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DUALITY OF ODE-DETERMINED NORMS

JARNO TALPONEN

Abstract

Recently the author initiated a novel approach to varying exponent Lebesgue space L”(") norms.
In this approach the norm is defined by means of weak solutions to suitable first order ordinary
differential equations (ODE). The resulting norm is equivalent with constant 2 to a corresponding
Nakano norm but the norms do not coincide in general and thus their isometric properties are
different. In this paper the duality of these ODE-determined L?() spaces is investigated. It turns
out that the duality of the classical L? spaces generalizes nicely to this class of spaces. Here the
duality pairing and Holder’s inequality work in the isometric sense which is a notable feature of
these spaces. The uniform convexity and smoothness of these spaces are characterized under the
anticipated conditions. A kind of universal space construction is also given for these spaces.

1. Introduction

The author recently introduced a means to construct and analyze varying expo-
nent LP()[0, 1] norms by applying Carathéodory’s weak solutions to suitable
ordinary differential equations (ODE). Here we investigate the duality of such
Banach function spaces. This leads to looking at the geometry and duality
of Banach spaces in terms of the properties of the corresponding differential
equations.

The classical Orlicz norms were defined in the 1930’s, and since then there
have been various generalizations of these norms in several directions. Notable
examples of norms and spaces carry names such as Amemiya, Besov, Lizor-
kin, Lorentz, Luxemburg, Musielak, Nakano, Orlicz, Triebel, Zygmund, see
e.g. [7], [10], [12]. These norms have recently been applied to other areas of
mathematics as well as to some real-world applications, see e.g. [14]. Roughly
speaking, these norms can be viewed as belonging to a family of derivatives
of the Minkowski functional. This kind of approach leads to several vary-
ing exponent LP() type constructions, e.g. for sequence spaces, Lebesgue
spaces, Hardy spaces and Sobolev spaces. There is a vast literature on these
topics, see [5], [6], [11] and [13] for samples and further references. There
are also other ways of looking at the varying exponent L? spaces, such as the
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Marcinkiewicz space, whose approach differs from the one mentioned above,
see [9].

Let us recall that the general Nakano or Musielak-Orlicz type norms are
defined as follows:

Ifll = inf{k > O:/ qﬁ(lf(t)',t) dm(t) < 1}.
Q A

Here ¢ is a positive function satisfying suitable structural conditions. For in-
stance, ¢ (s,t) = sPO  or (s, t) = ;'(—(;; 1 < p(-) < oo, produces a norm
that can be seen as a varying exponent L” norm. In the latter case we use the
name Nakano norm (cf. [4], [8]), which is of particular interest in this paper.

The construction of the LP()[0, 1] norms studied in this paper is funda-
mentally different from the above Minkowski functional derivatives and was
introduced in [18] as a ‘continuous version’ of certain sequence spaces. These
sequence spaces can be described as varying exponent £” spaces, or £7()
spaces, which first appear in [15] and were later studied in [16], cf. [1]. The
construction of these spaces is rather natural and local in its nature.

The accumulation of the norm is captured by a suitable ODE in such a
way that its weak solution, ¢;: [0, 1] — [0, 0o), shall represent the norm as

follows:
or () =l fll,

so that in particular ¢ (0) = 0 and ¢ (1) = || f||. This absolutely continuous
function obeys the following ODE:

| f(@)]P®
p(t)

In the constant p case the above ODE is a separable one, and solving it yields

@r(0) =0, ¢;@t) = () =P® fora.e. t € [0, 1].

(0 (1)) = /0 F(o)IP ds

which produces the classical definition of the L” norm, ¢7(1) = || f|l,. The
ODE-determined L?) class is

e — {f e L" : ¢f exists and pr(l) < OO}

as a set where we identify functions which coincide almost everywhere. For
an unbounded exponent p(-) it may happen that L”¢") is not a linear space,
but if it is, then the solutions define a norm as follows:

I fllzrer i= @r(1).
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This is equivalent with constant 2 to the particular Nakano norm (see i above).

Thus, we continue the analysis of the L") spaces in the sense of [18].
The clean findings obtained here suggest that the definition of these ODE-
determined spaces is rather natural. For instance, it turns out that the duality and
the superreflexivity of these function spaces behave exactly in the anticipated
way. Here the norm satisfies Holder’s inequality properly, i.e. without any
additional constant, and the spaces L”") and L?"() become isometrically dual
to each other via the usual pairing in case 1 < essinf p(-) < esssup p(:) <
0.

