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MEASURE THEORY FOR C* ALGEBRAS IV

GERT KJARGARD PEDERSEN

This paper deals with the problem of finding for a self-adjoint bounded
functional on a C* algebra A4, or more generally for a self-adjoint C*
integral on A, a unique decomposition into mutually singular positive
parts. For bounded functionals this is of course not new, but our proof
has the merit of avoiding von Neumann algebra techniques, working
within A4 itself. However, for the unbounded case we shall need the
enveloping von Neumann algebra A4”. We assume first that 4 has
an identity element.

ProrositioN 1. If f and g are bounded positive functionals on A, the
Jollowing conditions are equivalent:

() If =gl =lfl1+lgll-

(2) For any &>0 there exists z€ A, 0=sz=<1, such that f(z)<e¢ and
g(l—2)<e.

If f and g are extended to A', these conditions are aguin equivalent to:
(8) There exists ze A", 0<2=<1, such that f(z)=g(1—z)=0.
(4) fand g have orthogonal supports in A"'.

Proor. (1) = (2). For £¢>0 there exists x € 4, —1<x <1, such that
J(1)+g(Q) = [If—gll < e+ (f—9)).
We put z=1(1—x), 1 —z=%(1+«) and have
f@)+9(1-2) < je.
(2) = (1). Since —1=1-22<1, we have
If=gll 2 (f=9)(1=22) = f(1-22) + g(1-2(1—2)) 2 If| + lgll — 4& -

(2) = (3). Let {e,} be a sequence tending to zero. Since the positive
part of the unit ball of A" is compact, we can choose a weak limit point
z of the corresponding sequence {z,}. As f and § are normal on 4",
we have f(z)=g(1—2)=0.
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(3) = (4). If p and ¢ are the supports of f and g respectively, we
have z<1—pand 1—-2<1—¢ hence p+¢=<1and p L q.
(4) = (1). With p and ¢ as above we have

If =gl = (fF=P@—9) = 17l + llgl -

When f and g satisfy the conditions of the proposition we call them
mutually singular and write f 1 ¢.

ProrosiTION 2. For any self-adjoint bounded functional h there exists
a unique decomposition

Proor. The existence part of the proposition is [3, Corollaire 2.6.4].
We prove the uniqueness assertion [3, Corollaire 12.3.4]. Suppose
therefore

f-9=f—-¢, fLg, f1g.

Since obviously [|fll+lg’ll=Ilf"||+llgll, we get by condition (1) in propo-
sition 1 that ||f]|=|f"|| and |jg||=]lg']. For ¢>0 we choose z to f and ¢
satisfying condition (2) in proposition 1. Then

11z =2 z (f —g)(1—2)
= (f-9)(1—2) 2 f(1) — 2e = ||f']| - 2¢.

Hence f'(z) <2¢ and similarly ¢'(1-2)<2e. By Cauchy-Schwarz’ in-
equality we get for any xe 4+

If(z2(1-2))|? < flezz) f((L—2)a(1-2)) = elf] [l=]P
and similar expressions for g, f' and ¢g’. Moreover

I(f=f)zz)] = Belal,  1(g—g)N(1—2)2(1—2)) = Bell] .

Since by assumption f~f'=g—g’, we get

I(f=f)z] = [(f=f)((z+1=2)a(z+1~2))| < o],
where 6 can be chosen arbitrary small. Hence f=jf" and g=g'.

We recall that a Baire* algebra is a monotone o-closed C'* algebra [5],
and a Z* algebra is a weakly o-closed C* algebra [2] (probably the notions
coincide). A functional on a Baire*algebra is o-normal if it preserves
limits of monotone sequences, and a functional on a X* algebra is

o-continuous if it preserves limits of weakly convergent sequences.
With these notions in mind we can state
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ProrosrITioN 3. For any self-adjoint o-normal (respectively o-continuous)
bounded functional b on a Baire*algebra (respectively X* algebra) there
exists a unique decomposition

h=f-g, fz0,920, fLyg,

where f and g are o-normal (respectively o-continuous).

Proor. Let h=f—g be the unique decomposition given by proposi-
tion 2, and for ¢>0 choose z as in condition (2) of proposition 1. By
the polarization identity it follows that if A is o-normal, so is the func-
tional A(z-). Applying the Cauchy-Schwarz inequality we obtain

lg +h(z)* = lg—g(z-)+f(z)I* = 2&]lh]| .

