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RECURRENCE FORMULAE FOR THE COEFFICIENTS
OF MODULAR FORMS AND CONGRUENCES
FOR THE PARTITION FUNCTION AND FOR THE
COEFFICIENTS OF j(z), (j(x)~1728)} AND (j(z))}

TORLEIV KLOVE
1. Definitions and lemmas.

In this chapter we will give some definitions and also state some well
known results that will be used later.

1.1 NoTATIONS AND DEFINITIONS. The function

(1.1.1) n(t) = exp(ignir)ﬁ(l——exp(2ninr)), Imt>0,

n=1
is known as Dedekind’s n-function. Let
(1.1.2) n(v)* = 3, Ty(n) exp((k,24) fmint) ,

(v, ) denoting the greatest common devisor. Here and in the following
Y, denote 3t Further, let

(1.1.3) olz) = ﬁl(l—xn) ,
(1.1.4) @ = S,pun)an,  p(n)=pa(n) -

We make the convention that p,(n)=0 if = is not a non-negativ integer.
Let

(LLE)  Sy,(1) = 0(@,0)™* S, To(p*n) exp((k,24)fmint)
where
_|p when«xisodd,
% =11 when « is even ,
(11‘6) Gk,a(r) = Sk,2a(T) + p—l Sk,2a-1(— l/p‘[) .

In the following p and q always denote primes unless otherwise stated.
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We use the notations

3 when p=2,

(1.1.7) l,={ 8 when p=3,
24 when p>3,

(1.1.8) Ip,y,a(T) = n((T+1)[P%) ,

[x], the greatest integer <z,

1 when z is an integer,
o) = ‘O otherwise.
We note that
1 when m|n,
8(mfn) = {0 when mtn.

I" shall denote the full modular group, i.e. the group of transformations
(ar+b)/(ct+d) where ad—bc=1, and a, b, ¢, d are integers. Further,
let I'y(p) denote the subgroup of I defined by ¢=0 (modp).

1.2 Lemmas. If f(t) is a function on I'y(p), then

-1
F(=1fpo) + 2 f((x+2)/p)
is a function on I'. In fact, this is a special case of Theorem 2.2 in [7].
Now, if 24|kl, then S; ,(7) is a function on I'|(p); this is shown by
Newman [8] [10] for p > 2, and it is easily seen that the same method can
be applied for p=2. Further, since (p,l,)=1, we have

p—1 r-1
> Sk2aa((T+7)[p) = ZOSk, aaa((T+1,7)[p)

y=0

= piln(r+lpv)‘k > T(p**-1n) exp((k,24)min(T+1,v)[12p) .

=0

The condition 24|kl, implies that #(v+1,»)*=7%(7)7*, cf. (1.1.1); and
changing the order of summation we obtain

p—1
ZOSk,2a-1((T+V)/p) = PS8y 2.(7) .
Hence we have

Lemma 1. If 24|kl,, then Gy, ,(7) is a function on the full modular group.

In the following we shall always assume that 24|kl,.
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From the definitions in 1.1 we get

po—1 —1
2 Grna(7) IS e+

v=0

1
="S 3 Tu(n) exp(((k240)min/12)(x +1,)/p")

v=0 n

= > T(n) exp((k,24)mint[12p") ilexp(2ni((k,24)lp/24)nv/p“) .
n =0

Since 24 |(k,24)l, and p1 (k,24)l,/24 we get
p*—1 h
. p* when p*|n,
t)
Eo exp(2m((k, L[ 24)m]p ) {0 otherwise .
Hence

(1.2.1) pazlgp yal(T)E = p* z T'(p*n) exp((k,24)mint/12) .

Using (1.1.5) we obtain

LeMMA 2. We have
Pl
Sk,a(t) = W(qa")_k p--a z gp,w,a(r)k .
v=0

For (at+b)/(ct+d) € I', the function () has the transformation equa-
tions ([14] p. 100)

(1.2.2)

n /d
7 (%Z“d) - (Z) (—i(c+d)n(z)exp(ni(c(a +d) +bd(1~c?) —3(c~1))/12)

where Re(—i(ct+d))} >0 and (d/c) is the Jacobi symbol, when ¢ is odd,
¢>0and d+0;

(1.2.3)

K (i:;) = (c7+d)n(7)? exp(wi(d(b — ¢) +ac(1 —d?) +3(d—1))/6) ,

when d is odd;
(L2.4) n(=1/7) = (=iv)n(n).

Using (1.2.2)—(1.2.4) we can find transformation equations for g,, , ,(7)*
as follows: We have
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gy o (WY A((r 4L, p)p7) +
gp,v,a( 1/1) - 77( p“ ) - ( ((T+ plu /p ) ):
where
A4 =1y, B=-(01+12w)p*, C=p° = —l,u

Here AD—BC=1, and 4, C and D are integers. If (»,p)=1 we can solve
the congruence
(1.2.5) Liluw = —1 (modp®), O<pu<p”.

With this value of u, B also becomes an integer, and (1.2.2)—(1.2.4) can
be used. When p=3 we have

D\
(=117 = () (=1(Cl+Lup)+ D)) e+ L)l

-exp(mik(C(4 + D)+ BD(1—C?) - 3C + 3)/12)
- (lzg‘)k P-D gy ()
P
When p=2 we have 8|k. Hence
Garna(— 120 = (C((z+120)[2%) + D) ¥om( (7 +Lypa) 25
-exp(mik(D(B—C)+ AC(1 - D?) + 3(D —1))/12)

G, 14 (T)*

If

Lop\® . & .
= (;_f) GHET-1) (_lr)%k g2,,u,nr(‘[)k ’
if we put
(a)2 1 when ais odd,
2/ |0 when aiseven.