1.1. Preliminaries and auxiliary results

We will usually consider the unit interval [0, 1] endowed with the Lebesgue
measure m. Here for almost every (a.e.) refers to m-a.e., unless otherwise spe-
cified. Denote by L° the space of Lebesgue-to-Borel measurable functions on
the unit interval. We denote by ¢°(N) the vector space of sequences of real
numbers with pointwise operations. The monographs [2], [3] and [6] provide
suitable general background information. The paper [18] provides the neces-
sary prerequisite background information, including definitions, basic results
and the heuristic motivation of the construction, cf. [17].

We will study Carathéodory’s weak formulation for ODEs, that is, in the
sense of Picard type integral formulation, where solutions are required to be
only absolutely continuous. This means that, given an ODE

00) =x9, ¢ @) =0O(p),1), forae. t € [0, 1],

we call ¢ a weak solution in the sense of Carathéodory if ¢ is absolutely
continuous, t — O (¢(¢), t) is measurable and

T
o(T) =xO+f O(p), 1) dt
0

holds for all T € [0, 1], where the integral is the Lebesgue integral. In what
follows, we will refer to Carathéodory’s solutions simply as solutions.

Whenever we make a statement about a derivative we implicitly state that
it exists. We will write F' < G, involving elements of LO if F(t) < G(t) for
a.e. t € [0, 1]. We denote the characteristic function or indicator function by
14 defined by 14(x) = 1ifx € A and 1,4(x) = 0 otherwise.

We will frequently calculate terms of the form (a” 4+ b?)!/? wherea, b > 0
and 1 < p < oo. We will adopt from [16] the following shorthand notation
for this:

a@, b= (a’ +b")'".
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This defines a commutative semi-group on R, in particular, the associativity
al, (bW, c)= (@, b)H,c,

is useful. In taking a sequence of B, or @, operations we always perform the
operations from left to right, unless there are parentheses indicating another
order. We will also use the following operation:

P n 1/p
xi:xlEprzEEp...Eprnz(inp) , X1, .0 X € R4

I<i<n i=1

The space £7¢) C €9, p: N — [1, 00), consists of those elements (x,,) such
that the following limit of a non-decreasing sequence exists and is finite:

nlijgo(- (e (B 122 DEBp ) [x3DEpi) (x4 DBy @y - - -Bp—1) 1% DEp ) 160411

and the above limit becomes the norm of the space, see [16].
The author is grateful to Professors Pilar Cembranos and José Mendoza for
providing an argument of the following fact in a personal communication.
PROPOSITION 1.1. Let 1 < p < r < oo and Ay = (a (k)) e (P, k e N,
with non-negative entries and a(k) (Z) =O0foralli, j,k,¢ € N, k # L. Then

>4

keN

p
< |1 1Ak ller ery.-

rer)  keN

ProoF. With the above assumptions we have

00 P 00 00 00 (k) r/p p/r 00 00 (k) 00
A =
(2(22 ) =SS,
0\ AN r/p\ P/T
<2l L, X))
k= i=1lelr k=1 “i=1 “j=1

erery”

=Yl
k=1

This in turn implies the following fact by decomposing the matrix to
columns.
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ProrosITION 1.2. If 1 < p < r < 00 and (x;;) is an infinite matrix of
non-negative numbers, then

r P p r
s < Hx
jeN ieN ieN jeN

Equivalently, taking the transpose T: (x;;) — (x};) defines a norm-1 operator
LP (L") — £7(eP).

The inequality in Proposition 1.2 can be seen as a ‘distributive version’ of
the following fact appearing in [16]:

ald, (bE,c) < (al, b)H,c, l<p<r<oo, a,b,ceR,.
In the context of function spaces an exponent is a function p € L°[0, 1]

with p > 1.
Consider the following identity

pto+ A) = ((p(to)P("’) + A|f(,0)|p(zo))1/p<to>

= @(to) By AP f (1)

1.1

analogous to the £7¢") construction. By taking the right derivative of (1.1) we
find a natural candidate for the norm-determining differential equation:

i

—o(to + A)

(t0)
it _ | f (t0) |7 0(10)! P

A=0 p(t)

Here we set A = 0, because we are interested in (infinitesimal) increments
around fy. So, the above equation is right if f and p are constant on the interval
[?0, to + A], but the equation does not concern the values of f, ¢ and p beyond
1o.