Since the set of o-normal functionals is a norm-closed subset of the
dual space, we have g, hence also f, o-normal.
The case of g-continuous functionals is proved similarly.

The above proposition is the non-commutative version of the Jordan
decomposition of signed measures. The next proposition shows the pos-
sibility of a Hahn decomposition.

ProposiTiOoN 4. If f and g are singular positive o-normal (respectively
o-continuous) functionals on a Baire*algebra (respectively X* algebra) A,
there exists a projection p € A such that f(p)=g(1 —p)=0.

Proor. It suffices to consider the case where A is represented on a
Hilbert space H and f and g are vector functionals associated with
&neH. We can then use the results contained in the proof of
[4, Lemma 1] of which we give the following sketch: Since we can find
z € 4 such that |jz£]| and ||(1 —2)n| are arbitrarily small, we can find a
sequence {z,} <A such that both series

z |zn+1—zn!§: z lzn+1—zn|77

are convergent in H. This shows that if 22 is the limit of the decreasing
sequence (1+3|2,.1—2,/)"%, then z € 4 and contains both & and 7 in
its range. Now the sequence x(3|z,..,—2,|)® is convergent in 4, hence
also the sequence x(3(z,.,—%,))x converges in 4. It follows that if
z is a weak limit point of {z,} in the weak closure of 4, then

2§ =(l—-2)n=0,
xzz = limy, 2(3¥ (2,1 —2,))x — 2232 € 4 .
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An ingenious calculation shows that xzzx € A implies [z]z[x] € A, where

[2le[z]é = 0,  (1—[a][z])n = [z](1-2)[x]p = O.

As our projection p we can now take the range projection of [x]z[x].
Clearly p is not unique, in fact for any projection ¢ with “total measure
zero”’, that is, (f+¢)(q)=0, we can use pvq and paq as well.

Now assume that 4 has no identity element. Then by [6, Theorem 1.3]
A has a minimal dense hereditary ideal K. (A *subalgebra B of 4 is
hereditary if B+ is an order ideal of A+ and B is the linear span of B+,
The terms order-related and facial are also used.) We give K the topology
7 defined in [7, Theorem 2.1] (see also [9, Theorem 2.4]) and notice that
if 4 were commutative, that is, 4 =Cy(X), X locally compact Hausdorff,
then (K, r) would be the set of continuous functions on X with compact
supports equipped with the inductive limit topology arising from uniform
convergence on compact subsets of X. Hence the C* integrals of A4,
defined as the elements of the dual space of (K, ), are the non-commu-
tative analogues of the Radon measures on a locally compact Hausdorff
space.

The positive C* integrals can be characterized as the positive func-
tionals f on K such that for any xe K+

sup {f(y*zy) | ye 4, lyl<1} < .

If J denotes the smallest norm-closed ideal of 4’ containing A4, then
by [1, Proposition 4.4] K(J) is the smallest ideal of 4’ containing K,
and every positive C* integral of A has a unique extension as a C*
integral of J. Moreover, every positive C* integral has a unique ex-
tension to A"+ as a weakly lower semi-continuous extended functional.
For a positive C* integral f on 4 we shall denote the extensions to
K(J) and A"+ by f. Following [1, p. 95] we define the support of f as
the smallest projection p in 4" such that f(1—p)=0.

Prorosrriox 5. If f and g are positive C* integrals on A, the following
conditions are equivalent:

(1) There exist two sets {f;} and {g;} of bounded positive functionals

such that .
f=2f 9=2¢9, filg; forali,j.
(2) For any two bounded positive functionals f' and g', f'<f and g’ <g
imply f' L g'.
(8) There exists ze A", 0=z =<1, such that

Fe) = g1-2) =o.
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4) f and g have orthogonal supports in A",

Proor. (1) = (4). Clearly the supports of f and g are the suprema
of the supports of the f;s and the g;’s respectively. Since thcse are
mutually orthogonal by assumption, so are the supports of f and g.

(4) = (3). Obvious.

(3) == (2). Follows from condition (3) in proposition 1.

(2) = (1). By [6, Theorem 3.1] there exist sets {f;} and {g;} such
that f=3f;,, g=2g;. By assumption f; | g; for all ¢,j.

When f and g satisfy the conditions of the proposition, we call them
mutually singular and write f L g. The following lemma is the key to
the proof that a decomposition in singular parts is unique.