Lemma 3. If (v,p)=1, we have
k lﬂ"u * s e(p*-1) s \bk kb ro\k
gp,v,a(_llprt) = (_T_);) 2P ('—,“:) p gp,y,a(p T) >

where L2uv= —1 (modp”), 0<u<p”

We shall also need a connection between 7',(n) and pg(n). Putting
xr=exp(2nit) in (1.1.2) we get

xkl24 (p(x)k —_ Z‘n Tk(n) x(k,24)n/24 s
and hence
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LeEMMA 4. We have
Ti(n) = p(((k,24)n—k)/24);  p(m) = Ty((24m + k) (k,24)) .

Further we shall need the following well-known result,

LeMMA 5. When p =3 we have

-0 (— 1)rha1 Pt if k=1,

m .
_) exp (2im/p*) = {o if k>1.

1<m=pk-1 (p
(m,p)=1

2. Recurrence formulae for T, (n).

The only singularity for G ,(7) is at T=4c0. In this chapter we will
discuss the behaviour of & ,(7) at T=1c and use the result to find a
class of recurrence formulae for 7' (n).

2.1. FUurTHER LEMMAS. Let (v,p*)=p' and v=»p' so that (y,p)=1,
then

Ipma(®) = 0((T+1,9)[p%) = n(((x/) +1,2)[P*) = Gp 0 ae (/D) -
Using lemma 3 we get

gp,v,o:( - l/T)k = gp,v;,a—t( - l/p'-[)k

Ly e\ Ah*t-1) (_ ;2 \bk pikt 1k
= <pH) 130P - (_'I’T) p gp,y‘,a~t(p T) .
Hence we obtain

LeMMmA 6. When (v,p%)=p! and v,=v[p', we have

AL ,

o —F
where L uvy= —1 (modp*~¥), 0 < p, < p*-.

Using (1.2.1) we get

Pl p*7i-1

Y onaD = D Opa (D= X G (TP
wp)=1 u=0 p=0
1spsp—1

= p* ¥ T\(p*n,) exp((k,24)min, v/12) -

ny

— p* 1 Y T (p*~1ny) exp((k,24)nin,7/12p) .

na
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Hence
z gp,v,a(pﬂ )k = p* > Ty(p*ny) exp((k,24)nipﬂn11/l2) -
122 "

—p* 1 3 Ti(p*1n,) exp((k,24)mips-1ny7/12) .

ne
Putting n=p’n, we get the sum

(o)
phln

which may be written 3, §(n/pP)(...). Also putting n=ph-1n, we obtain

LeMMA 7. We have

2 gp,y, o (pﬂ t)k
(B,p)=1
1spsp*-1

= > {p*d(n/pf) — p>16(n/pP-1)} T)(p*Pn) exp((k,24)minT/12) .

Let p=3. Then

/_t k — E T k . 1 o«
lgé;:_l(p)g”’“m 12‘;2;11(19)5 <) xp{({k 2pmin 1)+ 10l

= > T(n) exp((k,24)mint/120%) 3 (E) exp ((k,24)minl, uf12p*) .
n wp=1 \P
1Suspi-1

Let n=mn,p!, where (n, p*) = p!, and let m = (k,24)l ,nu/24. Then by lemma, 5,

> (%) exp(2ailt, (b20)/24mp/p)

(I‘»P)=1

1=spu<p*~1
24)/24

_ (M_)/_) S (%) expaimfp)
P m,p=1 \P
1=m=p*-1
(zp(k,24)/24) (na-l) pe-1gie-D (—1)delpt i f=x—1,
P p

0 if t=x or t<a—1.
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Hence
U
2 (_) gp,,u,a(r)k
@p=1 \P
1spspr-1
= > (M) (f) - (—1)iwl.
n P 4
n,p)=1
cp*~F T (p*~1n) exp((k,24)mint/12p) .
Further

1 (k,24)/24
2 (g) gp’”’“(pﬂ-[)k —_ (3.(_.____?/*) i;(ﬂ‘“l) (__ 1)[&11] p“—i‘ .

(np)=1 p
1susp*-1

S (5) Talrrtn) exp((k24yming? = 112).

n,p)=1

Replacing npf-1 by n we obtain
LemMma 8. When p= 3 we have

s (l—f) Goma (P D)

(pyp)=1
1Spsp*-1

g Lo L Py
y4 Y4

-exp ((k,24)mint/12) .
2.2 DISCUSSION OF G ,(7) AT 7=1c0. From lemma 4 we easily find

T(p*n) = pi(p**m+k(p**—1)[24) if n=(24m+k)/(k,24)
Ty(p*n) =0 otherwise .

(2.2.1) {
Let x=exp(2nit). Then we get

TueoreMm 1. When 24|kl, we have
Si,2(7) = @@)7F T pp(P*m + k(p>*—1)/24) a™ .