In formulating the differential equation we do not require f or p to be con-
tinuous anywhere, but motivated by Lusin’s theorem and related considerations
we will use the above formula in any case and aim to define ¢ by

| f@)P?

o () =P® forae. t € [0, 1].
p

p(0) =0, ¢'(1)=
This formulation has the drawback that 0' =7 is not defined. Also, it has a
trivial solution ¢ = 0, regardless of the values of f if we use the convention

0° = 0 and p = 1. The behavior of the solutions is difficult to deal with in the
case where ¢(¢) is small and p(¢) is large.
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To fix these issues, we will consider stabilized solutions to the above initial
value problem. Namely, we will use initial values ¢ (0) = xo > 0, and to cor-
rect the error incurred we let xo N\ 0. The unique solutions ¢,, decreasingly
converge pointwise to ¢ which again satisfies the same ODE (where applic-
able). So, this procedure yields a unique maximal solution ¢ which we will
formulate, by slight abuse of notation, as

_for

o0 e)'7PD  forae. t€[0,1]. (1.2)

p(0)=0", ¢
There is more to the above procedure than merely picking a maximal solution;
it turns out that in many situations it is convenient to look at positive-initial-
value solutions first.

The above ODE is a separable one for a constant p(-) = p, 1 < p < oo,
and solving it yields

1
(o (1) = /O )P d,

compatible with the classical definition of the L? norm. If p(-) is locally
bounded and | £ (¢)|P is locally integrable, then Picard iteration performed
locally yields a unique solution for each initial value ¢ (0) =a > 0.

We define the varying exponent space LP) C L° as the space of those
functions f € L such that ¢(1) < oo where ¢, exists as an absolutely
continuous solution to (1.2) and the norm of f will be ¢(1), see [18]. As
usual, we use pointwise linear operations defined almost everywhere and we
identify functions which coincide almost everywhere. As observed in [18], a
class L) need not always be a linear space. However, if ess sup p < oo, for
instance, then L") is a Banach space. In such a case the norm is equivalent to
the Nakano norm appearing in the introduction, although these norms do not
coincide in general.

The issues with the linearity can be circumvented by extending the class.
We consider functions f € L° and define

LrC)*

N(f):= Sug” Lyyzn f|

The extended function space L”®) is the class of all functions f with N(f) <
oo, and then N becomes a norm for this space and L?(") is in fact a Banach
space. Let us take a subclass Lg(') C L) defined as a closed subspace

LY = {1pyen f: f € LPO, n e N} € LPO),
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Then L{ ) becomes a Banach space with the ODE-determined norm. The
following fact, which can be obtained easily from the essentially bounded
exponent case (see the results in [18]), gathers many cases where LP(") itself
is in fact linear.

THEOREM 1.3. Let p € L°[0, 1], p(-) > 1. Assume that there is a family I" of
mutually disjoint open intervals I C (0, 1) such that the following conditions
hold:

(1) foreach I €T the exponent p(-) is essentially bounded on I;
2 m(UT) =1,

(3) foreachTy C T withs =sup|JTg < 1, ors =0, there is I € T such
thatinf I = s. That is, T is ‘well-ordered’.

Then LP) = LPO) and is in particular a Banach space.

PrOOF. It is clear that LP*) C L"), Therefore we are required to verify
that for each f € LP) there is a properly defined solution ¢y such that

o (1) = | 1.0 f]

Clearly the above solution is defined in the first interval Iy € I, since the
exponent is essentially bounded there (see [18]). Suppose that ¢, has been
properly defined on [0, 5), 0 < s < 1. If s = 1 then there is nothing to prove.
In case s < 1 there is according to the assumptions on I' an interval / € T’
such that inf / < s < sup /. Then, again by virtue of the essentially bounded
exponent on /, we may further extend the solution to [0, sup /]. Inductively, it
follows that ¢y can be properly defined on the whole unit interval.

ro)e

Note that there is a more direct way to obtain Holder’s inequality than the
argument provided in [18]. Namely, let p(-) > 1 be any measurable exponent
and define the conjugate exponent p* by (1/p(t)) + (1/p*(¢)) = 1, let f €
LP and g € L"), Consider any point £y € (0, 1) such that |, | fg| ds > 0,
thus ¢ (), ¢4 (fo) > 0. Then, using homogeneity, we may assume without
loss of generality that ¢;(f)) = ¢,(ft9) = 1 above. It follows by Young’s
inequality and the definition and normalizations of the solutions that

d t p(to) P(t0)
E/O felds| = Ifo)go) < LX) 1g(to)]

=ty p(1) p*(to)
Since this holds for a.e. ty with folo | fglds > 0, this proves Holder’s inequality.

