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ON THE ZEROS OF AN ENTIRE FUNCTION III

S. S. DALAL

Let f(2) be an entire function of order ¢ and lower order A such that
0<A=Zp<o. Let g, and 4, denote the exponent of convergence and the
lower exponent of convergence of the zeros of f(z), respectively.

It is known that corresponding to every entire function of order g,
0 < p< oo, there exists a function g(r) called its proximate order having
the following properties:

i) g(r) is real, continuous and piecewise differentiable for r = r,.
ii) o(r) > asr— .
iii) 7 ¢'(r) logr -0 as r — .
iv) logM(r)Sre®  for rzr,,
log M(r)=re" for a sequence of values of r tending to oo.

S. M. Shah [3] has proved the existence of a function A(r), for an entire
function of finite lower order A, analogous to g(r) having the following
properties:

i)’ A(r) is a non-negative, continuous function of r for r = r,, differen-
tiable except at isolated points at which 4’(r — 0) and A’(r + 0) exist.
i) Ar) >4 as r— oo,
iii)’ r A’'(r) logr - 0 as r — oo.
iv)’ logM(r)zr*  for r=r,,
logM(r)=7*" for a sequence of values of r tending to oo.

Let g,(r) and 1,(r) be the proximate order and the lower proximate
order with respect to n(r,1/f), the number of zeros of f(z) in the circle
|z2| <r. Then g,(r) and A,(r) have the properties analogous to those of
o(r) and A(r), respectively.

We shall prove the following Theorems, where

r

N(r1Jf) = fx—ln(x, 1/f) dx .

To
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THEOREM 1. Let f(2) be an entire function of finite order o. Let

. n(r,1/f)
1 B el
1rmsup 1) S where S< oo,

,1
i M: T where 0<T .

lim inf
r—>00 N(r, I/f)
Then
T2 S2
THEOREM 2.
1 D +2 o
lim inf n(r, (/;f) > T?+2logk, logk, Alogkp ’
r—>00 A, Ay . .. kp) 1
where p is a positive integer, ky,ksy,. ...k, are constants >1, and Ay(r) is

the lower proximate order with respect to N(r,1[f).

COROLLARY.
T?+2logk, logk,. . .logk,

S =
= Anlloghey - . - Ty

p=0 gives the first part of Theorem 1.

THEOREM 3.
n(r, 1/f) < Sp+2
O (logr)? = g,

where g,(r) is the proximate order with respect to N(r,1[f).

COROLLARY.
1 p+2
lim inf n(r,1/f) < 8

r=>»00 N(T, l/f)(logr)j7 - 01 '

THEOREM 4. Let a and b, a+b, be finite numbers and

N(r1/(f=a)) + N(r,1(f~b)) _

)

e log M(r,f)
. N(r1[(f—a))+N(r, 1/(f-b)) _
lim inf Tog M(r.f) =f.

r—>00
Let further o(r) be the proximate order and A(r) the lower proximate order
with respect to log M(r,f). Then the following statements hold:
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wr, 1/(f—a)) n(r,1/(f—b))

(1) 71_1_11; e =0 = li?ij:p prree = fo.
N(r,1/(f— 1/(f—b
r—>00 rl(r) r—>00 ”‘l(r)
N(r,1/(f— 1/(f—b
(3) 1iminfM=0 = 1iminfw§ A
r—>00 rl(r) r—>00 TA(?)
N ’ 1 - ’ 1 —b
(4) liminf(r—rlog)i—a—)) -0 = 1iminf3’i(_r~ﬁ(+)—) < fo.

REMARK. Statement (2) is an improvement of a result of V. Srinivasulu
[4], namely of (2) with A instead of x4 on the right-hand side.

COROLLARY. Let

lim su n(r,1/(f—b)) logr ~
Y N(r,1/(f—b)) logN(r, 1/(f—b))
n(r,1/(f—b)) logr

o o N, 1/(F =) Tog N(r, 170 ~
Then
N(r,1/(f— . ,1/(f—b
@ lm i’—,—,,/f((f)—‘—”—) =0 = lim. Tpﬂ,{;{—,ll > Kpu(b),
N(r,1/(f— i ,1 b
@ lm inf—(f—rgrf)—'m -0 > hgwnfn(r_ﬁ‘{’—)l < JBoy(b),
(4)  lim infwf—@ —0 = limint""YU=Y) Joagy(b) .
r—>00 r (r) r—>00 rZ(r)

Proor oF THEOREM 1. We have [4]
n(r, 1[f)r ™0 > o(1)+ 4, YT —¢)?,
where 4,(r) is the lower proximate order with respect to N(r,1/f). Thus,
n(r, 1/f)[N(r,1[f) > A, YT —¢)?
for a sequence of values of r tending to co. Hence

lim sup n(r,1/f)/N(r,1/f) 2 4,172,

7—>00

that is, 72/S<4,. Similarly we get o, <S?%/T.
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Proor oF THEOREM 2. To ¢> 0 there is an 75> 0 such that
w(r,1[f) > (T —¢&)N(r,1/f)  for rzr,.