We shall also need an expression for Sy, 5, ;(—1/p7). Lemmas 2 and 6
yield
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201

pt Sk, 2a—1(—1/p7) = n(—1/7)k p—2 Zo Ip,v,20-1(— 1/pr)k

Lo—2

= (i P £ 3 S gy (-1
t=0 (v, p25—1)=pt
1sy=p2%—1-1

= ( —_ if)—%k ’I](T)"k p—2a {pka( —'I:T)ik n(p2a1—)k +

20—2
. 2o¢—-1—t_1 .
b3 3 (Y et (i, ).

t=0 p

The summation conditions on »,=v»/pf are 1 <y, < p?*-1~—_1 and (v,p)=1.
Since 1,2u,= —1 (modp®*-1-¥) and 0 < p,<p*-1-* the conditions on
may also be written 1<y, <p?*1-*—1 and (u,,p)=1. Letting y;=u and
s§=2x—1—t we obtain

P 8 00-1(— 1/pT) = pFa=2 y(7)~* n(p>7)k +

20—1 l u k
- - ! ~1 S_ D -
+77(T) k z p(3(2a k)—20 j3k(p°-1) z (_3) gp,,,,s(pz"‘ sT)k .
8=1 wp=1 P
1susps—-1

In the following we treat the cases k even and % odd separately.

k even. Then (I,u/p*)e=1 and hence, by lemma 7,
(2:2.2) P8y aana(—1/p7) = PE-D y(2)F(pior)f +

20—1
+ 77 —k z p(ir(% —8)k)—2x jHk(p®-1).
8=1

‘Za (pPo(nfp*=2) — p*1o(n[p*—51)} T)(p**—**n) exp((k,24)min7/12).

Using (2.2.1) we obtain

THEOREM 2. When 24|kl, and k is even, we have
P Sia(Up) = T pla) kgl

+ (p —k z p(l(Zoc 8)k)—20 zik(p -1).
8=1

S {p*8((24m + k)[(k,24)p* %) — p*=18((24m + k) (K, 24) p**~=-1)} -
. pk(p23"2“m + k(p2s-2=—1) /24) m

k odd. Then (I,u/p®y¢=(l,u/p)*. Hence, putting s=2u+1 and s=2u,
we obtain
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P8y 2s1(— 1/p7) = pE-Day(z)—*y(p2eg)e 4+
a—1

+o(7)* 3 phCa-2u-DR-2x jii(putl _ ).

u=0

lpp
> (”1‘)‘ ) T, 2w (P2 1)k 4
w,p=1 r
1Spsprtiog

a—1

- —wk—20x ;Yk(p2¥— -
+,7(.[) k z p(oc wk—2a 5 k(p2*-1) Z gp,p,zu(l’z"‘ 2u.r)k.
u=1 (I‘:P)=1
1spuspt—1

When k is odd we have p=3, and hence p2=1 (mod8) so that ¢}®**+-D
=D and ™ D=1, This, together with lemmas 7 and 8, yields

(2.2.3) P78y puma(—1/p7) = pE-D% (7)) p(p2eT)e+
a—1 2 N
+7I(T)_k z p(i(2a——2u—l)k)—2a 23k -1) (lp (k’24)/24

P

u=0

‘ 6(n/p2a—2u~2) n/pZa—2u—2
5 .

) - 1)idplp2u+t.

) T (p=2=+2n) exp ((k,24)min7/12) +

a—1

+ n(T)—k z p(a—u)lc-—2a. Zn {p2u 5(n/p2zx—2u) — p2u—1 5(%/])2“_2"“1)} .

u=1

- T (p*-2n) exp ((k,24)min7/12).

Using (2.2.1) we obtain

THEOREM 3. When 24|kl, and k is odd, we have
P S pama(— 1pT) = P MWD () (et
o—1 2
+ )k Y plEx—2u-Dio-2a+2ut jip-Dik+D( — 1)iEp) (lp. i (k’24. )L%f) .
P
s ((3((24m+k)/(k,24)p2“—2“—2)(24m+k)/(k,24)p2"“2“—2) )
m

p
. pk(p4u—2a+2/m/ + k(p4u-2<x+2 -1 )/24).’237” +

u=0

+ @(x)* “21 po-k-2a. 3 0520 8((24m + k)| (k,24)p2a-2v) —

u=1

— p?4-15((24m + k)| (k, 24)p2-2-1)} -
P (P em o+ k(pt-te — 1)[24) am
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The power series for S, ,,(7) in theorem 1 shows that the coefficients
are zero when p?m + k(p?**—1)/24<0. Hence we get a contribution
only when m = — k(1 —1/p?)/24 so that S} ,,() has a pole of order <k/24
or is regular. From theorems 2 and 3 we conclude that §; ,, ;(—1/p7)
also has a pole of order < k/24 or is regular. Using (1.1.6) and observing
that G, ,(7) is regular in the inner of the upper half plane, we obtain

THEOREM 4. Al v=100 the function Gy () is regular or have a pole of
order <[(k—1)/24]. Further Gy () is regular in the interior of the upper
half plane.

2.3 ALGEBRAIC EQUATIONS. We put

(2.3.1) a=a, = [(k—1)/24].
Let
Gk‘ 3 T) Z ba rx Aa = {ba,—w' N "ba,—l} H
r=—a

so that A4, is a vector of dimension a associated with G4 ,(7). Choosing
a + 1 such vectors Aa,» j=1,2,...,a+1, they must be linearly dependant.
Hence there exists an equation

Z 4,4,
i=1
where not all 4,, are zero. Since b, is rational, we may assume

(2.3.2) (4
The function

A“i integral .

ap .,A“a“) =1,

a+l
z | Gk o;]( )

J=1

is regular at 7=¢oc0. Hence it is a modular function on I" which is regular
in the fundamental domain and thus reduces to a constant,

(2.3.3) ngdale o Z Ayby0-
Letting «;=j and changing variable we obtain

THEOREM 5. There exist constants A,, not all zero, such that

a+l

z AaGk,a(t) = A ’
a=1

(44,4,,. . .,4541)=1, 4, integral.
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2.4 RECURRENCE FORMULAE FOR 7', (n). We have

n(p*of* = 3, Ty(n) exp((k,24)minp**7/12)
= 3,7 (n[p*) exp((k,24)minT/12) .