= @;(t0) + @5 (1) = (@) (t0)-
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2. Duality

Let p:[0, 1] — (1, c0) be a measurable function. Let X, € L’ n e N,
be the images of the contractive projections P,: LPO — X, (P, @) =
11+1/n§p(t)§n (Z)f(t) Then in fact

Ly = Jx, cLro.

n

This is seen as follows: we claim that for each f € X we have
If = PufIl+ 1P fI = IS n — oo.

For fixed initial value @ > 0 and ¢;_p, (0) = @p,r(0) = ¢7(0) = a the
analogous statement follows easily, since ¢! 70 — 1 as p(¢t) \ 1. By the
absolute continuity of the solutions we obtain that ¢ p, s (1) — ¢7(1)asn — oo
for any given initial value @ > 0. Thus ¢s_p, 1,(1) — a as n — oo for any
initial value @ > 0. By a diagonal argument we find a sequence (m,,), such
that ¢r_p, 71/2(1) = 0asn — oo. Since the solutions are non-decreasing
with respect to their initial values, we obtain that || f — P, f|| — Oasn — oo.

Let us denote by J the ‘duality map’ J: L?¢) — L° p(-) > 1,
+ Lo_ 1
Cp@®  pr@®

J (O[] = sign(x (@) [x()|POP O p p* e L°

THEOREM 2.1. If 1 < essinf; p(t) < esssup, p(t) < oo then for each
F e (Lf’('))* there is f € LP") such that

(F,x) = fx(t)f(t)dm(t), forall x € L"),

and the above duality induces an isometric isomorphism (LP('))* — LV,
Moreover, (Lg ('))* is isometric to LP" ) with the above duality for a measur-
able p: [0, 1] — (1, 00).

Note that the isomorphisms in the duality above are indeed isometric. This
involves the fact that the Holder inequality holds properly here and not up to
a multiplicative constant, as in the varying exponent norms defined by means
of the Luxemburg type norm.

_ Proor. It follows from an easy adaptation of Holder’s inequality that
LP") c (LP©)" in the sense that

= Ixlp 1 oy xe L

|[F(x)| = ‘/xfdm
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whenever f € L0 is regarded as a function and F is in the subspace with
the usual identification (2.1).

Let us begin by verifying the statement in the reflexive case, i.e. ess inf; p(f)
> landesssup, p(t) < oo (see Theorem 3.2), so that we are actually studying
a space X, for a givenn. Let F € (Lp(‘))*. By modifying the standard proof
(see e.g. [3, Prop. 2.17]) of the statement in the usual constant exponent case,
we obtain that there is an f such that

(F,x) = /x(t)f(t)dm(t) 2.1

holds for every x € L.

Note that || F||x« < || f [l ,«(.). By applying the continuity of F' on one hand,
and Lebesgue’s monotone convergence theorem on the other hand, we may
approximate

F(x,) = F(x), /xnfdma/xfdm

by bounded functions x, — x € L?). Thus (2.1) holds for all x € L"),

Next we check that || F|x+ > || f |l =) which yields that the dual (L”('))*
is (even isometrically) L?" (). First we restrict our considerations to functions
x € LPY) which are essentially bounded. As in [18] and [19] we investigate
standard form simple semi-norms N,

IXIN = Xt ()@ L7 (1) @)y ) By L7 ()
which approximate p(-) in the sense that
pn /" p(-)

in measure. In this case we may assume that 1 < essinf p(-) < p;. Note that
these semi-norms correspond in a canonical way to Banach spaces

(.. (LP"(uy) Dy, L7 (z)) ®p; - ) DSy, LP" ().

The duality of these spaces is understood, namely, itis easy to verify recursively
that

(C o (L (1) @y L7 (12)) @y - ) B, L7 (1))
= (o (L7 () @ps L7 (112)) Bps - - ) By LV ().

If N denotes the semi-norm corresponding to the left hand space inside the par-
enthesis, then the semi-norm corresponding to the right hand space is denoted
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by N*. Since the supports of y; are successive, we may consider these spaces
as function spaces on the unit interval. Denote by supp(N) = |, supp(u;)
for the corresponding measures w; in the representation of the semi-norm in
question. Note that

/ X Jpy QsuppnyX) dm = |x|n ‘JpN(lsupp(N)x) N+
supp(N)

from the duality of the spaces. Indeed, here we apply the duality of L? (u;)
spaces and of direct products R @, R, together with the fact

1/pi 1/p}
J((/xpi d,lL,') ) = (/(Jx)p? d,u,-) .