Now, writing n(x) for n(x,1/f), we have, with &, > 1,

(r,1)f) = f (x) x > f n(@) dx
x
) rlky
> n(r[k,) logk,,
and thus, with k,>1,...,k,>1,

n(r) > (T'—e)N(r) > (T —¢&)n(r/k,) logk,
> (T —&)2n(r[(kk,)) logk, logk,

> (T —e)P n(r[(kyk, kp)) logk, logk,...logk,
> (' —e)PHIN(r/(k,y k . k,)) logk, logk,. . .logk,
r/(kke. . . kp)
> (T —e)p+1 J- n(x)x-tdx logk, logk, . ..logk,,
7o
r/krka. . . kp)
> (T —e)p+2 f N(z)a-1dw logk, logk, . . . logk, .
7o
Letting 1,(r) be the lower proximate order with respect to N(r,1/f) we
have r(erks. . . Fop)
n(r) > (T—ey+2 logk, logk, . . . logk, j ZhE gy

To

Hence [2, p. 58]
n(r) > 4,71 (T —e)P+2 logk, logk, . . . logk,, (r/(kyks . . . k,))ridake. . kp)
> 4,71 (T —e&)p+2logk, logk, . . . logk, M@ (kk,. . . k)™,
and thus
lim infn(r, 1/f)A,(r)-2 2 A, TP+2logk, logk,. . .logk, (kk, ... k,)™ .

Proor or THEOREM 3. For r=r, we have
n(r,1/f) < (S+¢) N(r,1/f)
< (S+¢) n(r,1/f) logr
< (S+¢&)? n(r) (logr)?
< (S+e&)P+1 N(r) (logr)?

< (S+¢&)P+L (logr)P j n(x)xdx .

To
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Letting o,(r) be the proximate order with respect to N(r,1/f) we have

n(r,1/f) < (8+¢&)?+2 (logr)? f N(z)x-!dx

7o

< (S+e)p+t (logr)? f 2@ gy
To

and thus [2, p. 58]

n(r,1[f) < (S+¢)2+2 (logr)? 2@/, .
Hence
lim sup n(r, 1[f)(logr) Pra® < Sp+2fp,

and
lim inf n(r, 1/f)(logr)=2[N(r,1/f) = SP+fo, .

r—>00

ProoF oF THEOREM 4.
(1) Since

lim ing Y Y — @) + N(r, 1/(f—D))
=500 IOgM(T,f)

to each &> 0 there is an r, such that

{N(r,1/(f—a))+DN(r,1/(f—b))}log M(r,f) > p—e  for r=r,.

=4,

Further, there is a sequence of values of r tending to oo for which
N1 [(f =)+ N, 1[(f=)}re0 > f—e,
where g(r) is the proximate order with respect to log M(r,f). Hence
lim sup {N(r,1/(f—a)) + N(r,1/(f—b))}re = B.
r—>00

Now, ”
lim sup N(r,1/(f—a))r—e® +lim sup N(r,1/(f—b))r—en
2 lim sup {N(r,1/(f—a))r—eo + N(r,1/(f— b))r—en}
and as e
lim N(r,1/(f—a))r—on = 0,
we obtain T

im sup N(r,1/(f—b))r—e" 2 g = lim sup n(r,1/(f—b))r<» = Bo.

r—>00
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(2) Since
N(r,1/(f—a))+N(r,1/(f—0))

lim su =,
e log M(r)

there is a sequence of values of r tending to oo for which

{N(r,1/(f—a))+ N(r,1/(f—b))}/log M(r) > x—e.

Now, let A(r) be the lower proximate order with respect to log M(r).
Then we have

{N(r,1/(f—a))+ N(r,1/(f—b))}r—*" > x—¢,

lim N(r,1/(f—a))r* = 0,

r—>00

and as

we get

lim sup N(r,1/(f—b))r-%" 2 & = lim sup n(r,1/(f—b))r—*" 2 «A.

r—>00 r—>00

(3) To each &> 0 there is an r, such that
{N(r,1/(f—a))+N(r,1/(f—b))}/log M(r) < a+& for rzr,,
and there is a sequence of values of r tending to « for which
{N(r,1/(f—a)) + N(r, 1/(f=b)}r" < a+e,
where A(r) is the lower proximate order with respect to log M(r,f). Thus,

lim inf {N(r,1/(f—a)) + N(r,1/(f—0))}r*" £ «.
Now, r—>

lim inf N(r, 1/(f—a))r—* + lim inf N(r,1/(f—b))r—®*

< lim inf {N(r,1/(f—a))+ N(r, 1/(f— b)) }r-*",
r=>20
and as

lim inf N(r,1/(f—a))r» = 0,
r—>00
we get

lim inf N(r,1/(f—b))r—% < & = lim inf n(r,1/(f—b))r—4" < ad.

r—>00 7—>00

The proof of (4) is similar.

Math, Scand. 22 — 8
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Proor or CoroLLARY. (1)’ Since

. n(r,1/(f-b)) _. logr )
o S e SR o N, 17— 5)
. N(r,1)(f—b)) log N(r,1/(f—b)) _ .. N(r,1/(f-b))
hl:f:,lp n(r,1/(f—b)) logr = hlrr_l_j:lp 7Ar) ?
we have
lim sup n(r,1/(f—b))r=%" = lim sup N(r,1/(f—b))r-*" K2,(b) ,

and the statement is a consequence of (2) in Theorem 4.
Similarly (2)" follows.

(8)" Since
L n(n1(f-D) L logr .
i Inf = S lim Inf e /=)
i ing YOS =O) Log N(n /(7 -0)) o o (N 1/(F—B)
r—>00 n(/r’ 1/(f_ b)) logr r—>00 e
we have
lim inf n(r,1/(f—b))r-¢® < lim inf N(r,1/(f—b))r—e"Jo,(b) .

and the statement is a consequence of (4) in Theorem 4.

Similarly (4)" follows.

Finally, I wish to thank Dr. S. K. Singh for his kind interest and
helpful criticism and to the “Council of Scientific and Industrial Re-
search’ for awarding me a Scholarship.
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