From (2.2.2) we obtain, when k is even,
TGy o(7) = 2, Ti(p®*n) exp((k,24)minT[12) +

+p*-3= 3, T (np*) exp((k,24)min[12) +
+ 2“2_11 P20 jikw’-D 3 {p26(n/p?*=*) — p-1(n[p*~-1)} -
;’ (p**~22n) exp((k,24)minT[12) .
This, together with theorem 5, yields

THEOREM 6. When 24|kl, and k is even, there exist integers A,, not all

zero, such that (4,,4,,. . .,44,)=1, where a=[(k—1)/24], and

a+l

2 4,1 Ti(p*n) + p* 22T (n[p*) +

a=1
2x—1

+ 3 plCe—ok)-2« (_ l)i*k(p"—l) {p*d(n/p2*~2) — ps-18 (n[p2—3-1)} T\ (p2*-22n)
8=1

Replacing n by p?¢tln, and noticing that 2«4 —s—1<2x—8<2x—12
2a+ 1, we obtain

COROLLARY 1. We have

atl1
z AT (p2e+2etlpy) 4 pk-2a T (p2e-2a+ly) 4
a=1

2a~1

+ Z p(£(2zx—s)k)—2a(_l)i‘k(p*’_l)(ps_ps—l)Tk(p2a+2s——2a+1n) = AT, (p*+'n).

8=1

Observing that 20 —s=1 and that 264 —s—1>0 unless s=2x—1, we
obtain

CorOLLARY 2. When (n,p)=1 we have
a+1

S A {T(p*n) — pt=2( — 1) @D (p2a=2n)} = AT(n) .

a=1

When £ is odd, we use (2.2.3) and obtain
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THEOREM 7. When 24|kl, and k is odd, there exist integers A,, not all
zero, such that (Ay,4,,...,4,.,)=1, where a=[(k—1)/24], and

a+l

214, { Ty(p*n) + p*-2>Ty(n|p*) +
a—1 2
+ Y ph@a-2u-D-2a+2uth (_ 1 )E@-D0k+1)Hip) (M) .
p

u=0

6 20 —2u—2 20 —2u—2
. ( (n/p )’n/p ) Tk(p4u—2a+2n) +
P

a—1

+ 3 pla-wk-2afpn2uf(pn|pa-2u) — p2u-15(p /p2oc—2u—1)} Tk(p4u-—2o‘n)}
u=1

= AT (n).

CoroLLARY 1. We have

a+1A T p2a+2a¢+1 n) + (ke —2)o 7T 2a~20+1 ) 4
@ k P ©\p

a=1

o—1
+ z p(a—u)k—za(p2u_p2u—l) Tk(p2a+4u—2u+l ,n)} = A Tk(p2a+ln) .

u=1

COROLLARY 2. When (n,p)=1, we have

a+1
>4, {Tk(p%n) + pHk+D-2( l)d(“lxp—l»mm(%M%) (%)Tk(pza_z n)}
a=1

= ATk(n) .
From the corollaries 1 of theorems 6 and 7 we obtain
THEOREM 8. When 24 |kl, there exist integers bg, not all zero, such that

a+l
D bpTy(p*+¥+in) = 0, a = [(k—1)/24],
f=—(a+1)

where by is dependent of k and p, but independent of n.

3. Some results on p(n) and p,(n).

3.1 CONGRUENCES FOR p(n) MoDULO 7. All congruences in 3.1 are
modulo 7 unless otherwise stated.
Kolberg [4] has shown

(3.1.1) P(Tn+8) = Pog(Tn+8—1)+2p4(Tn+s—2)
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when s=1, 3, 4. Let ¢>3 and ¢+7. Let

(3.1.2) = ¢¥m— (g —1)/24.
Then
(3.1.3) Cny = €PMC0 — (™ —1)[24 .

When m runs through the residues 1, 3, 4 modulo 7, then ¢} runs through
the same set of residues. Hence

(3.1.4)  p(c) = poslch — 1)+ 2p4q(c—2), when m=1,3,4.

From theorem 7 we obtain
24\ /n
4, =T47(‘12 n) +q* Ty (n/q?) + % (— l)ﬁq] (?) (‘q‘) T47(n)} +

+4, :Tu(q"n) + %7 5 (n]q*) + 4% (— 1)ita (%qé) (é(i’b/*q?zliqf) T yq(n]q?) +

g (= 18 (2) () Tatgtn) + 45(a2000)a) ~ (o) Tt
= AT y(n) .
We put n=24m—1 and notice that
Ty(q?*(24m — 1)) = py(g®m —(g**—1)[24—2) = pyy(c—2),
and that ¢®=1. Hence

(3.1.5)

24\ [(24m—1
Ay {Parl € — 2) + @ Pya(cTy — 2) + ¢4 (— 1)) (E“) (’_;"_> DPar(co’ — 2)} +

24
+4, :Pu(";n“ 2) + Pap(cTy—2) +q(— 1)[&9] (_q_) .

(6((24m— 1)/g?)(24m ?_”lf) Daale™ —2) +
. T\ —1
q

+g*(— 1)[“] (2q_4) (%im’q:l) Pag(cy’ —2)+

+9(g26((24m—1)/g?) — g8 ((24m — 1)/q)) pas(cl — 2)}
= APylcy' —2) .