We have the following convergences in measure

Ty e (Lsuppny ) = Jp (x),

0 0
§|1[0,t]ﬂsupp(N)x|N — ¢, §|Jp/v(1[0,t]ﬂsupp(N)x) Ne > P
as py /' p(-) in measure. It follows that
[ 3 dm = el 19,001 2.2)

In fact, by using the absolute continuity of the norm accumulation functions
@y, we obtain by straightforward approximation argument that (2.2) holds for
all x € L”") in the reflexive case. Thus || F|xs = || fll+(.)-

Next we treat the non-reflexive case. As pointed above, it follows from
Hélder’s inequality that L”"©) ¢ (L?’)" and Il gy < IF Iz Pick
f € Sgp+,. Denote

Xn = {11+1/n5p(<)§n XX € Lg(.)}, neN

and let P, be the corresponding band projections. Restrict F € (Lg ('))* corres-
ponding to f to the subspace (_J, X,,. This does not change the operator norm,
since the subspace is dense. It is easy to see that || P, f||*cv = |[f 70+ as
n — oo. Hence, by using the observations of the reflexive case, we may pick
foreache > Osuchn and x € X, ||x|r00 = 1, that [(P)f)(x)] > 1 —¢.
Thus we observe that L?" () C (Lg © )* is an isometric subspace.

Finally, pick F € (Lg('))*. Restrict F to |J, X,. Since the projections
P, commute, this produces a natural candidate for the representation, namely
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f = lim, P} F, the limit taken pointwise a.e. Since each P/F € L? ") and
1Py FllLrer < IF | 1po)., we obtain that f € Lre) although the above limit

does not, a priori, exist in the L") norm. In fact, || ||z, = = [Fll g0y by

the construction of the norms. Let us verify that f presents F. Pick x € L{ o,
Then

F(x) —/X(t)f(t)dm(t)
=Fx—Pyx)+ F(P,x) — (/(x—P,,x)fdm—i—/P,pcfdm).

Here F'(x — P,x) — 0 by the continuity of the functional and f x—P,x) fdm
— 0 by Holder’s inequality. On the other hand,

F(Pyx) = (P f)(x) = / FOx(0) dm(t) = / Pox f dm.
14+1/n<p(-)<n

Thus F(x) = fx(t) f@t)dm(t) forall x € Lg('). This concludes the proof.

Given a function g: [0, 1] — R with finite variation, let us denote a special
‘variation norm’ as follows:

\/mg—\/g—sup{/ fdmg: f e C[0,1], ||f||p()<1}

p()* p()*

Here my, is the Lebesgue-Stieltjes measure induced by g. For a continuously
differentiable g the notable special cases are

\/ ¢=Lipa),

(p=D*

the best Lipschitz constant of g, and the usual total variation

\V ¢=Ve

(p=00)*

The above notion is applied somewhat tautologically in the following result.
To allow for integrating non-continuous functions easily, we will integrate in
the more general Lebesgue-Stieltjes sense in taking duality. Thus, let m, be
the Lebesgue-Stieltjes measure induced by g.

THEOREM 2.2. Let p: [0, 1] — (1, 00) be measurable such that LP") is a

Banach space and let
X :=C[0, 1] c L"".
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Then the elements of the dual space X* are Lebesgue-Stieltjes measures m,
with finite \/p(i)* myg variation. The dual space is endowed with the norm

Imellxe = \/ mg

p()*

and the duality is given by

1
(F, x) =/ x(1) dmg(1), x eX,
0

the Lebesgue integral with Lebesgue-Stieltjes measure m,, induced by g(t) =
F(l[(),t))fO}’ F e X*.

PrOOF. Let us begin by studying continuous linear functionals F' on the
normed space C[0, 1] C LP). Since || - [,y < ell flloo (see [18]), we obtain
that each F € (C[0, 1], || |[p(.))* is also bounded with respect to the norm
I 13- Thus F € (C[O, 11, |- [l ()™ C (C[O, 1], |- lloo)* with the usual duality

(Rﬂ=/f®@m, () = F(lp)

and
V & < ellFllcio.ni 1,00

We note that F is a continuous linear functional on (C[O, 11, || - || .»¢)), the
above duality holds if and only if

WJ3=fme Feci ),

g(t) = F(lyp,). Here | Fllx- = \/p(.)* mg by the definition of the special
variation.

