand.26 —
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k_)HI f’ H’@H" __-ﬂ__) HII__)k’
where (H',H'"' ,@) € H#  H [ ¥ 18 as constructed above.

This establishes the result announced in the introduction.

4. Some diagram lemmas and the proof of Proposition 2.1.

Lrmma 4.1. If C is a commutative coalgebm then the diagram

c-4, 0®O 0®0’®0®0
Al ll@T@l
cl CRCRCRC
A®Al I TRIRI
CRCRCKRC 0®0;§>C®0

18 commutative.
Proor. Immediate from the definitions.

Lemma 4.2. If H € obj# |k and *: H - H 1is the trivial morphism
then the diagram

HeoH %% HeoH

A‘[ Ip
. ¢

H - H

18 commutative.
Proor. This is essentially the definition of y (see [3; Section 8]).

Lemma 4.3. If H € obj# |k then the diagram
4®4

H-2, ngn 2%4 HeHHRH
Al 11®x®1®x
HRH HQHRHSH

1®xi ll@u@l
HoH — %! | neHgH

commules.
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Proor. By Lemma 4.1 the diagram
4®4

H*» HRH —— HQHQRQHRH
A1 11®T®1
HQH I HRHRQHQH

44 J T®1®1
HRHQHQH «——

commutes. Thus it suffices to show that the diagram

H— HoH 2%, peorsHeH 7%, HeHoHoH
TR1I®1
a4
HRHRHRH
HQH I 10x@101
HRHRQHKQH
1®y
1u®1
HQH 18431 S HOQHRH

commutes. Applying Lemma 4.2 we obtain the commutative diagram

404, peHoHH °T®', HoHRHQH

H — HRH
4 ‘ TEIEL
HéH HRHRHQH
A®el 111 1®0x®1®x
HRHQk HQQHRHKQH
1®Tl 1Qu®1
HokoH 2%, goroH 1&n®1 HQHQH

which is easily seen to be equivalent to the diagram II as required.

Proor or ProprosiTioN 1.2, The assertion is equivalent to the commuta-
tivity of the following horrendous diagram
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AR1®1 1RT®]
—————>

HRQARQA - HQHRARA HRQARHRA
10 AR1R4®1
HRA HRHRAQHRHQA
41 IQTRIRT
HRHR®A HRQAQHRXHRARQH
1T 1R1®1PR1IR1I®
HRQARH H HQARQHRHRXARQH
1I®1®x IRIRfRfR1Qf
HoAoH (A®AR4)D(ARARA)
uep
fRL®f ARA
. " g
ARARA A

Since f is a map of algebras, the above diagram will commute if the
following diagram commutes.

A®11 404131

HRARQA ~ HOHRARA -~ HRHRHRHRARA
41 l1®x®l®x®l®l
HRHRQARA HOHQHRQHRARA
1®x®1®1 ll@,u@l@l
HRIHRQARA HRHRQHRARA
1Qu 1IRIRT®1
HRH®A HF HRHRARHRA
1T 1RTRT
HRQARQH HRAQHRXARQH
fRIQfRI®f
R1ef ARQARARARA
2

AQARA s - A
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This diagram is seen to commute by applying Lemma 4.3 to deduce that

Hodaed 29'%L nengaga 194%%. peonoHeH®ARA
A®1l '¢1®X®1®x®1®1
HQH@AR4 HRHRHQHQARA
l®x®1®ll l1®u®1®1®1
HQHQAQA lerelole!l HQHOHQASA

commutes and applying elementary considerations to the lower portion
of s+,

5. More diagram lemmas and the proof of proposition 3.11.

Lemma 5.1. If C is a commutative coalgebra then the diagram

A1

C o®C CRCR0

1 ll@T
!

4 CRCKRC

P®T

0R0 491, 0eCeC

18 commutative.
Proor. Direct from the definitions.

Lemma 5.2. If H € objst o[k then the diagram

72, ner 2% HeHRH
‘ ‘1®x®1
E®1 H®E®H
l/@l
kéH "l HeH

commutes.
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Proor. Tensor the diagram

H-2. nen
o

with H. This gives the commutative diagram

H- 2, aea 2%, HeHoH

' 11®x®1
«®©1 HQHQH

¢ l ke
rH ") HQH «— H®H

k@1

and the result follows.

Lemwma 6.3. If H € objot |k then the diagram

H-2. o0 2%, HeHoH
‘ l I®x®1
10k HoHQH
ll®ﬂ
HoH 1®" . H®H

commaudtes.

Proor. By Lemma 5.1 we have the commutative diagram

- 2. e 2% HeoHeH

|1®T

A®1 H®E®H
ll@T
HRHRH

+

HQH 4A®1
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This gives a commutative diagram

- 2. e 4% noneH %% HeneoH 1®% HeHeH

ll@x@l 10201
HRHQH HQHQH
1 l 1®u Ion
HRH « ! > HQH
T1e@n
H Lok - Hok

by applying Lemma 5.2 to obtain the outside rectangle. The commuta-
tivity of the

shaped region now follows and is the desired result.

Proor or ProposiTioN 3.11. The conclusion is equivalent to the com-
mutativity of the diagram
g ool ‘¥ nengn °®%. HoHeH

A"®1®1
H'@H"QH QH

1T®1
H'QH QH'"QH
4"®1R1®1

H'QH"QH QH"QH I p
1TR1R1
H'"@H' QH"QH" QH
19107®161
H"QH @H"QH"QH
191@u®1

) »
H'oH oH"'oH 227®® noHoHH *> H.
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From Lemma 5.3 we obtain the commutative diagram

"
4
H"®H"
4"®1
H"QH"QH"
101©1 i
H'®H"QH"
1@#1

1Rk

1I H" Rk

H’I ®HII

1®7

This then gives the commutative diagram

H'"QH'QH

1®5®1

-~ H'QHQH

A"R1x1 l
H'QH"'®H QH
19T®1 l
H"QH QH"QH
4"Q11®1 l
H"QH"QH QH"QH
1IRT®IR1 l
H'QH'QH"QH"QH
101@®10! l
H'QH'QH"QH" QH
191041
H"QH'QH"QH

1Q1R:1
—_——

1

II1 1Qf/®1

H"QH' QkQH —— H"QH'QH ,

and the result follows from III by elementary considerations.
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