Equating coefficients of 7(7)23(4,Gy5 1(7) + 4503 5(7)) = 4’ (1), we obtain

Math, Scand. 23 — 10
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(3.1.6)

24\ /24m—1
4, Ipza(c;n — 1)+ @ Py (e — 1) + ¢4 — 1) (;) (—q——> Das(Cy’ — 1)} +

24
+Az{'pza(c;"— 1)+ pag(c”y— 1) +q( — 1)ita (?) .

, (é(<24m ~1)/g?)(24m — 1)/g?

q ) Peos(cZy — 1) +

24\ /24m—1
+¢(— 1) (?) (—‘”q ““) Poslcy’ — 1) +

+q(g28((24m —1)/g%) — gd((24m — 1)/q)) pas(ci — 1)}
= A'py(cy—1) .
(3.1.4)—(3.1.6) yield

THEOREM 9. When q is a prime, ¢>3, q+17, ¢ =q¢*"m— (¢>—1)/24,
and m=1,3,4 (mod7), we have

A ) + () + 44— 1) (—zqf) (24”;‘ ) e} +

24
+4, {P(c;") +p(c™) +q(—1)ia (_q_) .

) (6((24m - 1)/;12)(24711,— 1)/q2) plem) 4
rar (=10 () (F220) g+

+ (20((24m = 1)ig%) = ?(24m— 1)) p(e) |
= A" pys(cy — 1) + 24 pyy(cg — 2)
= Ap(cg)+ (4" = A) pas(cy — 1) (mod7).
When ¢=5 the coefficients 4,, 4,, 4 and 4’ have been determined,

using theorem 1 and 3, and the methode of the proof of theorem 5.
The result is 4,/4,=4, 4/4,=6 and 4’/4,= 6 which yields

THEOREM 10. When m=1,3,4 (mod7) we have
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m+1
p(5*m — 26) + {5 (—5—-) + 2} p(5*m —1) +

+ {66((m+ 1)/25) + 36((m + 1)/5) +3( ) } p(m) +

+ E2 (5( (m+1)/25)(24m — 1)[25

5 >+5} p((m+1)/5%) + p((m + 26)/54)

=0 (mod7).
Repeated use of theorem 10 yields

LeMma 9.
p(es) = {2 (24";——1) +5} plef) +

+ {6((24m —1)/25) + 46((24m — 1)/5) + 4(

24m —

1) + 5} p(cg’) +

+ { (5( (24m — 1)/25)(24m — 1)/25

: 2 2] ptem + ey

24m —1
o) = 5p(e)+ 30+ {5 (25 ) 2] pley+opiem),

p(ey) = 5plcpy) +3p(ey o)+ 2p(cys)+6p(cy,) whenn=4.

[15] is used to find p(m) and p(c}*) when m < 40. Using lemma 9, we
fmd table I which give p(cl) (mod 7). The case m =24 =3 is left out since

C =cl

n n+l

Table I.

N 1 3 4 8 10 11 15 17 18 22 25 29 31 32 36 38 39
-210 0 0 0 0 O o o0 O o0 o 0O 0 o0 o0 O 0
-1{0 0 0 0 O 0 0 0 0 0 0 o 0 0 o0 O 0
0|1 3 5 1 0 0 1 3 0 1 5 1 3 5 1 3 0
1{0 5 3 4 0 0 4 0 0 0 6 2 0O 0 O 5 0
211 6 4 2 0 0 2 3 0 1 3 5 3 5 1 6 0
312 3 4 1 0 0 1 6 0 2 5 5 6 3 2 3 0
45 5 5 4 0 0 4 1 0 5 6 1 1 4 5 5 0
515 6 0 2 0 0 2 1 0 5 3 0 1 4 5 6 0
61 3 5 1 0 0 1 3 0 1 5 1 3 5 1 3 0
710 56 3 4 O 0 4 0 0 0 6 2 0 0 0 5 0
8(1 6 4 2 0 0 2 3 0 1 3 5 3 5 1 6 O
912 3 4 1 0 0 1 6 0 2 5 5 6 3 2 3 0
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From this we conclude

THEOREM 11. When cj =52"m — (52" — 1)/24 we have, modulo 7,

m |1 4 17 22 29 31 32 36
plcg) |1 58 3 1 1 3 5 1
plgas) [0 3 0 0 2 0 0 0
plcgnie) |1 4 3 1 5 3 5 1
ploig) |2 4 6 2 5 6 3 2
plegng) |8 5 1 5 1 1 4 5
plegrys) |8 0 1 5 0 1 4 5

m |3 8 15 25 38
pleg) [3 1 1 5 3
plcgnyy) |8 4 4 6 5
Pl |6 2 2 3 6

p(el) =0  when m=10, 11, 18 and 39 .

CoroLLARY. The sequence {p(n)} fills each residue class modulo 7
infinitely often.

3.2 A LEMMA. In the following we shall repeatedly require the follow-
ing well-known lemma from the theory of linear recurrence:

LemmA 10. Let f(n) be an arithmetic function such that
f@) = g fn—1)+ ... +x,f(n—r) (modN),
where (x,,N)=1 and n—r=r,. Then there exists a constant u, so that

flupo+7ry) = f(ry) (modN)

for all u20 and r,zr,.

COROLLARY. If there exists an integer r, such that f(r;)=s (modXN),
then {f(n)} fills the residue class s modulo N infinitely often.