Let us verify that the above integral representation extends continuously
to the closure C[0, 1] ¢ LP®) for each F € X*. Fix x € C[0, 1] ¢ L"),
Pick (x,) € C]0, 1] such that ||x, — x|z»c» = 0 asn — oo. Since (x,) is
Cauchy, we can extract a subsequence (n;) such that x,,, + jXnp —Xn, =X

unconditionally in the L”()-norm and 22 1xn;, = X llpcy < o0o. It follows
from the definition of \/ . m, that then

2

J

/ (Xnyy — X)) (1) dmg (1) | < 0. (2.3)
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By passing to a further subsequence and modifying all the functions x,, and x
in a m,-null set we may assume that x,, () 4 Zj (X, — X)) (1) = x(¢) for
every t.

Consider the Banach space L!(m ¢)- We obtain from (2.3) that x,, — y
in the norm || |11, Also, we observe that y(r) = x(¢) for my-a.e. t by
convergence in m,-measure considerations. We conclude that

/x,,_/.(t) dmg(t) — /x(t) dmg(1), j — oo.

It is easy to see that the above convergence does not depend on the particular
selection of the approximating Cauchy sequence of continuous functions.

3. LP“)(n) spaces

Let us consider an equivalent measure i ~ m on the unit interval and d/dm
with

dup
/L(A)Z/ d—(t)dm(t)
A dm

for all Borel sets A. The above Radon-Nikodym derivative need not be integ-
rable. Going back to the heuristic derivation of the norm-determining ODE and
repeating the considerations with L? (w) in place of L? under the assumption
that (du/dm)(t) is a continuous function, we arrive at the following ODE:

(1)
@(0) =07, co/(t)=—;l“ (t)Mw)‘*P(” for m-a.e. t € [0, 1].
m

p(1)

Similarly as above we define a class of functions together with a norm (for a
general . ~ m) and we denote this space by L”() (). This can be regarded
as a ‘weighted L”() space’. Recall that L” ([0, 1]) and L?(R) are isometric;
the same reasoning extends to our setting.

PROPOSITION 3.1. Let p:[0, 1] — [1, 00) be measurable such that LP) is
a Banach space and . ~ m. Then LP") (1) is a Banach space as well and the

mapping
d —1/p()
T: f(1) > (ﬁ(ﬂ) /10

is a surjective linear isometry LPO) — L”(‘)(,u).
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Proor. Clearly the mapping is linear. Isometry follows by calculation:

|(Z—Z(t))_1/P(t)f(t) ip(f)
p(1)

)I—P(t)

, du
(pu,T(f)(t) = E(Z) ur(nH(t

_ Lfopr® | f @17
p() p()

Indeed, a moment’s reflection involving a joint positive initial value justifies
the fact ¢, 7(r) = @m, r. Surjectivity follows by observing that

m 1/p@)
f() — (d—(l)) f @
m

Purp®)' PO = Om s () TPO =gy (1),

defines the inverse of the operator. Thus the class L”() (1) is a Banach space
as an (isometrically) isomorphic copy of L),

3.1. Applications of changing density
THEOREM 3.2. Let p:[0,1] — (1, 00) be measurable such that LP) is a
Banach space. The following conditions are equivalent:

(1) LPY) is uniformly convex and uniformly smooth,

(2) LPY) is reflexive,

3) Lg ) contains neither 2!, nor co almost isometrically,

(4) essinf, p(t) > 1 and esssup, p(t) < oo.

ProOF. The implications (1) = (2) = (3) are clear.

The direction (3) = (4). Suppose that essinf; p(t) = 1. We will show that
then L} ) contains an isomorphic copy of £' for any isomorphism constant
C>1.

By the compactness of the unit interval we can find a point 7y such that

essinf; 1y, +e) () p) =1 for each ¢ > 0.

Indeed, assume that this is not the case and consider a suitable open cover of
open intervals (fy — ¢, o + €), so that there is a finite subcover contradicting
essinf; p(t) = 1. Therefore we may extract a sequence (A,) of measurable
subsets of the unit interval with positive measure such that the following con-
ditions hold:

(1) sup pla, \( 1 asn — oo;

(2) either max A,, < min A, for all n or max A,, > min A, for all n.
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Fix a rapidly decreasing sequence of exponents p; ~\, 1 such that

[Tl @ - '@ <1+e. 3.1)

We can find a strictly increasing sequence (n;) such that p; > pla, for
eachi e N.

