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ON A COMPUTATION RULE FOR POLARS

KUNG-FU NG

Let (E,7) be a locally convex topological linear space over the real
field R; and let E* be the continuous dual space of E. The polar of a
subset 4 of E is denoted by 4" and is defined by

A" = {feE*: f(a)<1, Yaec A}.

Let S and T be convex subsets of £ containing the origin. It is well
known that if S and 7' are closed then (Sn7')” is the w*-closed convex
hull of S*u7"”. In this note, we show that in order to draw the same
conclusion the closure of § and 7' can be replaced by a slightly weaker
condition. This generalization yields immediately a unified proof of a
theorem of Grosberg-Krein [2] and a theorem of Ellis [1] in the duality
theory of partially ordered Banach spaces.

2.
We first prove the following basic lemma:

Lemma 1. Let S and T be convex subsets of (E,T) containing the origin.
Then the following propositions hold:

(i) If Sn"T=8nT (for example, S and T are closed) then (SnT)"=
co (8*uT™), where ¢o(S™UT™) denotes the w*-closed convex hull of S*UT™.

(ii) If the origin is an interior point of S and of T, then SnT=8nT.

Proor. Since S and T are closed convex sets containing the origin,
(SnT)™ is the w*-closed convex hull of S*uU7™ (see, for instance, [3,
p. 126]). Thus, if SnT=8n7, we then have

SnTy = ®nT)y = (SnT)y = e0(5"uT") = eo(S"uT.

To prove (ii), let x € SnT. Since § is a convex set containing the
origin as an interior point, it follows that Az € § for each 0<4<1 (Ax is
in fact an interior point of S, see [3, p. 38]). Similarly Az € 7. Letting
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A—1in Az e 8nT, we have x € SnT. This shows that § TgS T. Con-
sequently Sn7=8nT since it is obvious that SNT28nT

3.

Let X be a Banach space over R with a closed wedge W, let 2 and U
denote the closed and open unit ball in X respectively, let Z+=XnW
and S=2+ W, and let X* denote the Banach dual space of X, with
the closed unit ball *. The dual wedge W* is defined by W*= — W=,
Let Z¥+=2*nW* and S*=2*+ W*. Since <8 and W8, 2*28"
and W*28". Similarly, regarding X as the continuous dual space of X*
with the o(X*, X)-topology, we have S**< 2**=2 and that §* < W*"=
— W™= —W (the last equality follows since W is closed). Notice that
S* and —8* are ¢(X*,X)-closed. It follows that

(8*n —8*)* = co(8**u —8*) € co(—2tuZt).

On the other hand, let x € 2+. Let fe §*n —8*. Then there exists 4 in
2* guch that f<h. Hence f(x) < h(x) < 1. This shows that z € (S*n — §*)"
and hence that 2+< (S*n —S*)". Since (S*n —S*)* is symmetric, con-
vex and closed, it follows that ¢o(XZ+u —2+) < (S*n —S8*)*. Therefore

(1) (8*n —8*)* = co(Z+tu —2+).
Similarly, by lemma 1, we have
(Sn —8)" =co(8"u —8%) g co(—2*t U l*+) = co(X*+ Uy —I*+),

(The last equality holds since co(X*+u —2X*+) is ¢(X*, X)-compact.)
Further, by an argument similar to the one above, we can verify that
co(X*+y —2*+) < (Sn —8)". Consequently,

(@) (SN —8)" = co(Z*+ Uy —I*+).

DEerNiTION. Let ¢ be a positive constant. W is said to be ¢c-normal if

Sn -8 ¢cecr,
equivalently,

vyzeX,z sy sz = |yl = cmax{fzl, 2} .
W is said to be c-generating if
¢ 1Y c co(Xtu —2t).

We now give an alternative proof of the following theorem:
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THEOREM (Grosberg—Krein [2] and Ellis [1]). Let X be a Banach space
with a closed wedge W. Then:

(1) W is c-normal if and only if W* is c-generating.

(ii) W* is c-normal if and only if W is (c+¢)-generating for each > 0.

Proor. (i) By simple computation rules for polars and formula (2),
we have

Sn-8gcX < (SN =8)"2cll* < co(X¥+tuy —2%+) o ¢ 12%,

(ii) Since X is a Banach space, it follows from a theorem of Klee
(cf. [1, lemma 7]) that co(2+U —X*) contains every open ball in which
it is dense. Thus it follows from (1) that

%0 — 8% € cZ* <> (S%N —S8¥) 2 ¢l

<> co(ltu -2ty 2 cX

<> co(Ztu —=2+) 2¢IU

<> co(Ztu —2t) 2 (c+¢e)Y foreach £¢>0.
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