Let
(3.2.1) un) = Touln),  t(n) = 1(n) .

To show how lemma 10 applies, we will prove a theorem on z(n). Mordell
[13] has shown

©(pn) = 7(p) 7(n) — " 7(n/p) .
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Let N be an integer and p a prime, p=1 (modN). Let a,=p"*a where
a>0. Then a,=a (modXN) and

T(a’n) = 1(1’) T(an—l) - T(an«-z) (mOdN)

when n>1. Putting f(n)=1(a,), lemma 10 applies and we obtain

TrHEOREM 12. If there exists an integer m, such that t(Nny+4d)=s
(mod N) and Nny+ A > 0, then {t(Nn+ A)} fills the residue class s modulo
N infinitely often.

3.3 ON THE RESIDUE CLASSES OF p(n) MODULO 7. Putting f(n)=p(c})
and using lemmas 9 and 10, we conclude that there exists a u, so that
P(Ce) =p(cy’) (mod 7) and further, that p(cy,,) = p(cy') (mod 7). However,
Copup =" (mod7) hence, if p(cf’)=p(m)=s (mod7) and m=a=1,3,4
(mod7), then {p(7n +a)} fills the residue class s modulo 7 infinitely often.
Table IT lists p(m) (mod7). The values of m in the first column are=1
(mod7), in the second column=3 (mod7) and in the third column
=4 (mod7).

Table II.

p(m) m m m
0 225 10 11
1 1 171 144
2 43 129 214
3 85 3 88
4 113 199 200
5 134 143 4
6 148 73 172

From the foregoing discussion and table IT we obtain

TurorREM 13. Each of the sequences {p(7n+1)}, {p(7n+3)}, and
{p(Tn+ 4)} fills each residue class modulo T infinitely often.

3.4 ON THE RESIDUE CLASSES OF pg(n). Let p>3 and g#p. Let
Ay, be the first coefficient in theorem 6 (when k is even) or 9 (when &
is odd) such that 4,,.,%0 (modg). Hence 0 <a’'<a. We obtain

a'+1
zAa qu(p&xn)+p(k—2)uTk(n/p2a) +
a=1

20—1

+ 3 phCa-ok-2a (_ 1)@°-D {58 §(np2a—s) —

8=1

— Pt Tt
= ATy(n) (modg)
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when k is even and a similar result when % is odd. Replacing n by
p?@+2n and rearranging we obtain

(B3.4.1) Ty +in) = o, Tp(p**+2n) + . .. + %og 12 Ti(n) (modg) ,

where oy, o= — p*-D@ D and «;, j=1,2,. . .,2a" + 2, are independent of n.
Replacing n by (24a,+k)/(k,24), where a,=p>"a,+k(p*"—1)/24, we
obtain

Pil@oqrs21n) = X1D1(@ogri110) + - - - + Ko iaPp(@,) (modg) .
By lemma 10 we conclude
(3.4.2) Pi @) = Pi(ay) (modg) .

Let ¢, ©=1,2,...,u, be different primes, ¢,+p. To each ¢; we may
associate an integer u,; such that

pk(amzi) = pk(a’l)) (mOdqz) .
Let @=9,9,...9, and p*=(¢;—1)...(¢,— 1)y ... u,- Then
Di( @) = Pilag) (mod@), a,,. = ay (modQ).
As before we conclude
THEOREM 14. If @ is a square free number and there exists an integer

ny such that p(Qny+A)=s (modQ), then {p, (@n+A)} fills the residue
class s modulo Q infinitely often.

3.5 ON THE RESIDUE CLASSES OF p(n) MODULO 17, 19, 29 anp 31.
Kolberg [5] has shown

p(lTn+ 5) =  pgs (1Tn+ 1) (mod17),
p(19n+ 4) =  p, (19n+ 1) (mod19),
P29 +23) = TPy, (29n+16) (mod29),
p(31n+22) = 22p,,,(31n+17) (mod31).

Suppose p(17n4,+ 5)=s (mod 17). Then we have pg;(17n,+ 1) =s (mod 17),
and hence {pg;(17n+ 1)} fills the residue class s modulo 17 infinitely
often and the same is true for {p(17n+5)}. The other cases are similar.
Table III gives representatives for each residue class modulo 17 of
{p(17n + 5)}, modulo 19 of {p(19n+4)}, modulo 29 of {p(297 + 23)} and
modulo 31 of {p(31n+ 22)}.
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Table III.

17 19 29 31

413 669 893 332
73 23 284 146
1467 365 1357 1200
226 745 1647 84
634 1372 342 704
464 4 545 394
328 1980 2227 1076
5 289 690 580
566 1106 23 890
430 80 197 1107
10 56 99 1038 22
11 821 61 1763 115
12 158 42 313 1324
13 107 194 2401 301
14 549 270 226 2998
15 209 137 1125 797
16 22 650 168 208

© W TN WD ~O

17 156 951 425
18 574 255 177
19 429 2626
20 1531 735
21 603 518
22 980 1820
23 516 270
24 139 983
25 81 1696
26 110 549
27 400 363
28 52 239
29 53
30 487

From the foregoing disucssion and table II1I we obtain

THEOREM 15. If q=17, 19, 29, 31 and 24s=1 (modgq), 0<s<gq, then
{p(gn+s)} fills each residue class modulo q infinitely often.

3.6 ON THE RESIDUE CLASSES OF Lp(lln+6) Mopuro 11. It is well
known ([3]) that

Lp(11n+6) = 6Py e(lln+1) (modll).

Table IV gives &p(11n+ 6) modulo 11.
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Table IV.