Let 1 be an equivalent measure on the unit interval such that ©(4,,) =1
for i € N. In proving the claim it suffices study LP()(u) in place of LP*),
since these spaces are isometric. Put p(¢) = max(l, > pil Ay (t)).

Define a mapping T: £' — L?)(u) by putting

T((xi) =) xila,

where the sum is defined pointwise a.e.
We follow the arguments in [16] involving sequence space semi-norms
arising as follows. For (x,) € 20 we put

(O ((E Bﬂpl [x2]) Bapz |x3]) EE‘ps cee Epn—l [x, 1) EE,p,1 [Xnt1l,

in case (A,) is increasing, or the analogous left-handed version if (A,) is
decreasing:

lxq| By, (Ix2] By, (Ix3] By, ... By, , (xp, | By, (x,] By, [x0g1l) .. ),

we observe that one may control inductively the difference of norms when one
changes the values of the exponents p; by using (3.1). That is,

S

Thus, |77 7" — '] <1+e.
Similarly, by passing to subsequences of (A,) multiple times we obtain that

Z lxila, Il = HZXJA”,, Lo =d +8)Hzxi1Ani
i i i

< (+20)| Y il

1
oG = T4e Xi:”x"l/*"f LrOw:

L/J(-)(,,,)

=039 ) e
L7 (1)

<A +4)@)lle = A +42) Y llxila, -

1
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Indeed, analyzing the LP()-differential equation shows that for a constant
function the values of the derivative uniformly approximate | f (¢)| as p(¢) \ 1.
Thus || T|| < 1+ . This shows that the space contains £' almost isometrically.
Next, assume that ess sup, p(f) = oco. We will show that L{ ) contains
co almost isometrically. We may again without loss of generality make some
assumptions about the equivalent measure, namely, that © ([0, 1]) = 1 and

u((t €10, 1:p) > )" =1,  r— oo,

We will partition each set {t € [0, 1]:n < p(¢t) < n+ 1} to measurable subsets
of equal p-measure, call them A,% and A;l)l (Possibly both the subsets have
measure 0.) Divide Aﬁll)l again to two subsets of equal measure, Affg) and
Af12)1 We proceed recursively in this manner to construct sets A%, k,neN,
0 €{0.1}. Let A{” = |, ; A\). Observe that

nxj

M(A](.k)) =2"%ud{r €0, 11: p(t) > j}), k,jeN.

Note that
lim (A = 1im @Y u({t € [0, 11: p(1) > jH' =1, k € N.
j—o00 j—oo

Assume first that 1 ,m € L?%) (), although this is not necessarily the case.
J

Define an operator T: cog — L) (1) by

T () = )l

defined pointwise a.e. Clearly [|T'|| < [[1lI750)(,- In fact, by choosing a large
enough j we get that ||T|| < 1 4 ¢. Indeed, observe that if ¢(#) > 1 then
%golfj (t) becomes small for a large j. Thus

(It e)ymax x| = (T ()l ey = max [T (Xnen) | e -

Here (e,) is the canonical vector basis of coy and (T (e,)), C LPO)(w) is a
1-unconditional sequence. To show the claim it is required to check that

”T(en)”Ll’(')(,u.) > 11— g, neN.
This is seen as follows, first observe that

[ lAg*) lzroowy = |l IA;") Il ro) (-
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Then observe that for each ¢ > 0 there is j € N such that

1
—— (@) > —(<p(t)+s)l ], p() = j, o) +e<1.

p(-)
This reads
|| 1A7 ||LP(')(;1,) = H 1A]” ||Lj(M) — &
and further
114l ooy = timsup|| Tar]| 3.2)
Jj—oo
Recall that
||1A;"> Lig = QMY u(t €10,11: pt) > jHYW =1, j — oo. (3.3)

We made an additional assumption during the course of the proof that 1 A

is included in the space. This assumption can be removed by observing that we
may restrict the support of these functions to suitable sets {¢: p(t) < p™}, so
that the positive-initial-value solutions become Lipschitz with a large constant
and such that simultaneously (3.2) and (3.3) hold up to an extra €. Thus Lg ©
contains ¢y almost isometrically.

The direction (4) = (1). Here we will follow the analogous argument in
the setting of £7(") spaces. We will require the notions of upper p-estimate and
lower g-estimate of Banach lattices. If X is a Banach lattice and 1 < p <
q < oo then the upper p-estimate and the lower g-estimate, respectively, are
defined as follows:

P
| > x| = B H > il z ]
1<i<n 1<i<n <i<n 1<i<n

respectively, for any vectors xy, ..., x, € X with pairwise disjoint supports.
These estimates involve multiplicative coefficients which are taken to be 1 in
this treatment. We will apply the fact that a Banach lattice, which satisfies
an upper p-estimate and a lower g-estimate for some 1 < p < g < o0
with constants 1 is both uniformly convex and uniformly smooth (with the
respective power types), see [6, 1.f.1, 1.£.7].