Lemma 6. If f and g are positive C* integrals on A and w,v are wmtary
operators in A" such that for all x € K

fuz) = fxu) = jloz) = jlav),
f=9.

Proor. For any z e K(J)*+ define

then

o(x) = sup {f(y*zy) | ye A", yl<1} < .

Using the relation f(z)=g(u*zv) which is valid for x € K(J)* as well,
together with the Cauchy—Schwarz inequality we get

(1) F@)? = gutatatv)? < Glu*zu) orav) = jurau) j@)

and similarly

(2) g < foran f@)
It follows that we have the inequalities
f@) 0@, @) = o).
Suppose we have proved for all x € K(J)* that
(3) F@r < 0@ j@rt,  J@r < e@) f@r.
Then, applying (1) and (3) in succession, we get
Fapm £ gurzu) gy
< o(uw*au) f (wrzu)r-1 §a)r = o) f (@) jla)"

and a similar inequality for g applying (2) and (3); hence
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F@m < o) §@)m,  G@)mt < o) f ()

We now prove (3) by induction, and extracting the nth roots we get
in the limit f (x) =§(x).

THEOREM 7. For any self-adjoint C* integral h there exists a untque
decomposition

h=f_g? f;O’ giO’f_Lg,
where f and g are C* integrals.

Proor. By [9, Theorem 2.5] there exists on K+ an invariant convex
functional p majorizing A and —k. For any C* subalgebra B of K the
restriction p|B is necessarily continuous by [9, Lemma 2.1]. Hence %|B
is continuous. (Since the topology 7 on K is generated by semi-norms
arising from the invariant convex functionals on K, this argument in
fact shows that the restriction of 7 to B gives the norm topology.)
It follows from proposition 2 that there exist bounded positive functionals
f', g' on B such that h|B=f"—g’, f' 1 ¢’. Hence there exists an element
ze B, 0<2£1, such that

(R|B)" (x(1-2)) 2 0, (A|B) (x2) < 0

for all x € B+. Since B’’ has a canonical injection as a von Neumann
subalgebra of 4"', we may assume z€ A"

Now by [8, Proposition 4] the set {B;} of finitely generated C* sub-
algebras of K forms a net under inclusion which converges to K. To
each B; we choose z; as above and since the positive part of the unit
ball of A" is compact, we may assume that the net {z,} converges
weakly to some z.

For any x e K+ and u,ve 4, |[u||<1, |v||£1, we have

du*gy = 33_ i (u+imv)*x(u+i™) ,
hence
4|h(u*zv)| = 33_oo((u+imv)*x(u+1"v)) £ 16p(x) .

It follows that the bilinear functional (u,v) - h(uxv) is bounded on
Ax A and hence extends to a weakly continuous bilinear functional
&, on A"xA”. If Su,x,v,=0 and {u,} =<K+ is an approximative unit
for 4, then

0= (Dul(Zunxnv =3 D, (u,2,v,,1)
-Z@xn Upy s Uy Uz) zdi Uy s V) -

We conclude that for any y=3wu,z,v, € K(J) we may define h(y)=
2P, (w,,v,) and that h is a linear functional which extends h.
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For any x € K+ we have
R(az;) = (R1B) " (xz)),  A(a(1—-2)) = (A|B;) " (2(1—z,))
when x € B;. Hence in the weak limit we get
Ma(l=2) 2z 0, hxz)=<0.
We define positive linear functionals f and ¢ on K by
f@) = Ma(1-2)),  gla) = —h(z2),
and since for =0 we have
f(x) £ 4o(x), g(x) < 4o(x),
we conclude that f and g are C* integrals. Finally
0 < f(ztazt) = h(zhazt(1—2))
= (1 -2)x(1-2)t2) = —§((1—2)tx(l—2)}) < 0
for any xe K+. We conclude that f(z)=F(1—2)=0, hence f L g by
condition (3) in proposition 5.

To prove uniqueness of the decomposition let f,g,f’,9" be positive C*
integrals with

fig. fr1g. f-9=f-g9".
If p and ¢ are the supports of g and ¢’, we observe that u=1-2p and
v=1—2¢ are unitary operators in A’ such that
(F+)(w2) = (F +§)@w) = (f-9)(@) 5 3
= (f'=9@) = (J +§)v2) = (f +§)(=v)
for all xe K. By lemma 6 this implies f+g=f'+g’, hence f=f" and
g=g"
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