11n+6 | &p(11n+86)
116
6
248
160
567
17
182
61
28
50
83

QW WIS WN-=O

[

From table IV and the foregoing discussion we conclude, as in 3.5, that

THEOREM 16. {{p(11n+ 6)} fills each residue class modulo 11 infinately
often.

3.7 A GENERAL THEOREM. Kolberg [5] has shown

LeMMA 11. When q is a prime>3, 24s=1 (modgq), 0<s<gq, t=
(g—1)/(g—1,12), v={[(g + 11)/24], there exist integers a,,, not all=0 (modg),
such that

v
kzoakpz4kc—1(qn+8 —kt) = 0 (modgq) .

If there exists a set of integers a,, such that a,==0 (modgq) we define ¢
as p-regular. When ¢ is p-regular we have

v
(3.7.1) p(gn+s) = kEIGk Pasrt-1(qn+s—kt) (modg) .

Let bk = p2ny — (p2» 4 24kt —1)/24 where p+g. Then we have
B, = PABE+ (24k — 1)(pPn—1)[24
bk = b0kt .
From (3.4.2) we obtain
(3.7.2) P24k¢—1(b,’fp,,) = sz-l(b'é) (modg) .

Let »=s (modgq). Then b%=s—kt (modg). Hence
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0 S k
p(bm.q ee pv) = kzlck p24kl—l(bllll1 ees ,u,,)

v
=3 ckpzalkl—l(bg)
k=1
= p(b)) (modg) .
Letting A=,y . . . 4, we obtain
(3.7.3) p(b%) = p(bY) (modg).

The proof applies only when ¢>11, but (3.7.3) is correct also when
g=>5, 7 and 11, since then each side =0 by a well known result due to
Ramanujan. In 3.3 we also proved (3.7.3) when ¢=7 and »=1,3,4
(mod 7). When ¢=5 (3.7.3) is correct when »=4 (mod5), but also when
r=1,2 (mod5), ([2], [11]). Therefore, we define

~

24s, =1 (modgq), 0<s,<gq, when ¢>7,
(3.7.4) s, =1,3,4,5,
85 =1,2,4.

Let ¢,,2=1,2,. .. r be different p-regular primes and let 1, be an associated
number given by (3.7.3). Let

Q=q9% -9 A=A J@-1)@g-1...(¢-1).
Let S=s, (modg;). Then

b, =8; =8 (modg,), i=12,...7.
Hence
b,y=S8 (mod@).
From (3.7.3) we get

I

p(bla) = p(b]) (mod@).

Hence we obtain

THEOREM 17. If Q is a product of different p-regular primes, S=s,
(modq) when q|Q, 0<S<Q, and there exists an tinteger n, such that
P(Qny+8) =u (modQ), then {p(@n+8)} fills the residue class u modulo ¢
infinitely often.

3.8 FURTHER CONGRUENCES FOR p(n). Let p=11, 13, 17, 19, 29, or 31.
Define

b = # when p=11,
P 7 11 otherwise.
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Then we have ([3], [5])
(3.8.1) b, p(pn+s8) = cpyy_(pn+s—t) (modp)
with the following values of ¢, s, and ¢, respectively:

p |11 13 17 19 29 31
6 6 1 1 7 22
6 6 5 4 23 22
5 1 4 3 17 5.

c
8
14

Let g be a prime >3 and k=24t—1. Then a=¢—1, and from theorem 7
we obtain

(3.8.2)

M~

4, {Tk(q2°‘n) + q*-2=T'(n[g**) +
1

a—1 24
+ z qAea—2u—Dk—20-+2u+( 1)[1}(1] (_) .
q

u=0

) (a(n/q2a—2u—2)n/q2a—2u—2) T gho-2evtm) 4

q
a—1
+ 2 q(a—u)k—Zac {q2u6(n/q2a—2u) .
u=1

_ q2u—16(n/q2a—2u—1)} T (q*—2n) = AT, (n).

Let n=24(pm+s)—1, and ry=q? (pm +s) — (¢% — 1)/24. Then T'(¢%n) =
pr(rg—1t), and ry=s (modp). Hence
cT(q%¥n) = cpu(rg—1) = b,p(rg) (modp).
Using this together with (3.8.2) we obtain
TarorEM 18. If p=11, 13, 17, 19, 29, 31; t=(p—1)/(p—1,12), 24s=1
(modp), 0<s<p, by =4, b,=1for p>11, then there exist integers Al, o4,
not all =0 (modp) and an integer A such that

b, ZA +q@HDep(r_,) +

a—1 . " 24
+ z q(24 —3)(o;—u)—(12t-—1)( - 1)[ ] (?) .

u=0
(6(n/q2a—2u—2) n/q2a«2u—2
q
a—1
+ z q(24l—1)(a-u)—2a {q2u6(n/q2oc—2u) —

u=1

) Pl +

— 3N} plra- )] = B, (o) (modp),



RECURRENCE FORMULAE FOR THE COEFFICIENTS OF ... 155
where q is @ prime >3, n=24(pm+s)—1, ry=q¢%(pm+s)— (% —1)/24.
CoroLLARY 1. We have

b, EA {p(p* (pm +s) — (p?*—1)[24)} = b,Ap(pm+s) (modp) .

When ¢+ p we have ¢'¥=1 (modp). Hence we obtain
COROLLARY 2. When (24(pm+s)—1,q)=1 we have
b, EA p(q* (pm +s)— (¢®*—1)/24) +

pm+s+(¢>—1)/[24
q

+ ( — l)liq]qp—a ( > p(qza—z (pm —l—s) — (q2a—2_ 1)/24)}

= b,Ap(pm+s) (modp) .