Let 1 < p = essinf; p(t) and esssup, p(t) = g < oo. We claim that
LP®) satisfies the respective estimates for these p and ¢. To check the upper
p-estimate, let f;, 1 < k < n, be disjointly supported functions in LP).
Observe that if X and Y satisfy the upper p-estimate, then X @, Y satisfies it
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as well for » > p. Indeed,

14 14 14
1Gxi, ) lIxe,y = ||xi||x B, [Hilyilly
> Hin Z)’i )Y = HZ(M’, yi)

where we applied the direct sum norm twice, Proposition 1.2 and the upper
p-estimate of X and Y. Thus, using this observation inductively on the semi-
norms 4" we obtain the statement by approximation.

Alternative route. By a simple argument using the definition of outer meas-
ure we see that each simple semi-norm can be approximated pointwise from
below with other semi-norms of the type || - [|..cLr1 (u)@,, L72 (1)@, .. @1, L7 (120)) >
essinf, p(t) < r; < esssup, p(t), such that only one of the functions f; is
supported on the support of a given w,;. We may interpret the values of the
semi-norms as norms of finite £7(") sequences

I (U ler s L LLrguays - o L | om )

and then the supports of the sequences are disjoint for disjointly supported
functions f;. We apply the fact proved in [16] which states that for disjointly
supported £7(*) sequences we have the upper p-estimate for p = inf; p,. From
these considerations it follows that also disjointly supported L) functions
satisfy the upper p-estimate for p = essinf; p(¢).

The argument for lower g-estimates is analogous. This concludes the proof.

-
X

‘X@,—Y

Next, our aim is to build a kind of universal L”"") space. We will study a
modification of Topologist’s Sine Curve as follows:

1

1 1
0= i I, 0<r<l.
po(®) l—tsm<1—t)+l—t+ =0=

THEOREM 3.3. Let py be as above. Suppose that p is any exponent such
that L) is a Banach space. Then LP) is finitely representable in L0,
Assume further that p:[0, 1) — [1, 00) is a C'-function, not constant on any
proper interval and that p' changes its sign finitely many times on each interval
[0, a] C [0, 1). Then there is an isometric linear embedding LP) — L[Po()
onto a projection band.

PrOOF. We omit the argument for the first part of the statement. Towards
the second part, according to the assumptions we find a sequence of open
subintervals A, C [0, 1], n € N, with sup A, = inf A, 4 such that the sign
of p’ does not properly change on the intervals A,. Moreover, we may assume
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that |p/(x)| > 0 for x € |, A,. We may choose this collection to be almost a
cover in the sense that m([O, 1\ y, An) =0.

Now, p is monotone on each A,. By the construction of py we can find a
sequence of open intervals A) C [0, 1],n € N, with sup A} <inf A} | such
that there is a C'-diffeomorphism 7,,: A, — A/ with p|a, = po o T,.

By taking the union of the graphs of T,, i.e. by ‘gluing together’ these
mappings, we define a mapping T defined a.e. on [0, 1], which has the property
that p(x) = po(T (x)) for a.e. x € [0, 1].

Let us define absolutely continuous measures v and p on [0, 1] given by
(dv/dm)(t) = |p'(t)| and (du/dm)(t) = |p;(t)| for m-a.e. t.

By making suitable identifications via T we may consider LP()(v) as a
subspace of L) (). Both v and p can be thought as variation measures
corresponding to p and pg, respectively. Thus it is easy to see that T is a
V- -measure-preserving mapping and

I7qo 1 fllroory = 1 o Tllierowy = 11€llLro )

for f € LP) () suchthat foT = g € L”")(v). Indeed, by using the absolute
continuity of the solutions we observe that values of f outside 7 ([0, 1]) do
not influence the norm.

This way we may apply Proposition 3.1 to observe that G: LP)(v) —
L) () given by

dv m 1/po(1)
Gl = <%(T_l(t))/%(t)> (T @) ifteT(0, 1)),

and G(f)[t] = 0 otherwise, defines the required isometry. Note that in integ-
rating with a change of variable above the map T~ is y-v-measure-preserving.
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