MATH. SCAND. 23 (1968), 167—168

ON SEMI-EXTREMAL SUBSETS OF CONVEX SETS

T. BAI ANDERSEN and E. THUE POULSEN

In [1, problem 30, p. 324] J. Pryce raised the following problem: Let
L be a locally convex topological vector space, K a compact, convex
subset of L and X the set of extremal points of K. A non-empty subset
C of K is called semi-extremal in K if K\ C is convex (or equivalently:
xel0,1], z,ye K, ax+(l—ax)yec C =>2x2€C or ycC). Can you con-
clude:

a) CnX+01?
b) C closed = CnX +0?
c) CnX+0?
d) C closed = CnX+0?

We prove that b), and hence d), is true, and give an example with X
closed, C convex, and CnX =¢, thus showing in particular that c),
and hence a), is false.

The following lemma is well known. For completeness we sketch a
proof.

Lemwma. If H is a convex, compact subset of K with K\ H convex, then
HnX+0.

Proor. Let « be an extremal point of H. If z is not an extremal point
of K, let l be a line such that x is interior to InK (which is a “closed
interval”). Then it is easy to see that one of the endpoints of this in-
terval must be in HnX.

TrEOREM. If C is closed, then CnX 0.

Proor. Let A ={F<C | F convex}. By an easy application of Zorn’s
lemma we get a maximal element H in X . Then H is closed, since C is
closed. Hence H is convex and compact. Furthermore H is semi-ex-
tremal in K. To prove this, let

z=o0z+(1-x)yec H,
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where 2,y € K, z+y, « € [0,1], and assume that y ¢ H and z¢ H. Then,
by the maximality of H, we have

conv(Hu{y}) £ C and conv(Hu({z}) ¢ C,
and hence there exist u,v € H and f,y € [0,1] such that
pu+(1—P)y¢e¢ C and ypv+(1—yp)z & C.
Then the segment
8 = conv{fu+(1-P)y, yv+(1—yp)z} € K\C

because of the semi-extremality of C, and on the other hand, the tri-
angle
T = conviu,v,2} < Hc C.

But it is easy to see that SN7 & ¢, which is a contradiction. Hence H

is semi-extremal in K, and therefore HNnX @ by the lemma, and a
fortiori CnX 4.

Exampri. Let L=RN (with pointwise addition and scalar-multiplica-
tion, and the product topology).
Let K =[0,1]N, which is compact and convex in L. Then X ={0,1}"N,
which is closed.
Let
C = {x)eK| 3 x;<o0, ;>0 for infinitely many 4} .

Then C is semi-extremal in K, and CnX =4.
We notice that C itself is convex.
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