4. Further applications.

4.1 ON THE RESIDUE CLASSES OF c¢(n). The modular invariant j(z) is
defined by

o 3 oo
(4.1.1)  j(7) =zt (1+2402 03(n)x") plx)™ = > c(n)a",
n=1
where z =exp (27:7) and gy(n) =3y, d*. Kolberg [6] has shown

Levma 12, When q213 is a prime, r=[%q], t=(9—1)/(g—1,12), there
exist integers a;, not all =0 (modgq), such that

,
EZakrk,qn) (modg), n>0.

If there exists such a set of integers «,, with a,%0 (modg), we define g
as c-regular. When ¢ is c-regular we have

r
clam) = 3 bimiden) (modg), n>0.
=1
Replacing n by ¢™=p?"m, where m >0, and letting k=24t and p+gq,
we obtain from (3.4.1)
TCorroan) = 61 T(CGoryryn) + - - - +Xagrp Tcy) (modg) .
This, together with lemma 10, yields

Ty(Cm,) = 7(cy') (modg) .
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Let u; be associated with 7,(n) and let A=y, u,...u,. Then

re

r r

c(cly) Ekz bp (e . ) Ekz by tig(cf™) = c(cf™) (modygq) .
=] =1

Let ¢,, t=1,2,...,s, be different c-regular primes and choose p#+gq;,

1=1,2,...s. Let A, be associated with ¢, and let

Q=099 A=Al .. A(i—1)(g—1)...(g,—1).

Then we have
o(ed?) = e(c§™) (modg;) .
Hence
Qmy — Qm d
clegn) = cleg™) (mod@) .
Further
@ = ™ (mod@Q),

and hence we obtain

THEOREM 19. If Q is a product of different c-regular primes and there
exists a my> 0 such that c(Qmy)=u (modQ), then {c(Qm)} fills the residue
class w modulo Q infinitely often.

4.2 CONGRUENCES FOR c(n). Let p=13, 17, 19 or 23. Then we have

((6])
(4.2.1) c(pn) = dz(pn) (modp), =»n>0,

with the following values of d and ¢:

p| 13 17 19 23
d| 8 7 4 13
t| 1 4 3 11.

From theorem 6 we get

t
z Aa ‘C¢<q2°”n) + q(24t—2)“ r,(q—%n) +

a=1

20—1
+ z ql%(2u—-s)—2a {q26(n/q2a—s)_qs—lé(n/q%—s—l) Tt(q2s—2<xn) — AT,(TL) .

8=1

Hence we obtain

THEOREM 20. When p=13, 17, 19, 23 and t=(p—1)/(p—1,12) there
exists integers A,, A, not all =0 (modp), such that
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z A q2a pn + q(24t—2)ac(q—2a pn) +

o=l

+ z q12t(2a—s)—2a {qs 6(pn/q2a—s) _qs—l 6(pn/q2oc—s—l)}c(q2s——2apn)

§=1

= Ac(pn) modp), n>0.

CorOLLARY 1. We have, for n>0

S A,clprin) = Ac(pn) (modp) .

a=l
CoROLLARY 2. When (n,q)=1 we have

t
> A, {c(g>pn)—gqP~3c(q**2pn)} = Ac(pn) (modp) .
a=1

4.3 ResuLts ON (j(7))} anD (j(v)—1728)t. Let

S amat = (14240 Soy(n)an) a-bp(o)* = (i)},

-1 n=1
> b(n)xtr = (1 —504 0'5(71,).75”‘) xip(e)~12 = (j(v)—1728)¢.
-1 n=1

Erevik [1] has shown

(4.3.1) a(11n)
(4.3.2) b(11n)

= 4T,(11n) (modll),
= 107,(11n) (mod1l).
From theorem 6 we conclude

TaEOREM 21. When p is a prime =+ 3 we have

2
z Aa a(p2zx. lln) +p8aa(p—2a. lln) +

a=1
2a~—1

+ Z p10—2a {psé( 1 ln/pZa—S) — ps—l 6(1 ln/p2a——s—-l)} a(p2s—-2zx .1 1”)

8=1

= Aa(lln) (modll).
TeEOREM 22. When p is a prime >2 we have

3
Z Aa :b(pZa. lln) + p&xb(p—%:. ]_ln) +

a=1
2a—1

+ z p10—2a {p86(1 ]_n/pZa—s) — ps—l 6(1 ln/p2zx—a—1)} b(p2s—-2a -1 ln)}

8=1

= Ab(11n) (modll).
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From (4.3.1) and (4.3.2) we obtain

a(33n+11) = 4p,(1ln+2) (modll),
b(22n+11) = 10pgy(11n+3) (mod11).

Il

Table V gives one representative from each residue class modulo 11 of
{Pso(11n+2)} and {pgo(11n+3)}.

Table V.
1ln+2 11n +3
0 35 0 234
1 24 1 311
2 156 2 113
3 2 3 14
4 13 4 80
5 101 5 58
6 90 6 25
7 189 7 102
8 46 8 201
9 57 9 69
10 266 10 3

By theorem 14 we conclude that, {p,(11n+2)} and {pgy(11ln+3)} both
fill each residue class modulo 11 infinitely often, and hence

TurOREM 23. Each of the sequences {a(33n+ 11)} and {b(22n + 11)} fills
each residue class modulo 11 infinitely often.
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